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Abstract

Many cyber-physical systems, such as trains, planes, and self-driving cars, are
safety-critical but difficult to reason about. The task of designing controllers for such
systems is complex (the subject of an entire field, control theory), made even more
challenging by the need to ensure correctness over all of the infinitely many possible
scenarios that the system may face. This thesis develops techniques that let com-
puters automatically synthesize the conditions that define correct control solutions,
with mathematical guarantees that these conditions are correct.

Symbolic control envelopes are our representation of the control conditions that
characterize sets of safe control solutions. They are represented parametrically in
symbols that can be instantiated with any real-valued input (e.g., for a train control
envelope, train weight w). Control envelopes provide a path to designing complex
controllers that still have mathematical correctness guarantees by allowing sepa-
ration of concerns during controller design. A verified (i.e., mathematically cor-
rect) safe control envelope can first identify the set of control solutions that ensure
the safety-critical control objectives, and then non-formal techniques, e.g., machine
learning, can optimize within that envelope for secondary objectives.

This thesis starts by designing, as a target for automation, the first verified train
control envelope that accounts for all the forces in a realistic train kinematics model,
demonstrating the feasibility and potential benefits of applying verified control en-
velopes to a realistic industrial-scale system. The thesis then automates the process
of designing such a control envelope by creating the first framework for symbolic
control envelope synthesis. The framework takes as input the shape of a control
system, which indicates what control and environment behaviors are physically pos-
sible and what the desired control behavior is, making the synthesis question well-
defined. It then automatically identifies the symbolic control conditions indicating
when a given control action is correct, which is shown to correspond to the nonde-
terministic control policies of players in hybrid games (games with both continuous
and discrete dynamics).

This thesis tackles the hybrid game control envelope synthesis problem in its
full generality, developing the theory to solve for all of differential game logic (two-
player, zero-sum games). It introduces a specialized algorithm, CESAR, to solve for
an important class of control problems (time-triggered control, where the controller
repeatedly polls to provide control decisions with some maximum time latency). By
strategically using Al along with verification, it provides a general framework that
leverages large language models for sound, scalable synthesis.
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Chapter 1

Introduction

Cyber-physical systems (CPS) are systems like trains, planes, and self-driving cars, where dis-
crete software interacts with continuous physics. These systems are becoming an increasingly
prominent part of our lives, and are often safety-critical, since software errors can have tragic
or expensive consequences. For such systems, designing correct controllers is difficult, and re-
quires careful reasoning about what the system must do now to stay safe forever, accounting
precisely for environmental nondeterminism, interacting forces, and strategic control over an
uncountably infinite state space. This is the subject of an entire field, control theory. Can we
automatically identify the principles that will yield correct control for a given control system,
with mathematical guarantees that our identification is correct? We seek not a single numeric
control solution but symbolic expressions characterizing entire classes of solutions. This thesis
provides a positive answer, guided by the following thesis statement.

Symbolic reasoning can automatically derive correct control constraints.

We encode the ability to reason symbolically about control systems such that computers become
able to compute the expressions that characterize control solutions that are mathematically prov-
ably correct.

1.1 Introduction

Our representation of the constraints defining a set of correct control solutions is a control enve-
lope. This thesis synthesizes control envelopes given the shape of the control system, i.e., what
control decisions and environment dynamics are physically possible, and the desired control con-
tract. Such information is necessary to make the synthesis question meaningful, and is generally
already available to engineers in the form of client specifications. The specification of the con-
trol system may contain symbolic parameters representing any real number (e.g., train weight w
while designing a train controller). The synthesized control envelope will be parametric in those
symbols, making it adaptable. The generated control envelope is verified, that is, mathematically
guaranteed to be correct for all of the (usually uncountably infinitely many) possible behaviors
of the system.

Control envelopes are useful to synthesize controllers downstream. Suppose we start with a
verified control envelope, representing a set of as many control solutions as possible that are all



guaranteed to satisfy the mission-critical or safety-critical control objectives. Then non-formal
methods, including machine learning, can be used to optimize within the control envelope for
secondary or evolving objectiveﬂ In this way control envelopes provide a way to disentangle
design of the safety-critical aspects of controllers, which deserve expensive verification, from
other concerns like performance and robustness which benefit from scalable non-formal opti-
mization techniques.

We address the control envelope synthesis problem for the very general class of all problems
where the shape of control can be expressed as a hybrid game (in differential game logic [121]]).
A hybrid game is a game with both discrete and continuous dynamics. It is typically used to
model cyber-physical systems as a game played between a controller and an environment player.
The controller player chooses control actions (for example, for a train, whether to accelerate),
while the environment player resolves environmental non-determinism (such as how the curva-
ture of the track evolves, which affects train motion dynamics). A control envelope corresponds
to the nondeterministic policy of a controller player in a hybrid game against an adversarial en-
vironment player. The controller player wins if it maintains the desired control contract. Its
policy indicates which control actions it can take in a given state to continue to have a way to
win, thereby defining a space of safe control. Given a hybrid game specification defining what is
physically possible, we therefore synthesize the controller player’s control envelope. A special
property that our work considers (compared to controller synthesis) is that synthesized control
conditions should be as permissive as possible, allowing control actions unless they are gen-
uinely unsafe. This way, there is as much room as possible for non-formal optimization within
the envelope, allowing for maximal performance on secondary objectives.

To solve the problem in its full generality, we develop key technical innovations including
(1) a new abstraction to represent control envelopes in a form that composes at the level of im-
perative program constructs (a subvalue map, or a symbolic analog to value tables from game
theory [[10]]), (2) a hybrid games analog of Brzozowski derivatives [25] to step through games
syntactically, and (3) a precondition calculus that defines correct control envelopes that never
let the controller get stuck or lose the game. With these fundamental tools, it becomes possible
to synthesize control envelopes through symbolic execution, except for subgames entailing un-
bounded sequences of gameplay (loops). For these, our precondition calculus, like most [40],
checks the defining control conditions (loop invariants), which must be generated externally.

To generate such conditions about unbounded repetition games, we develop refinement and
rewrite procedures. Refinements rewrite games in a way that makes them easier to symbolically
execute, but harder for the controller player to play, which maintains soundness when the refined
game is used in synthesis. Rewrites also make games easier to symbolically execute, but do not
necessarily maintain soundness. Instead, any conditions they generate are checked retrospec-
tively to recover soundness. To expand to new classes of problems, the user can simply add new
refinement and rewrite rules to a library of rewrite heuristics that the synthesis framework uses.
For a practically important class of problems (with time-triggered control, the common controller

!One way to use the control envelopes in combination with a machine learning (ML) based optimization step is
to shield an ML controller agent’s decisions. At training time, the agent is rewarded for staying within the envelope
[131]], and at runtime, fallbacks are enforced when it tries to deviate from the verified set of solutions [46, |50, 98]].
This allows behavior to be optimized by gradient descent within the safe solutions. Control envelopes can also
statically verify a model [152].



design pattern where the controller repeatedly polls, chooses an action, and then goes to sleep
for some maximum time latency, and action permanence, a hybrid analog to idempotence), we
identify a systematic set of refinements that yield a procedure to solve control envelope synthesis.
The procedure is total computable (guaranteed to terminate) for an interesting subset of problems
(where dynamics have solutions within the decidable fragment of real arithmetic).

We use large language models (LLMs) combined strategically with verification to soundly
scale synthesis without having to manually identify new custom rewrite strategies for new prob-
lem classes. For cases when the engineer has a high-level idea for the control policy they want to
include in the control envelope, our synthesis tool accepts informal guidelines as input for which
it finds the detailed mathematical control conditions. Synthesis uses automated verification as
a subroutine and guarantees that the generated control envelope is correct. To make automated
verification scale, we build a pipeline to automate theorem proving by having LLMs interact with
a theorem prover. This allows scaling of the overall synthesis pipeline.

Finally, having addressed the challenge of synthesizing control conditions given the shape of
the control system, we explore the problem of automatically discovering the shape of the control
system itself. In practice, engineers often have informal specifications of the control system
as natural language design documents. The task of transforming these into the formal input to
control envelope synthesis is the problem of autoformalization. An experimental exploration of
applying LLMs to autoformalization for hybrid games shows both challenges and promise.

Overall, this thesis studies the synthesis of control envelopes for cyber-physical systems. It
enables computers to automatically design control envelopes with formal guarantees by recast-
ing control-theoretic reasoning into syntactic formulations. This involves introducing a compo-
sitional representation and calculus for control envelopes, identifying systematic refinement and
rewrite-based approaches to make synthesis effective across different problem classes, and devel-
oping frameworks that combine LLLMs strategically with formal reasoning to push the boundaries
of automatic verification and synthesis. Together, the techniques of this thesis make it possible
to automatically derive symbolic constraints defining correct control. This lays the foundation
for controllers that are both formally guaranteed to be correct and support high-performance,
learning-based optimization.

1.2 Structure

The thesis is structured as follows.

Chapter[2] provides background on the logic that the thesis uses. We use hybrid games writ-
ten in differential game logic (dGL) [121]], and hybrid systems represented in a subset of dGL
called differential dynamic logic (dL) [116]. dGL uses an imperative programming language-
like syntax. It has a deductive proof system, meaning that we can prove statements about the
games by applying syntactic, compositional proof rules. The choice of using a symbolic, de-
ductive logic allows us to produce control envelopes with nice properties: they are parametric in
input symbols, making them adaptable, they cleanly handle infinite state spaces, and reason pre-
cisely about continuous dynamics without discretization. This choice is crucial to our technical
approach later in the thesis: it allows the use of classic programming language techniques like
symbolic execution and is amenable to the use of LLMs because of proximity to code.



Chapter[3] establishes a challenging case study that will serve as a target for automation. An
objective of our work is to be able to synthesize control envelopes complex enough to apply
to real-world systems. Designing symbolic control envelopes with high fidelity to real-world
dynamics even manually is so challenging that case studies from the literature still usually make
simplifications while modeling the environment and controller logically [92, 100, 101} 106, [126]].
This leaves them a few steps away from being immediately applicable to real systems. So we
first create, as a target for the synthesis tool, a verified control envelope that solves the practically
important problem of train control [69]] accounting for all the forces in a realistic train kinematics
model [24]. The train control envelope defines what acceleration and braking actions are safe
while ensuring that the train never goes past its end of motion authority, past which there is a risk
of collision. This case study poses challenges common in other safety-critical embedded systems
— complex dynamics with transcendental arithmetic, competing forces with subtle interaction,
and effects whose exact magnitude is unknown at proof time.

Chapter[d] uses large language models to automate the process of proving theorems in dGL.
This reduces the effort required to verify control envelopes, such as those from the train case
study. Moreover, scalable theorem proving becomes a key component of scalable synthesis later
in the thesis, because in order to scale, the synthesis procedure heuristically guesses control
conditions and relies on verification as an oracle to check correctness. Next, the thesis shifts to
the problem of synthesizing control conditions.

Chapter[5] solves control envelope synthesis for an interesting class of problems (with fime-
triggered control, the common controller design pattern where the controller repeatedly polls,
chooses an action, and then goes to sleep for some maximum time latency, and action perma-
nence, a hybrid analog to idempotence). To do so, it introduces the CESAR (Control Envelope
Synthesis via Angelic Refinements) algorithm [70]. We implicitly characterize an optimal solu-
tion to control envelope synthesis using hybrid games, and then solve these games to obtain an
explicit solution via symbolic execution aided by game refinement (transforming the game to be
easier to execute symbolically while still preserving some properties).

Chapter|[6] generalizes synthesis to all the problems where the shape of control can be charac-
terized by a hybrid game. Given a hybrid game specification defining what is physically possible
and what control properties are desired, we synthesize the controller player’s control envelope
(nondeterministic policy). To solve the problem in its full generality, this chapter introduces the
concept of a subvalue map, a symbolic analog to value tables [10], to represent control envelopes
such that their verification and synthesis composes at the level of imperative program constructs.
The chapter provides a precondition calculus to verify/synthesize such control envelopes. This
precondition calculus again makes it possible to use symbolic execution for synthesis, but still
runs into subgames that are too complex to symbolically execute. Because of the extreme gen-
erality of the problem we tackle in this chapter, unlike in CESAR, no single set of systematic
refinements is sufficient to simplify all possible subgames that we can encounter. So instead we
use template-based rewrite heuristics that help hypothesize solutions when symbolic execution
alone fails. The hypothesized solutions are checked to recover correctness.

Chapter[/] increases scalability by leveraging large language models. Instead of heuristics
that need to be encoded case-by-case, we use large language models to guess control conditions,
with retrospective verification per our developed theory to maintain soundness. The resulting
scalability lets us synthesize a control envelope for the train case study. Finally, Chapter[§] per-
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forms an initial exploration of using LLMs to obtain the game specification itself from informal
descriptions. While the use of this step can lose correctness because of the lack of formal guar-
antees on the correctness of the specification, it can still be useful to streamline the control
envelope design process if used in combination with manual review and checking the generated
specification against real-world data when available.

The chapters are organized to be read in order. Fig.[I.1|shows a visualization of the relation-
ship between them.

1.3 Related Work

We situate symbolic control envelopes within the larger scientific context. Individual chapters
will have more specific and detailed related work sections pertinent to the specific contributions
of each chapter. This thesis is based on some recently published works [68, 70, 72, 76]. Briefly,
our work shows the following distinguishing features: 1. it is about permissive control envelopes,
as opposed to deterministic controllers, 2. it uses symbolic reasoning (in contrast with numerical
computation) to reason about infinitely many solutions at once, and 3. it reasons compositionally
for rich imperative program-like control specifications.

Hybrid controllers. Instead of controllers, control envelopes strive to represent not one but as
many safe control solutions of a system as possible, typically infinitely many. From a synthesis
perspective, maximally permissive control envelope synthesis involves an extra universal quan-
tifier compared to controller synthesis. Thus, controller synthesis techniques [12, 91 [148]], for
which popular approaches use temporal logic [, [12, [164], games [108) [153]], and CEGIS-like
guidance by counterexamples [11,136} 133} 143], do not immediately apply. Control envelope syn-
thesis does not, for example, fit the CEGIS quantifier alternation pattern 3V. Controller synthesis
approaches with a compositional logic approach include refinement [[16} |105], Hoare logic [93]],
Differential Floyd-Hoare logic [61]], and constructive proof [20]. They soundly construct deter-
ministic policies, and do not provide a direct representation of nondeterministic policies (control
envelopes) from which to derive sets of permissible control actions.

Numeric safety shields computed by numerical methods [2, 48, [82] share the objective of
characterizing the space of safe control. Our approach is symbolic, with the usual (dis)advantages

5



compared to numerical methods. Numerical safety shields can handle dynamical systems that are
hard to analyze symbolically, but typically do not support unbounded state spaces, and can lose
rigorous formal safety guarantees when they discretize continuous systems. They do not produce
shields that are parametric in the model’s parameters, except by increasing dimensionality which
does not scale well. Our choice of a symbolic logic approach, that traditionally requires reasoning
through a few manual steps of applying deductive proof rules, also provides a simple path to
automation by large language models, which can choose which proof rules to apply and benefit
from soundness checking by existing interactive theorem provers.

Runtime monitoring can also be performed using a symbolic approach [46, 150,98 112, 138]].
These runtime monitoring systems use control envelopes to monitor the safety of the system at
runtime, resulting in symbolic shields. They raise an alarm upon deviation from the envelope,
and can enforce safe fallback control. They bridge the gap between having a verified control
envelope and enforcing it during actual system runs. We synthesize the control envelopes in
the first place, providing the input to such monitoring systems. For example, in Chapter[3] our
verified control envelope is applied by runtime monitoring system ModelPlex [98] to maintain
train safety in our experiments.

Game theory and reinforcement learning [139,/145,/156]] have the concept of nondeterminis-
tic player/agent policies which are similar in spirit to control envelopes. But these works operate
at a different level of abstraction than our imperative program-like hybrid games. Also, our work
is symbolic rather than numeric, and creates envelopes parametric in the symbolic parameters of
the input game. Finally, our control envelope reasoning is syntactically formalized, suitable for
computerized verification and formally justified synthesis.

Barrier functions and safe set approaches [4, 6,133} 35, 197, [130, [144] also identify regions of
safe and unsafe control. However, they typically model control by simple mathematical transi-
tions in state space. We again solve for the higher level of abstraction of dL/dGL, with program
structures such as loops, as well as the adversarial dynamics of games. Our envelopes indicate
which actions, within the complex program structure, are safe, as opposed to just identifying safe
regions in state space.

Hybrid automata provide an alternative formalism for modeling hybrid systems and games, in
contrast with the logics used in this thesis which define game dynamics by imperative program-
like constructs. Compared to synthesis approaches based on automata formalisms, we target
specifications at a different level of abstraction where the game has imperative programming
constructs like loops and branches, and is closer to code. Our different target formalism, with
different composition patterns and proof techniques, requires a different technical approach to
verification and synthesis. Beyond the difference in the level of abstraction of supported input
specifications, automata based formalisms typically use model checking to establish correctness,
instead of symbolic proofs, leading to different strengths and weaknesses. When problems re-
lated to control envelope synthesis are treated in those frameworks [13} 41,163} 154, [166]], differ-
ent tradeoffs become necessary, such as remaining within linear dynamics and disallowing model
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specifications in terms of symbolic parameters to make efficient model checking possible. Our
approach lets us use program analysis techniques like loop invariants and their continuous ana-
log, differential invariants, which have traditionally been harder to automate but in return make
it possible to solve classes of problems that are difficult to treat in model checking frameworks.
For example, our synthesis approach gracefully handles symbolic parameters, unbounded state
space and time horizons, and is capable of performing exact dynamical reasoning without the
need for discretization. This is because our formalism gives us access to a proof calculus that is
complete for reasoning symbolically about the very general class of dynamics whose solutions
are Noetherian functions [[128]]. It allows our reasoning to be symbolic and parametric, even for
highly complex dynamics. In a future where Al becomes increasingly proficient at symbolic
reasoning, this would permit powerful generality without sacrificing automation, and therefore
scalability.






Chapter 2

Background

This chapter recalls the logics used throughout this thesis: differential dynamic logic (dL) [117]]
for reasoning about hybrid systems, and its extension, differential game logic (dGL) [121]], for
reasoning about hybrid games. The compositional, symbolic representation of hybrid systems
that these logics provide will be crucial to our approach in the rest of the thesis. The chapter
starts with high-level, intuitive explanations of the logics, followed by formal details for the
interested reader.

2.1 Differential Dynamic Logic

Differential dynamic logic (dL) is a logic with a deductive proof system for hybrid systems
[116, [122]. We provide an introduction to the logic in this chapter, but a more comprehensive
treatment can be found in the literature [[123]].

Differential dynamic logic extends first-order logic with the notion of hybrid programs. A
hybrid program runs according to a binary relation between states, mapping start states to end
states that a program could reach. The program constructs include assignment, for example,
x = e1, which instantaneously assigns expression e; to variable z. In the special case of nonde-
terministic assignment, x := *, the transition relation accounts for any possible real value being
assigned to x.

The test operator, as in 7(), aborts the current run if formula () is false. The continuous evo-
lution operator, {z' = f(z) & Q} follows the ordinary differential equation (ODE) 2’ = f(x) for
some nondeterministic amount of time, with evolution domain constraint ) being true through-
out the evolution. Sequential composition, «; /3, runs program « followed by program [, for
example, a discrete train controller o followed by the train’s ODE . The nondeterministic
choice operator ov U (3 runs either program « or 3, for example, either accelerate the train with «
or brake with 3. The loop operator o* runs hybrid program « any nondeterministically chosen
n > 0 times. It is useful, e.g., for running a train control loop indefinitely. Eq. summarizes
the syntax of hybrid programs.

a,B=x:=c|l;B?7Q| " |aUB |z :=x |{z = f(2)&Q} 2.1

To express safety properties about hybrid programs, we use the box modality [«]Q), which is
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true in any state from which all runs of hybrid program « end in states in which the formula ()
is true. For liveness properties, we use the diamond modality («)(), which is true in any state
from which there is at least one run of hybrid program « that ends in a state in which () is true.
Besides these modalities, dL formulas are generated by the usual constructs of first-order logic,
as summarized by Eq. 2.2)), where ~ € {<,<,=,>,>} and 6, 0, are arithmetic expressions
in +, —, -, / over the reals, x is a variable, « is a hybrid program.

b=~ 0y | 0| 6N | VY |6 — v | Voo |Tas|alo] () @2

For proofs of dL formulas, we use dL inference rules [[118},[123]]. To provide a flavor of how
these rules work, we discuss a few here: loop (loop)), differential invariant (dI), and differential
cut (dC). A sequent T' = A with a finite list of antecedent formulas I" and succedent formulas A
is short for A\ o & — V,ycn ¥- Aninference rule has the form

premise I ... premise n

conclusion ’

where the premises and conclusion are sequents. The rule can be read as saying that if all

premises are valid, then the conclusion is valid. We next show examples of dL inference rules.
reJ JE|a]J JEP

(loop) TF [a*]P
dl Fkhe <es QF [2:= f(x)]e] <é€,
@ Tk [z = f(x)&Qler < ey
o) F'F2=f(x)&QACIP Tk [z =f(z)&Q|C

'k o' = f(z) &QIP

As usual, the[loop|rule uses an invariant ./ that holds initially, inductively after each step, and
implies the post condition that we seek to prove. A differential invariant preserves properties
along the flow of a differential equation: if e; < e, initially and e; grows slower than e,, so
e} < el (where €] and €}, are evaluated after substituting in the assignment 2’ := f(z) from
the differential equation), then it remains true that e; < e;. A more general rule form and its
explanation can be found in the literature [122}[123]]. The idea behind a differential cut is that if
formula C holds true at the end of every possible run of differential equation 2’ = f(x), then C
must hold true throughout its evolution. Differential cuts can be used to accumulate knowledge
about a differential equation.

Fig.[2.1] shows an example of a dL proof. It proves that if initially position x is nonnegative
and velocity v is nonnegative, then x remains nonnegative after following the ODE 2z’ = v for
any duration of time. The theorem proved is at the bottom, x > 0Av >0 F [/ =v]z > 0.
Applying proof rules creates a proof tree upwards. The proof uses the differential invariant rule
(dI) to show that x > 0 throughout the evolution without actually having to solve the ODE by
arguing instead that initially, x > 0, and based on its derivative x’, it never decreases. This
ability to establish properties of ODEs without solving them is a key advantage when dealing
with more complex systems where closed-form solutions may not be available or lie outside the
decidable fragment of arithmetic. The proof also uses the differential cut rule (dC)) to transform
the conclusion into the right form to apply ldIl Upon reaching a sequent suchas x >0+ z > 0
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that is free of modalities, it is possible to use a solver such as Z3 [39] to discharge the proof
obligation (denoted by rule [R).

*
B
v>0Fv>0

*
IEI >0F2x>0 v >0F [z :=v]z’ >0 truncated for brevity
ngZO/\UZOF[x’:U&UEO]IZO >20Av>0F [z =vjv>0

r>0ANv>0F [z =v]z >0

Figure 2.1: Example of a dL proof tree.

2.2 Differential Game Logic

Differential game logic (dGL) is a logic for two-player hybrid games that has a relatively com-
plete axiomatization. A detailed explanation can be found elsewhere [121} [123], but we provide
an overview. A dGL game is played by two adversarial players, canonically called Angel and De-
mon. It extends dL with two versions of each program construct where there is nondeterminism:
one where Angel gets to choose how the nondeterminism is resolved, and one where Demon gets
to choose how it is resolved.

An example of a game is (v:=1Nwv:=—1); {z/ = v}. In this game, first Demon chooses
between setting velocity v to 1, or to -1. Then, Angel evolves position z as 2’ = v for a duration
of her choice. Differential game logic uses modalities to set win conditions for the players.
For example, in the formula [(v:=1Nwv:=—1); {2’ = v}|z # 0, Demon wins the game when
x # 0 at the end of the game and Angel wins otherwise. The overall formula represents the set
of states from which Demon can win the game, which is z # 0 because when = < 0, Demon has
the winning strategy to pick v := —1, so no matter how long Angel evolves *' = v, x remains
negative. Likewise, when x > 0, Demon can pick v := 1. However, when = = 0, Angel has a
winning strategy: to evolve 2’ = v for zero time, so that = remains zero regardless of Demon’s
choice.

Table[2.1] summarizes dGL’s program notation. As before, assignment z := 6 instantly
changes the value of variable x to the value of 6. Challenge 7 continues the game if v is satis-
fied in the current state, otherwise Angel loses immediately. In continuous evolution 2’ = 0 &
Angel follows the differential equation ' = # for some duration of her choice, but loses imme-
diately on violating v at any time. Sequential game «; 3 first plays « and when it terminates
without a player having lost, continues with 3. Choice aeU 3 lets Angel choose whether to play «
or 3. For repetition o*, Angel repeats & some number of times, choosing to continue or terminate
after each round. The dual game o switches the roles of players. For example, in the game ?¢¢,
Demon passes the challenge if the current state satisfies 1/, and otherwise loses immediately. No-
tice that in games restricted to the structures listed above but without o, all choices are resolved
by Angel alone with no adversary, and hybrid games coincide with hybrid systems in differential
dynamic logic (dL) [123]}

'The dL fragment still does have special properties like completeness results and additional proof rules than dGL
[123L[128].
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In order to express properties about hybrid games, differential game logic formulas refer to
the existence of winning strategies for objectives of the games (e.g., a controller has a winning
strategy to achieve collision avoidance despite an adversarial environment). The set of dGL for-
mulas is generated by the same grammar as dL, shown in Eq. (2.2)), except that « is a hybrid
game instead of a hybrid program.

Comparisons of arithmetic expressions, Boolean connectives, and quantifiers over the reals
are as usual. The modal formula («)¢ expresses that player Angel has a winning strategy to
reach a state satisfying ¢ in hybrid game . Modal formula [«]¢ expresses the same for Demon.
The fragment without modalities is first-order real arithmetic. Its fragment without quantifiers is
called propositional arithmetic Pg. [« U (3]¢ expresses that Demon has a winning strategy when
Angel chooses between « and 3 to achieve ¢, while [« N 5]¢ expresses that Demon has a winning
strategy to achieve ¢ when Demon chooses whether to play game « or 3. Correspondingly,
(v N B)¢ expresses that Angel has a winning strategy to achieve ¢ when Demon has a choice
between v and 5. A formula ¢ is valid, written F ¢, iff it is true in every state w. States are
functions assigning a real number to each variable. For instance, ¢ — [a]v) is valid iff, from all
initial states satisfying ¢, Demon has a winning strategy in game « to achieve ).

2.3 Semantics

This section recalls the semantics of dL [[117]] and dGL [121]]. It is not essential to understanding
the thesis at a high level, but is a quick reference for readers interested in the formal details. We
list the semantics after introducing the necessary notation.

w denotes a state, which is a mapping from variables to real numbers. S denotes the set of
all states. A state maps each variable to a real number. w[z] denotes the value of variable x in
state w. XC denotes the complement of set X. denotes the state that is the same as w except that
variable x maps to value r.

Table 2.1: Hybrid game operators for two-player hybrid systems

Game Effect
T = assign value of term 6 to variable x
I Angel passes challenge if formula ¢ holds in current state, else loses imme-
diately
(x’l =6,..., Angel evolves x; along differential equation system z, = 6;
=0, & @D) for choice of duration > 0, loses immediately when violating v
a; B sequential game, first play hybrid game «, then hybrid game 3
aup Angel chooses to follow either hybrid game « or 3
a Angel repeats hybrid game «, choosing to stop or go after each «
ol dual game switches player roles between Angel and Demon
anp demonic choice (a? U %) gives choice between a and 3 to Demon
a* demonic repetition ((a?)*)? gives control of repetition to Demon
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2.3.1 Differential Dynamic Logic

Definition 2.1 (dL formula semantics). The semantics of a dL formula ¢ is the subset [¢] C S
of states in which ¢ is true. It is defined inductively as follows

1. [0 ~ 6] ={w e S : w[bh] ~ w[B]} where ~ € {<, <, =,>,>}
[~¢] = ([¢])°
[oAy]=lel Nl
[0Vl =lel Ul
[6 = v] = ([¢])° U [¥]
[Fz o] ={weS : W €[] for some r € R}
Vz o] = {w €S : wl€[¢] forallr € R}
[p(br,....0p)] ={weS : (w[h],...,w[0]) € (p)}
[{a)p] = {w : v € [¢] for some state v with (w, ) € [a]}
where [« is the semantics of hybrid program « in Def.[2.2]

10. [[a]¢] = {w : v € [¢] for all states v such that (w,v) € [a]}
where [a] is the semantics of hybrid program « in Def.[2.2]

Definition 2.2 (Semantics of hybrid programs). A hybrid program « is interpreted as a binary
relation on states [a] C S x S, mapping start states to end states that a program could reach,
defined inductively as follows [117]:

1. [z:=0] = {(w,v) : v=uwill}

2. [z:=%] ={(w,v) : v=uw! forsomer € R}

3,70 = {(w,w) : we [Q]}

4. [{2' = f(2) &Q}] = {(w,v) : »(0) = wexceptatz’ and ¢(r) = v for a solution ¢ :
[0,7] — S of any duration r satisfying ¢ = 2’ = f(z) A Q}
[au ] = o] U[A]
6. [os 5] = [e] o [8] = {(w,v) : (w, ) € [a] and (p,v) € [5]}

7. [e*] = [o]* = U, exle]™, where o' = a™; o and o® ="true.

XNk

bt

2.3.2 Differential Game Logic

Def.[2.3|defines the semantics of dGL formulas. It uses ¢, ([¢]) to denote Angel’s winning region
function (applied for game « and Angel’s winning condition [¢]) which will be defined later in
Def.2.4] Similarly, §,([¢]) shows Demon’s winning region function which will be defined later
in Def.2.4

Definition 2.3 (dGL semantics). The semantics of a dGL formula ¢ is the subset [¢] C S of
states in which ¢ is true. It is defined inductively as follows

1. [61 ~ 0] ={weS : w[bh] ~w[b]} where ~ € {<,<,=,>,>}

2. [~¢] = ([¢])"

3. oAyl =Tlel N Y]

4. [o vyl =[o] U [¥]

5. [ — 4] = ([¢])° U H

6. [Fr o] ={weS : W € [¢] for some r € R}
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7
8.
9.

10.

Vzo] ={weS : Wl €[¢] forallr € R}
[p01,...,00)] ={weS : (w[bi],...,w[0]) € (p)}
[(c) o] = <a(l¢])

[[ede] = da(le)

A dGL formula ¢ is valid, written F ¢, iff it is true in all states, i.e. [¢] = S.

Definition 2.4 (Semantics of hybrid games). The semantics of a hybrid game « is a function
Go(+) that, for each set of Angel’s winning states X C S, gives the winning region, i.e. the set
of states ¢, (X') from which Angel has a winning strategy to achieve X in o (whatever strategy
Demon chooses). It is defined inductively as follows

1.
2.

AN

7.

wo(X)={wes : e x}

S=f@&eo(X) = {p(0) € S cp(r) € X for some r € R and (differentiable)
¢ [0,7] — S such that p(¢) € [Q] and L2DE(¢) = (¢)[f(x)] forall 0 < ¢ < 7}
s(X) =[QINX

Saug(X) = (X)) Ugs(X)

So;8(X) = <al(s5(X))

W (X)=MZCS: XUw(Z)C 2}

S0t (X) = (sa(XE))E

The winning region of Demon, i.e. the set of states d,(X) from which Demon has a winning
strategy to achieve X in o (whatever strategy Angel chooses) is defined inductively as follows

I.
2.

N kW

boo(X) ={we S : il e X}
Sw=fy&0(X) = {p(0) € S go(r) € X for all r € Ry and (differentiable)
¢ : [0,r] — S such that ¢(¢) € [Q] and ¢ ()(x) () = p(Q)]0] forall 0 < ¢ < r}

0ro(X) = ([Q]F U X

baup(X) = 6o (X) N d5(X)

0a;5(X) = 0a(d5(X))

5o (X) = ULZC S : ZC XM5u(2)}
Gaa(X) = (da(XE))E

The dGL axioms and proof rules [121] used in this thesis are summarized in Fig.2.2]
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Figure 2.2: dGL axiomatization and derived axioms and rules
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Chapter 3

Verified Train Controllers

An objective of this thesis is to be able to synthesize control envelopes complex enough to pro-
vide controllers for real-world systems. However, designing and verifying symbolic control
envelopes with high fidelity to real-world dynamics is so challenging that most existing work
makes simplifications in their physical model of the world (e.g., ignoring resistance in train mo-
tion), or handles only a subset of situations (e.g. only handling single-lane highway driving for
autonomous car control). To demonstrate a symbolic control envelope that is complex enough to
apply to the real world, we create one for train control that uses a detailed physical model of train
motio Simulated experiments demonstrate the utility of this train control envelope: in induced
controllers, train safety is maintained, and by careful formal reasoning, inefficient, forced early
braking is limited. This chapter is based on published work [69]. Subsequently, the goal of this
thesis becomes making synthesis possible for control envelopes such as this one.

3.1 Introduction

This chapter uses control envelopes as a tool to design verified train controllers. This is a practi-
cally important, representative problem with challenges common in other safety-critical embed-
ded systems: complex dynamics with transcendental arithmetic, competing forces with subtle
interaction, and effects whose exact magnitude is unknown at proof time. Train controllers de-
cide when to enforce braking to prevent movement authorityﬂviolation and collisions. They must
account for all the competing influences that govern train motion. Uphill slopes decrease veloc-
ity, for example, which decreases resistance, which permits a more rapid increase in velocity,
slope and curve effect, all while the train’s brake force builds gradually until saturation as air
pressure propagates along brake pipes. These complex interactions make it hard to design a safe
and efficient train controller, and even harder to ensure it is always safe. This chapter designs
and verifies train control envelopes (sets of controllers) for a realistic freight train kinematics
model [23], 24]], henceforth called the Federal Railroad Administration model (FRA model) after
its appearance in influential technical reports published by the Federal Railroad Administration.

I'Train control envelopes are practically important and already widely deployed. They are also called train

protection systems, or in the context of the specific control objective of safe braking, positive train control systems.
>The movement authority of a train is the region of the track where it can safely be per the scheduling system.
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In handling these dynamics, this chapter also identifies generalizable verified control envelope
design techniques.

Existing studies of formally verified train motion [[101, 126, [167] do not account for at least
two effects amongst track grade, track curvature, resistance, and air brake propagation time,
rendering their results inapplicable to most real-world scenarios. We surmount the challenges of
verification against the full dynamics of the FRA model, in which these effects interact subtly
with each other. Our verification results are significant, because these parameters influence the
motion of the train in safety-critical and/or performance-critical ways. Neglecting track slope
profile and the gradual propagation of air pressure braking, in particular, can render otherwise
verifiably safe train controllers unsafe, since their influence may diminish the train’s ability to
decelerate, causing collisions. Our verification is valid for the realistic FRA model [23] [24].

Before verifying control envelope safety, we first design the control envelopes, balancing effi-
ciency with provable safety. Conservative control envelopes are mathematically more simplistic,
and easier to design and verify, but make railway operations inefficient, violating performance
objectives. We start by presenting a conservative safe control envelope and then demonstrate how
to iteratively make it more efficient by exploiting characteristics of the physical train dynamics
for better but safe control.

Train control envelopes are assessed relative to a (changing) destination stopping point—
called end of movement authority: overshoot of the end of movement authority is a safety vio-
lation, because that risks collision with other trains; efficiency is measured in terms of end of
movement authority undershoot. We prove absence of end of movement authority overshoot
when using our control envelopes in the FRA model by verification and demonstrate efficiency
by simulation.

To keep our proofs as general and widely applicable as possible, we leverage nondetermin-
istic controllers (control envelopes) and a paradigm of mathematical abstraction. Each control
envelope is set-valued such that all of its control choices are simultaneously proved safe under
all circumstances in the FRA model. The safety of these control envelopes implies the safety of
all of their specializations [93], giving railroads significant freedom in how to adapt the verified
control envelopes for their purposes. Control envelope verification follows a two-stage process:
we first prove mathematical models of abstract train control motion, and then obtain proofs of
the actual physical models of train control by uniform substitution [122] to replace the abstract
function symbols of the mathematical models with physical terms specific to the FRA model or
even specific railroads.

Crucially, our approach uses three different types of models: (i) the high-fidelity physics
model describing the kinematic motion of trains along the track, (ii) our generalized mathemati-
cal abstractions of the physics model, and (iii) the simplified but computable approximations of
motion models used by the respective train control envelopes. Our verification results prove that
the safety of |(1)| derives from the safety of and that all control decisions following are
safe in

Our proof is written in differential dynamic logic [116}122]], and performed using the hybrid
systems theorem prover KeYmaera X [52]. We compare the efficiency with concrete control
algorithms [23] for a number of train consists (arrangement of locomotives and cars) and sce-
narios [23]]. Our verified control envelopes are imposed on unverified controllers via runtime en-
forcement checks using ModelPlex [99]. We illustrate their behavior in simulation. The proved
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models are permissive and only interfere in train control operation when acting otherwise risks
movement authority violation.

Contributions: The primary contribution of this chapter is the formal verification results
justifying the safety of train control in the FRA model. The secondary contribution is the design
of new, safe train control envelopes. Technical contributions are the ideas of the formal proofs,
and of substituting a specialized ground physics model into control envelopes designed with an
abstract mathematical model. Finally, our simulations demonstrate the impact of verified train
control envelopes in different terrain. Proofs are available athttps://doi.org/10.1184/
R1/19542610 with ideas sketched inline.

3.2 Related Work

Due to their significance as safety-critical transportation systems, there have been many efforts
to verify the safety of train control systems [47]. One approach is extensive simulation of train
braking models [43]151]. However, simulation can only show safety in a limited number of cases
and is less appropriate when free acceleration is interspersed with braking. Similar limitations
apply to test-based safety assurance of train control [27]. Our work uses differential dynamic
logic (dL), a logic with a deductive proof system for hybrid systems [116, [122]. We write math-
ematical proofs that guarantee safety over the infinite state space in a model of physical motion.

In the realm of formal verification, there have been many studies of railway systems [14, 32,
435]]. Discrete aspects of train control have been verified at industrial scale [44,56]]. Many studies
(21131} 178,79,[157] focus on scheduling trains to avoid route intersections. Train communication
systems have been formally verified [45, [158]. Such studies are complementary to our work,
which focuses on the motion of the train as it interacts with the environment. Results on the
correctness of the motion of trains permit correct interaction with scheduling.

Studies of train motion have verified the European train control system with moving blocks
[126], and the Chinese train control system [[167], while ignoring the effect of resistance, air
brakes, track grade and curvature. The FRA model has been verified while ignoring grade and
curve [101]. Our work differs by accounting for all forces in the FRA model, creating controllers
designed and verified against realistic physics.

3.3 FRA Model of Train Kinematics

This section introduces the FRA model, which provides the forces acting on a train [24, Eq. (1)].
After the net force on the train has been identified, Newton’s second law, using train mass, de-
termines the acceleration that the train experiences, which in turn determines change in velocity
and change in position for train control design. The forces are

ZF:—FG—FC—FBJrFL—FR:mTa (3.1

where F; denotes force due to track grade, F(- resistance due to track curvature, F'g force from
the brakes, F, force from the locomotive engine (tractive effort), Fz resistive forces, and mr,
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train mass. Newton’s second law, > | F' = mra, determines train acceleration a. Resistive force
Fr follows the modified Davis equation [24, Eq. (18)]:

FR = ARw+BRn+CRZUU+DRU2 s

where Ag, Br, Cg, Dy are experimentally determined positive constants whose numerical val-
ues, given a choice of units, can be found in other sources [23| 37, 162]. Further, n is the number
of axles, and w is the weight of the train.

Grade and curve forces depend on the train position p on the track. Grade force [24, Eq. (19)]
is proportional to train weight w and average track grade grade(p) underneath the train:

Fg = Agw - grade(p) .

Similarly, curve force [24, Eq. (21)] is a function of average track curvature curve(p) along the
train and train weight w:
Fo = Acw - curve(p) .

where A and Ag are positive multiplicative constants. Braking force can be modeled as the
minimum of two linear functions to capture the effect of air pressure brake force buildup [24,
Fig. 17] and stabilization. Let F'zq be the force acting immediately on brake application, f,, the
slope with which brake force increases, ¢, the elapsed time, and F'py.x, the force after air pressure
in the air pressure brakes saturates.

FB - min(FBO + fpt7 FBmaX) .

Brake enforcement and train protection algorithms [23) 24] approximately solve a differential
equation derived from Eq. (3.1)) to estimate the velocity and position of the train at future times.

3.4 Mathematical Model Abstraction

In order to maximize generality of the embedded software design, minimize verification ef-
fort, and simplify future proof maintenance, we present a mathematical abstraction of the FRA
model [23| 24]]. Concrete verified control envelopes and their safety proofs for the fully ex-
panded model can be obtained automatically from the verified abstract model using uniform
substitution [122].

Our abstract train kinematic model in (3.2)) is an ODE in time. The rate of change of position
is velocity, and the rate of change of velocity is acceleration. The variables and constants in-
volved, along with their signs, when relevant, are (i) Train position p, (ii) velocity v, (iii) velocity
and position-independent component of acceleration a; ranging from immediate braking ability
—bmax < 0 to maximum train engine acceleration a,,,x > 0, (iv) acceleration due to air brakes
a, In range apmax < 0 to 0, (v) rate of change my, of air brake acceleration, which is m, < 0
when brakes are ramping up and O otherwise, (vi) map a, from position to acceleration due to
grade, (vii) map a. from position to acceleration due to curvature, and (viii) velocity-dependent
resistance a,.. In the chosen sign convention, resistive acceleration is negative.

P =00 =a + a, + as(p) + a,(v) + ac(p), a, = my (3.2)
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with a; € [_bmaXa amax]» Qg = max(ab, abmax)a my € {07 mp}

. . . 2
The Davis equation resistance a,(v) = —% has the shape a, = a;v + ayv?® when
a; = —C,.g with gravity g summarizes the linear coefficient of velocity, and a; = —Z—: summa-

rizes the quadratic coefficient. Grade and curvature are represented by unspecified but bounded
functions a, and a. that map train positions to a numeric value for acceleration due to slope and
average curvature, respectively. The quantity a; summarizes locomotive tractive effort (a; > 0)
and train deceleration (a; < 0) as commanded by the train controller, with adjustment for the
velocity-independent resistance.

We later instantiate the proved abstract kinematic train model by dL’s uniform substitution
[122] to easily get proofs for specific physical train models such as the FRA model. Similarly,
proofs for specific train configurations result from also substituting values for coefficients, or
even for a specific train state when additionally substituting speed and position.

3.5 Model Structure

We develop a conservative train control envelope in dL based on the abstract train kinematic
model Eq. (3.2)) of Section[3.3] presenting it modularly and introducing conceptually important
model components and functions along the way. We address the challenge of representing track
grade and curve, which are unknown at proof time, using unspecified maps. In order to reason
about them, we bound the maps with assumptions quantifying over all arguments. Our solution
permits us to capture the full Eq. (3.2) without conservatively neglecting as(p) and a.(p) when
reasoning about it during verification. It generalizes to other embedded software that must reason
about unspecified, bounded functions, such as noise or potential fields (e.g. electro-magnetic or
gravitational effect).

We prove the control envelope safe: relative to Eq. (3.2)), the control envelope will provably
never permit the train’s position to exceed the end of movement authority e, though it might be
inefficient, braking unnecessarily early. Later, by revising modular components and functions to
be more arithmetically sophisticated, Section[3.6 will retain provable safety but make the control
envelope more efficient. Fig.[3.1] shows the relationship between the resulting control envelope
models.

3.5.1 Model Description

Train control operates in a time control loop. The control has a latency of time 7" > 0—a
controller has to wait at most this long before being able to change the throttle position. In
practice, reaction time 7' is typically on the order of 1 second, but train controllers often keep
decisions in effect for a 10 second period without revising them [37]. Every control cycle, the
control envelope computes an overapproximation stopDist(p, v, a,) of the stopping distance,
the distance that the train will travel before stopping if it were to accelerate during the current
control cycle, but then brake continuously starting at the next control cycle, until it comes to
a halt. If the distance left to the end of movement authority exceeds stopDist(p,v,a,), the
control envelope continues free driving (with any acceleration or deceleration choice within the

21



Control Loop « Dynamics

Model[dl Model2]
Conservative
Theorem[3.1]

extended to exploit
track slope and

curve
Slope and Curve Model[3]
Theorem[3.2] Corollary[3.1]
A

extended to ) | o
Uniform :Slle'[ltllthl’l

exploit air brakes

Y l
Model[3| extended to Model 4]
Theorem[3.3] exploit resistance Theorem[3.4]

Figure 3.1: Relationship between train models in this chapter.

physical limits of the train), otherwise it brakes. This control cycle, (st opDist), is parametric
in stopping distance st opDist, and expressed as a hybrid program in Model[l]

Model 1 Train control a(stopDist).

Reset Timer | 1 ¢ :=0;

. |2 ( (?(e=p> stopDist(p,v,a));
Free Driving

3 ap:=*; 7 — bpax < @ < Amax; ap :=0; my :=0)

Braking ‘ 4 U a; := —bmax; myp:= mp)

Train Dynamics Model[2] describes the physical motion of the train according to the abstract
mathematical model of Eq. (3.2)) augmented with a clock ¢ = 1 to switch back to control after at
most time T'. We leave all constants symbolic and prove safety for all values, so that individual
railroads have the flexibility to instantiate them with the values that apply to their system and
inherit our safety results. This generality in control envelope design comes at the cost of higher
proof complexity, but compared to the alternative where we would initialize these constants with
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a conservative value, this allows for more efficient, tailored controllers and control envelopes
adapted to the specific rail operation.

Model 2 Train dynamics.

1P =w,a, =my,t =1,

Dyn.
y 2 v = a; + max(ay, Gpmax) + as(p) + a,(v) + ac(p) &t < T Av >0

Stopping Distance In order to decide between free driving and braking, the control envelope
computes the upper bound st opDist(p, v, a,) on the distance covered over one time period of
acceleration and subsequently braking to a stop.

Thus, our models provide two distinct specifications of the distance that the train will take to
stop. The first, indirect specification is through the differential equation in Model[2]that implicitly
describes the physical motion of the train. The second, approximate specification is stopDist
in Line[2] of Model[I] an explicit arithmetic expression that the control envelope can evaluate
efficiently to make decisions at runtime.

Efficiency concerns demand that stopDist(p,v,a,) be as tight as possible; if the bound
is too large, the control envelope would enforce braking unnecessarily. But verifiable safety
requires stopDist(p,v,a,) to provably be an upper bound on the distance that the train cov-
ers (as determined by the dynamics). The tightest possible bound is the exact solution of the
differential equation. However, even ignoring the effect of air brakes, the differential equation
requires trigonometric solutions. Transcendental function arithmetic is undecidable [136]. To
ensure mathematical provabilityﬂ we develop polynomial approximations, which is a delicate
design task because automated decision procedures for polynomial real arithmetic validity are
computationally expensive [38,160]. This constrains the complexity of the polynomial approx-
imations that can be used as upper bounds. We therefore strike a balance between conflicting
concerns: striving for efficiency while satisfying mathematical provability.

To illustrate this approach, we start with a simple conservative expression for stopDist.
This expression is similar in complexity to previous work [101, [126], but is now proved safe for
the full model including slope, curve friction, air brake propagation, and aerodynamic drag. We
later improve on this approximation, focusing on one contributing factor at a time.

3.5.2 Stopping Distance: Conservative

This section constructs a first, conservative control envelope by instantiating control loop o with
an expression for stopDist, and proving it safe. Referring back to the train dynamics in
Eq. (3.2), we first need an upper bound for v. Integrating this bound via p’ = v computes a
stopping distance upper bound.

3In KeYmaera X, even when manually simplifying differential and modal expressions, arithmetic subgoals are
outsourced to arithmetic decision procedures, which are subject to limitations in proving real arithmetic.
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The first impediment to obtaining a provable upper bound for v is that grade and curvature
maps as and a,. are arbitrary functions, constrained only by upper and lower bounds, and bounded
gradients. At runtime, the train knows their exact values as the control envelope is instantiated
with maps for the railroad it runs on. However, these maps are unknown at proof time. And
yet, the proof has to show safety of the train control ahead of time for all possible track maps in
order to justify safety of the train control envelope. In order to obtain a provable upper bound on
stopping distance, the proof is therefore based on the limited information that we do have about
the maps: upper bounds on the potential values of a, and a..

A naive upper bound on a; is the value of acceleration that the train experiences when it is
on the steepest permissible downward slope, m. Our proof will show that the distance required
to stop for any permissible grade map cannot exceed the distance computed with the steepest
downward slope. It first shows that the true acceleration is bounded above by an acceleration
that uses the highest permissible value of grade acceleration, then that actual velocity cannot
exceed the velocity computed using the worst-case acceleration, and consequently, that traveled
distance cannot exceed the stopping distance computed using the worst-case estimate of velocity.

Accounting for grade force is important. On a downward hill, for example, a train with
a control envelope that ignores grade would roll forward even at the end of its movement au-
thority which may cause accidents. In contrast, we can safely ignore curve resistance when
approximating stopDist, since resistances shorten stopping distance (upper bound 0). These
simplifications result in differential equation v = a; + mg + a,(v), since maz(ay, Apmax) = 0
while the train is accelerating, where v is the upper bound on v that we integrate to compute
stopDist. However, the solution v (%) is still transcendental:

t\/ Aart+ms)az—ai + tan_l ( a1+2a2v9 )) —a

(\/4(al +mg)ag — a%) : - ( : 2

4(a;+ms)az—as
The culprits are the linear and quadratic terms in velocity from the Davis equation. With another
simplification of 0 as an upper bound for a, (resistance always works against the train’s motion),
we derive a polynomial expression for stopDist:

2@2

vs=ai+ms = w3(t) =vo+ (a; +my) -t

3.3
al_;ms‘t)'t (3.3)

where v, and pg are the initial values of speed and position. The solutions provide a conservative
stopping distance bound.

/

py=v = p3(t) =po+ (vo+

Umax + M5y (0 (Gmax + M) T)
2 2(bmax - ms)

J/
(.

stopDisty(p,v,ap) = vT + (3.4)

distance while accelerating stopping from increased speed

The conservative stopping distance st opDist, ignores its arguments p and a;, but later refine-
ments of stopD1ist functions also depend on p and a;,, which is why they are passed in.

The first two terms are the distance covered by the train in one control cycle of acceleration,
while the third term is the distance that the train needs to stop should it start braking right after,
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assuming the worst-case value of O for a,. This conservative distance is similar to what has been
used in the literature [126], but has been adjusted to account for grade force with its worst-case
accelerating or decelerating effects. Substituting Eq. (3.4)) into control cycle « results in the dL
hybrid program of the conservative control envelope: a(stopDisty).

A physically important quantity is braking distance, the distance that the train will travel
before coming to a stop if it were to start braking right now. We derive an upper bound,
brakeDisty(v,a), which will be crucial to our proofs and the initial assumptions, and is

improved upon later.
2

brakeDisty(v,a,) = m 3.5
The last term of Eq. (3.4) is brakeDisty(v3(7),0) with v3 according to Eq. (3.3) when a; =

amax-

Initial assumptions init(brakeDist) parametrized by brakeDist, and assumptions
on air brakes initAirbrake are required to prove the conservative control envelope safe.
Assumptions about unspecified functions are represented by universal quantification over their
input. This representation permits derivation of a formula about the unspecified function at any
point of the train’s evolution by substituting the quantified input with current values.

init(brakeDist) = aGmyx > 0 Abpax >0Aa; <0Aay <0Ae—p>brakeDist(v,0)
Abpax —ms >0AV>0AmMg >0AT >0
Az (|as(z)] < mg) AV (a(x) <0)
initAirbrake =m, <O0A @pmax <OAMy =0Aa, =0
(3.6)
Theorem[3.1] presents the dL formula representing the safety of the conservative control en-
velope.
Theorem 3.1. The conservative braking control envelope guarantees that the train always re-

mains within the end of the movement authority. The dL formula below is provable, where « is
the control loop from Model[l| parameterized with Eq. (3.4) for st opDist.

init(brakeDisty) A initAirbrake — [(a(stopDisty);Model)le —p > 0

Proof. The proof has been done in the theorem prover KeYmaera X, but we present its central
ideas here. We use loop invariant ¢ — p > brakeDist,(v,0) Aay < 0 Av > 0 and split
into cases for free driving and braking corresponding to the nondeterministic choice in Lines [2}H4]
of Modelm On braking, the invariant is maintained because the derivative of the distance that
the train will take to come to a stop does not exceed the derivative of the distance to the end of
movement authority, i.e., (stopDist,;) < (e — p)’, byldll On free driving for a control period
T', we first restate that the train maintains a distance to the end of movement authority of at
least st opDist adjusted for time ¢ since the last control decision, i.e., v(T — t) + 9ot (T —

2 (v+(amax+ms)(T—t)
t) _I_ 2(bmax_ms)
—v > —v4+V(T —t) — (amax + ms)(T — ) + (”+(am”‘+mszl§fax_f)zl(f)_(“’“”"LmS)), holds because

v — (amax + ms) < 0. O

& by dCland[dIl The required inequality relation between the derivatives,
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3.6 Safe Efficiency Improvements

We improve on the overapproximation for stopping distance in order to make our control enve-
lope more efficient. The FRA model presents two challenges common in embedded controllers:
it uses functions whose exact values are unknown at proof time (slope and curve maps), and has
many interacting forces. Our techniques address these problems with two general principles:
using quantified worst case bounds on unknown functions, and separation of dependencies. The
first technique relies on the observation that the track changes are gradual and predictable (the
rate of change of unknown functions is bounded). It drastically improves bounds on the effect
of grade and curve over one time period of acceleration, after resolving circular dependencies
between the variables of motion. The second technique improves the estimate brakeDist by
accounting for air brake dynamics. It demonstrates a handling of triple integration, using mode-
splitting to deal with the non-analytical change of behavior when brakes saturate. The third tech-
nique uses Taylor polynomials to capture the effect of resistance, which would otherwise lead to
transcendental arithmetic. The track environment discussion in Section[3.6.1l and Section[3.6.2]
will become assumptions of our models, while the calculations in Section[3.6.3]and Section[3.6.4]
are machine-checked to be correct approximations as part of the KeYmaera X proofs.

3.6.1 Bound on Gradient

The train control envelope knows the current slope a(p) and vertical curves of the track, which
determine transitions from one track grade to another. This knowledge results in a bound A,
on the difference in grade per unit length [62, p.616-619]:

|aagix)‘ S hmax = |a;(p>| S Uhmax

The second inequality follows from the first using the chain rule and p’ = v. After time T,
as could have increased by no more than uhy, 7', where u is some upper bound on v over the
course of 7' time, which we derive later in this section.

3.6.2 Bound on Curve Resistance

Similar to bounding the gradient change, we compute an upper bound on the rate of change of
curve resistance as a function of velocity using track geometry. Curve resistance depends on
average curve curve(p)ﬂ Assume that the tightest permissible curvature for the railroad corre-
sponds to radius r. The greatest change in average curvature occurs when a train goes from a
track with the greatest permissible curvature to a straight track (or vice versa). Over a small
period of time dt, the portion of the train transitioning from greatest curvature to O curvature is

“In practice, degree of curvature is the angle subtended by a 100ft arc of the track, 100ft chord of the track, or
100.7ft arc in the US. In Europe, radius is generally used [62]. In our rate of change of curvature derivation, we will
use the mathematical idealization for average degree of curvature: curve(p) = [f) 1 ﬁdm where [ is the length of
the train and r(z) is the radius of curvature at track point z. This approximately relates to the US definition by a
multiplicative factor, with a small error introduced by the granularity of the 100ft measuring arc. This multiplicative

factor can be rolled into the multiplicative coefficient cy;.
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dv, where v is velocity. So the rate of change of curve(p) (taken in radians) with respect to time
is —;- where [ is the length of the train. For a given train, a, relates to curve with some constant
multiplicative factor g. We use a,, = g3 = c.v with the constant factor ¢z = .

With this bound on the maximum rate of change of a., we now estimate the upper bound on
curve resistance over time 7', where py is initial train position, to be

Qe (p0> + uccftT

As before, v is an upper bound on velocity for duration 7'.

3.6.3 Tight Stopping Distance Approximation

The upper bounds @, on gradient from Section[3.6.1]and @. on curve resistance from Section[3.6.2]
are summarized as:

S as (pO) = min(msa ag (pO) + UhmaxT)
ac(p> S ac(pO) = min((), ac(pO) + UCCﬁT)

This enables us to improve our estimation of stopping distance:
vy = a4 @s(po) + @c(po) = valt) = vo + (ar + @s(po) + @c(po)) T (3.7

Upper bound v, is tighter than v3 of Eq. (3.3) and thus integrates to an improved stopping
distance estimate. It depends (transitively through a, and @.) on the unknown upper bound v on
velocity, which we still need to estimate provably correctly.

Circular Dependencies: The upper bound on velocity, u, is undefined in expression (3.7
above. We cannot use the bound v, for u, since v, itself is phrased in terms of u. The problem
is a circular dependency between as and v: the bound on slope acceleration as depends on speed
v, while the upper bound on speed v, in turn, depends on slope acceleration a,; likewise for
a.. Physically, this is because if the train is moving faster, we know less about the nature of
the track—its curve and slope—after the passage of some time, as the train is farther from its
previous position on the track. However, we need information about the grade curve in order to
better estimate the velocity that the train is traveling at. In order to cut through these circular
dependencies, we use the conservative estimations of these quantities from (3.3)) as a base case
to bootstrap incrementally finer computations, as presented below.

We first use the initial upper bounds mg for a, and O for a. to get a conservative bound
v(t) > vo + (amax + ™Ms)t, so that we can set u = vy + (amax + Ms)T. Since (amax + M) is
a positive upper bound on the train’s acceleration, velocity could have increased no more than
(@max + ms)T. Hence u is indeed an upper bound on v through the 7" time interval. Substituting
this u refines the gradient and curve resistance bounds.

aS (pO) = min<m57 Qg (pO) + EUO + (amax + ms)Ti hmaxT>
ac(pO) = min(O, ac(pO) + SUO + (amax + ms)T) CcftT)
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These expressions give the chosen definitions of @y and @, by replacing placeholder velocity
bound wu.

We could in principle further improve this upper bound on speed by using v, to obtain an even
better bound on a, and a., which could in turn yield an improved bound on v. However, extra
levels of extrapolation increase proof cost and computation time when the control envelope is
run. Each extra intermediate bound requires a constant number of extra proof steps, but provides
diminishing efficiency gains in return. Intuitively, proof length is asymptotically linear in number
of iterations because under optimal proof rule application ordering, each iteration induces one
extra application of rule [dC to introduce the intermediate bound into the proof tree, and rule
to justify this intermediate bound.

The stopDist expression below uses vy with u = vy + (amax + ms)7 to estimate stopping
distance, which is sufficiently tight to make useful control decisions (see Section[3.8).

2
| e+ ) +ulp) ) (0 (O 4 80) + )T
stopDist,(p,v,ap) = vT + ( 5 ) T° — I
(3.8)

We need further initial assumptions to prove the improved slope-exploiting control envelope
a(stopDist,) safe. These assumptions represent the result of the track environment discussion

of Section[3.6.1]and [3.6.2] used for the computer-checked proof.

initg(brakeDist) = init(brakeDist) A dmax — Ms + Me > 0A hpax >0

Ame <OAcg > 0AYZ (ac(x) > m.) AV Ve (|a)] < a'cq) ANV Va (|a] < 2 hmax)

(3.9

The technique of this section applies to time-triggered controllers (where a control loop runs
with some known maximum latency and sensors measure current state every cycle) for physical
systems with functions affecting the environment that are unknown except for bounds on their
rate of change. The future value of the functions can be bounded in terms of their worst-case
rate of change. Furthermore, these bounds can be used to compute bounds on other variables in
the system, just as here a bound on velocity was used to bound slope and curve effect, which
was again used to obtain a better bound on velocity. The situation arises frequently in practice:
examples of unknown functions are a potential field, or a noise or error effect, which may have
circular dependence with position.
Theorem 3.2. The slope-estimating control envelope guarantees that the train stays within its
movement authority. The AL formula below is provable, where « is the control loop from Model
parameterized with Eq. for stopDist.

inits(brakeDisty) A initAirbrake — [(a(stopDist,); Model)*]e—p >0 (3.10)

Proof. By proof in KeYmaera X. The proof builds on the ideas from Theorem[3.1] We apply the
loop rule with the same loop invariant as Theorem[3.1] If the train brakes, differential invariant
rule(dlf again shows that the loop invariant holds throughout differential equation evolution.

If the train chooses to accelerate, then as before, we restate that the train maintains at least
a distance of stopDist, adjusted for time ¢ since the last control decision. Unlike before, a
instead of mg accounts for worst-case a,, and @, instead of 0 accounts for worst-case a.. Again,
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proves that this adjusted inequality remains true. In order to prove the required inequality
on the derivatives, we first use differential cut rule [dC| to show @4(po) > as(p) throughout the
control cycle, and @.(po) > a.(p). There are two branches for each cut corresponding to how
the min in @, and @, resolve. For example, using initial position and velocity py and vy, for @,
we need to show that as(p) < my, and as(p) < as(po) + whmaT. While the former follows
from the quantified assumption on a,(p), to prove the latter, we again adjust it for elapsed time
t, to argue that as(p) < as(po) + (vo + whmax (T — t)), proved using[dll The required derivative
inequality follows from instantiating the quantified assumption bounding the rate of change of
(as(p))’ < whpax With the current position, and showing that « is an upper bound on v in the
control loop. The argument for @, is analogous. ]

3.6.4 Effect of Air Pressure Brakes

The term brakeDi st conservatively neglects the significant effects of air brakes to avoid rea-
soning about their time dependence. This section derives a tighter brakeDist, that accounts
completely for air brakes. It specifies a control envelope that simultaneously benefits from the
slope and curve estimation of the previous section, and from air brake dynamics. The central
insight required to prove the improved control envelope safe is how to compose reasoning about
time-dependent air brake propagation and velocity-dependent slope and curve estimations from
the previous section. We first show that brakeDist,, the component of stopDist affected
by air brakes, is the desired upper bound on distance to brake throughout the control loop. Then,
holding brakeDist, constant, we perform the differential reasoning on slope and curve es-
timation described in the previous section. The two results together permit an overall proof of
safety of the air brake-exploiting control envelope.

To derive the improved brakeDist,, we first compute some intermediate functions from
air brake dynamics. In Eq. during brake rampup, with slope relaxed pessimistically to m,
and curve and resistance to 0, max(a,, dpmax) €valuates to a,, and my to m,,. The solution for v
in the resulting differential equation v = bya — M + @y, aj, = m,, is quadratic in ¢:

1
v =g — (bmax — Ms + ap)t + §mpt2 (3.11)
Function ¢, below computes the time the train takes to achieve full braking by subtracting
current brake buildup a, from maximal air braking aym.x, and dividing by the rate of increase in
air brake force m,,. If the train comes to a stop before air brake saturation, it instead evaluates to
the time until the train stops, as computed by solving Eq. (3.11) for v = 0.

(bmax - ms + ab) - |<bmax - mS + ab)2 - 2mp'U|

m

) (3.12)

ty(v, ap) = miﬂ((abmax — ap)/my,
P

The distance that the train travels before either stopping or reaching maximum air brake effect is
Ot”(v’a") pdt = vty(v, ap)+ % (bmax —ms+ap)ty(v, ap)?+ % (my)ty(v, ap)3. The velocity of the train
after this period of buildup, by Eq. (3.11)), is vy = v — (bmax — ms + ap)ts(v, ap) + %mptb(v, ap)?.

So after the brakes finished ramping up, the distance traveled until the train comes to a halt is
i
2(bmax_'rns_abmax) >

using Newton’s third equation of motion. If the train stops before finishing brake
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rampup, vy evaluates to zero, as required. Adding the upper bounds on distance traveled before
and after brake rampup results in brakeDist,(v, a,) in Eq. (3.13)), an upper bound on braking
distance that accounts for the effect of air brakes. While this derivation for control envelope
design is manual, its result will be verified by computer-checked proof in Theorem[3.3]

1
brakeDisty(v,as) = vty(v, ap) — = (bmax — Ms + ap)ty(v, ap)?

2
1 U — (bmax — ms + ap)ty(v, ap) + Im ty(v, ap)? 2
+ —(mp)tb(v, ab)3 + ( 2P )
6 2(bmax —ms — abmax) (3.13)
StopDista(p, v, ab) _oT + <6Lmax + as<2p) + ac(p)) T2

+brakeDist, <v + (amax + as(p) + a.(p))T, O)

In order to prove the invariant that after a control cycle of braking, e —p > brakeDist,(v, a,),
we must reason about the three dynamically distinct cases: (i) when max(a,, Gpmax) 1S @pmax;

(ii) when it is aj, and t,(v, a,) evaluates to (@pmax — ap)/m,; and (iii) when it is a, but ¢, (v, ap)
(bmdx ms+ab) |(bmdx m5+(lb)

evaluates to —2mpel e split the model dynamics into these three evo-
lution domains, branching between the three possibilities in a loop to transition between modes
freely (Model[3). This does not affect the semantics of evolution: per train dynamics, mode tran-
sition happens at most once (from [(it)| to [(1)] or [(i1)] to [(ii1)). Unrolling the loop to two iterations,
one per mode, suffices to model train behavior. This split formulation simplifies syntactic proofs.

Model 3 Mode-split train dynamics.

1 ( {Model2 & apmax > ap}
Dyn.|2  U{Model2l & apmax < @p A (Gomax — ap)/myp > 1}
3 U{ModelRl& apmax < ap A (Gbmax — ap)/myp < t,})"

(bmax — Mg+ ab) - |<bmax —ms+ ab)2 — 2mpv|

mp

where t, =

Theorem 3.3. The air-brake-exploiting control envelope guarantees that the train stays within
its movement authority. The AL formula below is provable, where « is the control loop from
Model[l| parameterized with Eq. (3.13)) for st opDist.

inits(brakeDist,) A initAirbrake — [(a(stopDist,); ModelB3)|e —p >0

Proof. By proof in KeYmaera X. The high level idea is to use an outer loop invariant e — p >
brakeDist(v,a,) A ay < 0 Awv > 0 and again split into free driving and braking cases.
On braking, we show that the outer loop invariant is maintained in each of the three dynamics
modes using an inner loop invariant consisting of 4 formulas, the most important of which is
e —p > brakeDist (v, max(ap, Gpmax))-
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On free driving, we first show that brakeDist,y = brakeDista((v + (amax + as(p) +
a.(p))T),0) is truly an upper bound on all reachable brakeDist (v, max(ay, mmax)) values
in the control cycle. Then, holding brakeDist,y constant, we follow a proof similar to
Theorem@ to show that, in every mode, the increase in p does not exceed the decrease in

distance buffer v1" + (M) T?. The free driving inner loop invariant consists of

14 formulas, most of which state that various upper bound expressions (such as on velocity,
grade and curve) remain upper bounds over the course of the loop. By monotonicity, then,
e — p > distance buffer + brakeDist,y > brakeDist (v, max(ay, Gpmax))- O

3.6.5 Exploiting Resistance

Exactly accounting for the quadratic dependence of resistance on velocity, as discussed in Sec-
tion[3.5.2] leads to an undecidable, transcendental exact solution for stopping distance. The
control envelope must instead use an approximation. Since polynomial arithmetic is decidable,
Taylor polynomials are a natural way to obtain decidable approximations. This section applies
Taylor approximation to the FRA model, identifying techniques generalizable to verified control
for other embedded systems with transcendental dynamics.

The Davis equation implies v’ > (amax + @s(p) + @.(p)) + a1v + asv?, where slope and curve
bounds @, and @, are from Section[3.6.3] This is a lemma for the dL proof of Theorem[3.4]justified
as follows: consider two identical trains on tracks ¢; and t,, starting with the same velocity. We
want to bound the velocity v; of the train on ¢;. Suppose %, is the track with worst case track
and grade, and that a train on ¢, (the “ghost train”, that we have constructed for the sake of our
argument) always accelerates so that v = (amax +@s(p) +@c(p)) +aiv+azv?. On the other hand,
on track t, the real train that we require a proof about only obeys the restriction |as| < m. If
V9 — 1 18 to become negative, it must cross the boundary where its value is 0. However, whenever
v = vg, necessarily, v, > v{. This ghost train argument serves a purpose similar to the “circular
dependencies” argument of Section(3.6.3} reasoning about mutually influencing factors one at a
time. The ghost train permits us to represent and reason about a transcendental bound on velocity,
V9, derived using slope and curve estimates a, and a...

Given that v > (amax + @s(p) + @c(p)) + a1v + axv?, the first-order Taylor polynomial
of this expression for velocity is vy + ((amax + as(p) + a.(p)) + ajvg + awé)t. Using this
approximation at time 7', with a; = an,y, as an upper bound for velocity after a time period of

acceleration, we compute Eq. (3.14) for stopping distance that leverages resistance. While this
derivation is manual, its result will be verified by computer-checked proof in Theorem[3.4]

6, = (amax + as(p) + Ec(p)) + a1v + CLQU2

Umax + @s(p) + @c(p)
2

(3.14)

stopDist,(v) = vT + ( ) T2 + brakeDista<v + ()T, O)

Unlike previous stopping distance estimates, this expression is not always an upper bound. It uses
resistance for the original velocity vy, which is only a conservative bound when resistance is low
enough to permit acceleration. This condition is captured by predicate vbound in Eq. (3.13).

vbound(v) = (amax + @s(p) + @(p)) + a1v + agv® >0 (3.15)
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For the Taylor approximation control envelope (Model, we define the stopDist, predicate
(3.16), that unlike previous expressions for stopping distance, returns a truth value. It uses pre-
vious definitions st opDist, from Eq. (3.14)), vbound (3.15) to determine when stopDist,
is applicable, and st opDist, from Eq. (3.8) is used as a fallback.

stopDisty,(p,v,ay) = e —p > stopDisty(p,v,a)V

3.16
(vbound(v) Ne—p> stopDistt(v)> (5.16)

Higher order Taylor polynomials permit analogous reasoning. Theorem[3.4] expresses that the
Taylor polynomial control envelope in Modelf]is safe.

Model 4 Taylor polynomial control envelope and dynamics.

Reset Timer ‘ 1 t:=0;
Free driving ‘ 2 ((?stopDisttp(p, 0,0);a;:=%; 7 — bnax < @ < Aax; ap :=0; my :=0)
Braking ‘ 3 U a;:= —bpax; My := mp);
Dynamics | 4 Model[3]

Theorem 3.4. The Taylor polynomial control envelope guarantees that the train stays within its
movement authority. The dL formula below is provable.

init,(brakeDist,) A initAirbrake — [(Modeld)"|e —p >0

Proof. By proof in KeYmaera X. We start by showing that the loop invariant from Theorem[3.3]
is maintained (using dL rule [loop). The case where the train is braking proceeds similar to
Theorem[3.3] When the train is accelerating, we need to show that the control envelope has
insisted on a sufficient distance margin (stopping distance), so that even after a time period, the
train has enough space to stop. As the Taylor polynomial computes the stopping distance, we
must prove that it actually is an upper bound. We use a monotonicity argument by introducing
an auxiliary variable that represents a “ghost” train, perpetually traveling down worst possible
slope as and curve a.. This isolates slope and curve from the effect of resistance, breaking
interdependence. We derive the Taylor polynomial result on the ghost train, show that it goes no
slower than the real train, and that consequently the Taylor polynomial result must hold for the
real train. Other elements of the proof remain similar to Theorem[3.1] [

3.7 Kinematic Train Model Proofs

A proof for the FRA model [24] derives from the proof for our abstract mathematical models,
e.g. Theorem[3.4] by uniform substitution [122], which replaces abstract function symbols with
specific terms using the correspondence in Section[3.4] Model[3] lists the model resulting from
substitution.
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Model 5 Train control envelope in kinematic motion model.

Reset Tirner‘ 1 t:=0;
Free Driving ‘ 2 ( ?stopDisty,(p,v,0);a;:=*; T=bnax < a1 < Gmax; @p = 0; My :=0
Braking ‘ 3 U a; := —bmax; My ::mp);
4 ( {dyn & apmax > ap}
Mode Split | 5 U {dyn & apmax < ap A (Gomax — ap)/myp >t}
6 U {dyn & apmax < ap A (Gomax — ap)/myp < tp})"

Agw - grade(p)

with dyn = {p' = v,a, = my, t' = 1,0 = a; + max(ay, Gpmax) —
mr

Acw - curve(p)  Crwv + Dpv?

&t<TAv>0}
mr mr

Corollary 3.1 (Kinematic train model is safe). The train control envelope for the FRA model

never overshoots the end of movement authority, i.e., the following formula is provable with

. ::L_i _I_ Arpw+Bgrn al’ld Uy = & - AR’UJ+BRTL:

bmax - mr - mrT mr

inits(brakeDist,) A initAirbrake — [(Modeld)|e —p >0 .

Proof. By uniform substitution from Theorem[3.4] using the substitutions o below:

amax — i _ ARw+BRn bmax —> ;;_B + ARw+BRn

" Agu gradelp) Agwaunelp)
— Gw-grade(p cw-curve(p
0 =4 as(p) — —= ac(p) — — =~
2
ar(v) — _Crzwi;n# O

3.8 Evaluation

For validation, we use ModelPlex [99]] to derive a controller monitor from Model[5|that measures
the safety margin in decisions of previous brake enforcement envelopes [23,24] and our verified
control envelopes. That way, we measure if, and how well, our verified train control envelopes
and existing control envelopes agree in order to assess the safety of those existing systems and
the efficiency of our model. Existing brake enforcement envelopes brake to a full stop once
engaged.

The ModelPlex monitor computes a robustness measure indicating how close a decision is
to losing the safety proof. When the robustness measure is positive, the decision is guaranteed
to remain provably safe so that the system enjoys the safety proof of the verified model. When
it is negative, emergency brakes should be applied for safety reasons. The ModelPlex controller
monitor follows the structure of the verified model when it computes robustness. For example,
a monitor for Line[2] of Model[5] describes its effect with the formula st opDist,,(p,v,0) A
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Table 3.1: FRA train parameter instantiation example.

Param. Value  Unit  Description

Agr 0.6 1bf/10n (constant) weight coefficient
Br 20  ®f/ie  (constant) train-size coefficient
Chr 0.01 ™/ion.mph (linear) speed coefficient
0.07 (quadratic) aerodynamic coefficient
0.294 (for loaded cars)

Ag 20 1bf/ton (constant) weight coefficient

—bmax < a; < amax Which translates to the robustness measure

min (max (min(e — p — stopDist,(v), (ame + @s(p) + @e(p)) + arv + asv?),
e —p— stopDist,(p,v, O)),al + bmax, Gmax — al>

The most important elements of the full Model[5| monitor are:
* in free driving (when stopDist,, is satisfied) it combines remaining position margin
(the larger of Taylor margin e — p — stopDist, when vbound(v), or fallback margin
e —p — stopDist,) with acceleration choice robustness (min(a; 4 byax, Gmax — ;) from
control decision a := *;7 — byax < a; < amax) and speed robustness (v from evolution
domain ... & v > 0);

* during braking, which is always allowed, it measures speed robustness (v per evolution
domain constraint).
Because ModelPlex’s robustness measure combines multiple quantities of incompatible units,
there is no direct interpretation of its magnitude, but only of its sign.

For validation, we implement the train model of Eq. (3.2) in Python by numerical integra-
tion, instantiating the model parameters per FRA model [23, 24]. These parameter values are
estimated from train test runs and standards [23]] and require careful consideration of their units
(Table[3.1).

Our evaluation compares start braking and stopping points of trains, highlighting braking
performance in terms of overshoot (safety risk) and undershoot (performance objective of a max-
imum undershoot of 1000ft [24]) of the end of movement authority. We follow [23 p. 47] and
implement the baseline control envelopes using numeric forward Euler integration to simulate
the model in order to determine the stopping distance. Our verified control envelopes neither use
numeric integration nor include the dynamic model, but instead decide based on the stopping
distance overapproximation st opDist,, of Eq. (3.16).

The most interesting train behavior arises from the subtle interplay between air pressure
propagation, aerodynamic/rolling resistance, and acceleration or deceleration due to slope. It
peaks on crests that change gradient from uphill to downhill and in troughs that change gradi-
ent from downhill to uphill. When calculating stopping distance, numerical integration in the
baseline enforcement algorithms discretizes train speed and position to calculate forces, which
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overestimates resistance while simultaneously underestimating available brake force. Accelera-
tion/deceleration due to slope is even more subtle as it depends on the position of the train along
the slope (e.g., on a crest changing from uphill to downhill, deceleration on the uphill segment
is overestimated until the train passes the top, afterwards acceleration is underestimated). These
effects do not balance out and thus make numerical integration errors unreliable and hard to
predict. Moreover, changing the integration step size shifts how distance estimates are biased
towards undershoot or overshoot (e.g., in typical configurations, brake rampup is the dominating
influence on stopping distance, and so larger integration step sizes bias towards undershoot). As
a result, for any given configuration of numerical integration in enforcement algorithms, we can
construct scenarios where the numerical integration underestimates stopping distance and train
enforcement exhibits unsafe behavior. Our formal models and proofs design provably correct
stopping distance overapproximations instead of using numerical integration and are, therefore,
not subject to these intricate safety tradeoffs.

3.8.1 Stopping Behavior in Troughs

Our first validation in Fig.[3.2] follows [24, Fig. 10] with a train configuration of a medium
(75 cars), loaded (car weight 286klbf), mixed freight train traveling at initial speed 60mph in a
trough, with train starting position at Oft. The trough is configured with uniform rate of change
from 0.5% downhill to —0.5% uphill between positions Oft and 7000ft. Locomotive tractive effort
and locomotive braking compensate for speed loss and gain due to gradient. Air brakes engage
only for the full braking maneuver when attempting not to exceed the movement authority. We
configure our monitors and controllers to match the trough maximum uphill/downhill gradient
of 0.5% for slope estimation. A sweep of movement authority endpoints in the range 4000ft—
8000ft with 10ft steps identifies challenging configurations. The base enforcement algorithm
[24] underestimates stopping distance for 19 (of the 400) endpoints. Fig.[3.2] compares the base
enforcement algorithm to our verified control envelope on one of these challenging points at
7910ft, past the maximum uphill slope of the trough. The base enforcement algorithm in Fig.
uses numeric integration to determine the stopping distance, and adds a generous constant fudge
factor plus speed-dependent safety offset that results in the train initiating braking at 3609ft. The
maneuver finishes at 5889ft, stopping 2021ft short of the end of movement authority. In Fig.[3.2¢]
our verified control envelope does not use any such offsets. It initiates braking much later at
position 5368ft and stops at 7578ft (significantly closer to the movement authority endpoint,
limiting undershoot to 332ft).

Fig.[3.2b] removes the safety offset from the base enforcement algorithm in an experiment
illustrating the subtle interplay between forces and their safety consequences. Even though the
uphill segment of the trough helps reduce stopping distance, numeric integration overestimates
this effect and initiates braking too late, which our monitor detects at 5368ft. Should the train
ignore the warning, it overshoots by 9ft (highlighted in re with a remaining speed of 7 .8%
when passing the desired stopping point. Initiating fallback control a; = —by,, at the monitor
violation would have kept the train from overshooting the movement authority.

>The controller monitor subsequently no longer flags a violation, because the base enforcement algorithm then
applies the correct decision of maximum braking (agreeing with the model). But it does so too late, as the earlier
monitor warning was ignored.
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Figure 3.2: Comparison of start braking (dashed vertical line) and stopping points (solid vertical
lines) in a trough from 0.5% downhill at start to —0.5% uphill at 7000ft, with end of movement
authority (dotted vertical line) at 7910ft.

3.8.2 Stopping Behavior on Crests

An assumption in the brake enforcement algorithms and thus an initial condition in our proof is
that train locomotives are not underpowered: their tractive effort is enough to overcome max-
imum uphill slope and stay stopped on the maximum downhill slope. Fig.[3.3]illustrates how
an underpowered, initially stopped train starts rolling downhill until the air brakes build enough
deceleration to stop the train. This configuration, violating initial conditions, is unsafe to start in
the first place.

Underpowered locomotives are especially challenging on a crest where (full) tractive effort
is needed to limit the speed loss on the uphill slope and regain desired speed on the downhill
segment, but air brakes are needed to stay stopped. Fig.[3.4] compares the behavior of the base
enforcement algorithms and our verified algorithm with underpowered locomotives on a crest
with movement authority endpoint at 7920ft. In this experiment, we configure our monitors and
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Figure 3.3: Initial conditions of proof (Corollary not satisfied 4: an underpowered train on a
3% downhill slope needs air brakes to stay stopped; the stopping point is closer than the rolling
distance during brake rampup.

controllers for a maximum uphill/downhill gradient of 3% for slope estimation.

Numeric integration underestimates stopping distance in several configurations, whereas our
verified control envelope correctly identifies the need to engage air brakes in time while simulta-
neously avoiding the inefficiencies of fudge factors.

3.9 Conclusion

We created formally verified train control envelopes that account for the FRA model with all
its competing influences of track grade, curve resistance, air brakes and Davis resistance. Con-
trol envelope efficiency is improved using techniques that generalize to resolve challenges in
safety-critical embedded software design. Validation in simulation shows significant improve-
ment in undershoot over conservative control envelopes that use safety offsets, and improved
safety compared to control envelopes without safety offsets. VeriPhy[18]], a verified pipeline that
automatically converts verified dL models to verified executables can bridge the gap between the
real arithmetic verification of the chapter and floating points used by software.

This chapter demonstrates that control envelopes can be designed to account for the com-
plexity of the real world. It shows both the benefits and the challenges of doing so. The thesis
next develops automation for the design process of control envelopes such as those discussed in
this chapter.
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Figure 3.4: Initial conditions of proof (Corollary not satisfied 4: an underpowered train
on a crest from 3% uphill to —3% downhill slows down uphill despite full tractive effort and
regains speed on the downhill segment, but needs air brakes to stay stopped; in this scenario, the
movement authority ends past the rolling distance during brake rampup.
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Chapter 4

Automatic Verification

In the previous chapter, we developed train control envelopes and then verified them. The verifi-
cation process was time-consuming and complex, and a significant contributor to the difficulty of
creating the verified control envelope. In this chapter, we explore the use of large language mod-
els (LLMs) in combination with the theorem prover KeYmaera X to automate the verification of
control envelopes. This will be a crucial building block for scalable control envelope synthesis
later in this thesis.

4.1 Introduction

Extensive research has gone into developing formal methods for hybrid systems and games, with
different approaches making different tradeoffs. Some tools gain impressive scalability by limit-
ing the systems that they handle to mathematically simpler dynamics such as piecewise constant
[26]] or affine 84, [134]. Other tools very effectively handle nonlinear dynamics over short time
horizons [3} 17] using numerical techniques, but lose precision of prediction over longer time
horizons, struggling when time is unbounded. The general trend is that scalability is gained at
the cost of expressiveness and precision. On the most expressive end are deductive, symbolic
techniques in high-level logics [S2, (120} (140, [159, 163, [165]. They accept nonlinear dynam-
ics interacting with discrete control in rich, program-like structures, permit reasoning in terms of
symbolic parameters that make theorems adaptable and reusable, and cleanly handle infinite state
space as well as unbounded domains including unbounded time horizons, all with precise reason-
ing free of discretization or approximation. However, they have one big disadvantage: despite
efforts towards automation [59, [142], they generally require effort-intensive interactive theorem
proving by an expert, which becomes a bottleneck for the complexity of systems handled and
broader adoption| In particular, this thesis uses high level symbolic logics (dL, dGL) to express
and reason about control envelopes, and therefore must contend with the same bottleneck.
LLM:s have recently shown promise in automating (and therefore scaling) interactive theorem

'Hybrid systems are fundamentally undecidable, and reasoning about real arithmetic is prohibitively expensive:
for example polynomial real arithmetic is doubly exponential [38]. Still, using the deductive proving system of
differential dynamic logic (dL), for example, it is possible to prove most theorems since dL is complete for algebraic
invariants [127]].
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Figure 4.1: Schematic representation of tradeoffs in formal methods applied to Hybrid Systems.

proving for mathematics and (purely discrete) software [129,1132,|155]]. This chapter explores the
same premise for the data-scarce, mathematically complex domain of hybrid systems and games.
We identify five challenging case studies in verification and create LLLM-assisted pipelines to
prove them. The implication is a change in the tradeoff landscape of formal methods for hybrid
systems, as the application of LLMs brings unprecedented automation to symbolic, deductive
verification, illustrated schematically in Fig.4.1]

We create a pipeline that lets the LLM interact with the interactive theorem prover KeY-
maera X over multiple rounds, analyzing the problem, and summarizing and fixing its own
mistakes. This verification engine is already useful for manual control envelope design, since
it automates the checking step after the human hypothesizes a control envelope. But addition-
ally, in later chapters, it will be used as a subroutine while automatically synthesizing control
envelopes. The key contribution of this chapter is an automatic theorem proving system that
scales symbolic logic based verification for hybrid systems and games, with the pipeline de-
sign justified by ablation experiments on challenging case studies. The implementation and the
experiments reported (LLM responses cached and re-playable) are available online at https:
//doi.org/10.1184/R1/32248389[74].

4.2 Related Work

Hybrid games, and in particular the tactic language of KeYmaera X, are significantly more data-
scarce than LLM-based verification in mathematics [[129, [155] and software [86), 188, [132], with
few proof and synthesis examples available online. To our knowledge, the work that this chapter
is based on [73] is the first exploration of LLM-based verification and synthesis for hybrid sys-
tems and games using a deductive, high-level symbolic logic like differential game logic [[121].
Theorem provers for hybrid systems traditionally focus on a mix of interactive proof tech-
niques and proof heuristics for automation [103]. HHL Prover [159] and HHLPy [140] use proof
scripts with annotated invariants for loops and differential equations [[103]. IsaVODE:s [[163] uses
mostly scripted proofs with automation provided by Isabelle [[113]. Plaidypvs [141] embeds dif-
ferential dynamic logic in PVS. KeYmaera X [52] selects proof tactics based on the syntactic
shape of proof obligations; proof heuristics provide a manually selected priority between tactic
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alternatives, attempted in order with timeouts. These proof heuristics achieve automation in hy-
brid systems, nonlinear continuous systems, and hybrid games, outperforming even proof scripts
of other hybrid systems theorem provers [[102,103]]. This chapter introduces a reasoning pipeline
to push automation beyond the reach of KeYmaera X heuristics.

4.3 Case Studies

Five case studies are carefully developed to pose challenging verification and synthesis prob-
lems. None of them are solved automatically by existing tools alone. The synthesis variants of
the problems consist of hybrid games defining the control options and environment behaviors
that are physically possible, the formal desired control objectives, and informal descriptions of
the desired control behavior within the many possibilities. The synthesis question consists of
identifying the exact symbolic constraints that characterize which control action can be taken
when. Multiple control decisions may be permitted at any given time, and following different
decisions leads to different controllers, each of which is correct. Thus a synthesized solution
identifies a set of control solutions, each of which is guaranteed to be correct. In the verification
variants of the problems, the input is the same hybrid game, restricted to a set of (uncountably
infinitely many) initial states for which we think there exists a correct solution. The task is to
prove that there exists a control solution that works for all of these initial states using the theorem
prover KeYmaera X.

Lotka-Volterra

The first problem (Model[f)), which serves as a running example, is about maintaining safe pop-
ulations under the nonlinear predator-prey Lotka-Volterra model given the ability to introduce
additional predators and prey at unpredictable intervals of unbounded duration. Section@.5.1
presents this example in further detail, demonstrating how a combination of high-level under-
standing of the dynamical behavior of the problem as well as low-level knowledge of the dGL
calculus is required to solve it.

Train

The second case study (Model[23) is about verifying the ability of a train control system to main-
tain safety over train dynamics with Davis resistance (nonlinear) and time-dependent airbrakes.
This case study poses structural complexity with a nested inner loop over different modes of air
brake operation. The structural complexity demands a long proof tactic during verification, and
the generation of multiple interdependent control constraints/invariants during synthesis.

Chemical Reaction

The third problem (Model[24) is about maintaining safe temperatures during a chemical reac-
tion. This system again requires reasoning about complex dynamics and different, arbitrarily
alternating control modes over unbounded iterations. The solution to the dynamics lies outside
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Figure 4.2: Automated Theorem Proving Pipeline. Appendix shows prompts.

the decidable (polynomial) fragment of real arithmetic, requiring non-trivial deductive reasoning
about differential equations via invariants.

Coolant

The fourth problem (Model[25) is about the ability of a coolant system to meet heat absorption
quotas in a nuclear power plant while limiting coolant discharge, with a complex, timed, reach-
avoid objective, different discrete modes, and dynamics that behave very differently depending
on initial conditions of variables. Anecdotally, it took a human expert three days to manually
prove this case study.

Van der Pol

The fifth problem (Model[26) is about choosing the right initial conditions for a Van der Pol
oscillator to maintain a safety property, which again requires reasoning about nonlinear dynamics
over unbounded iterations, and therefore, effectively, unbounded time. The chaotic nature of the
Van der Pol oscillator dynamics makes the choice of initial conditions delicate. Appendix[C.2]
presents these case studies in detail.

4.4 Automated Theorem Proving

We design an automated theorem proving (ATP) framework that uses LLMs to prove hybrid
game/systems theorems (including those representing control envelopes) in KeYmaera X. A
strength of our framework is its generality: we design the pipeline and prompts to focus on
generic information about all parts of dGL, and the pipeline works across all five case studies
without any case-study-specific engineering.

4.4.1 Pipeline Description

Our automated theorem proving system follows the pipeline in Fig. It uses the natural design
of a conversational agent that iteratively proposes tactics that KeYmaera X checks. With access
to the full conversation history, it corrects mistakes based on KeYmaera X output. To make the
LLM aware of the high-level meaning of the theorem, we add an initial problem analysis step.
In the Analyze Game step, given information about the syntax of dGL, the LLM produces
an analysis of the input formula that contains the following parts: what actions are controlled by
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which player, what modes (regions of different qualitative behavior) the game has, and comments
about the overall game play pattern. Then the proving loop begins. This consists of two steps
repeated until the proof is complete. First, the LLM is prompted to propose a tactic. The prompt
includes a detailed guide on writing tactics in Bellerophon, the tactic language of KeYmaera X
[53]. The LLM is given the formula to prove, and a record of past proof attempts. The second step
is to run the proposed tactic in KeYmaera X. If the tactic completes the proof, the pipeline ends
successfully. Otherwise, KeYmaera X produces some output indicating where the proof failed.
This output feeds back into the next tactic proposal step, continuing the loop. Appendix|C.3|lists
the detailed prompts for each query. The pipeline is implemented using the Delphyne framework
[87] for oracular programming with LLMs.

A useful variant of this pipeline is one where after each iteration of the proving loop, the
LLM is given a chance to reflect and decide if in fact the original theorem it is trying to prove is
not valid. This variant is a useful component in our synthesis system later in the pipeline, where
it helps identify and repair incorrect control conditions. Additionally, when it is important to
limit input context length, making long histories of proof attempts impractical, a variant of the
pipeline summarizes the proof state, mistakes so far, and global strategy after each iteration of
the proving loop.

4.4.2 Outcomes

Table[. 1] summarizes the outcomes of running the tool. We try multiple models, running three
times on each case study (except for GPT-5.5 with no reasoning, where we run only once per
benchmark because of high dollar costs for failure runfb. We place an output limit of three
hundred thousand tokens; successful runs are generally much shorter than this, and a failed run
occurs when the tool fails to find a proof within this token limit. A case study is solved when at
least one run finds a proof. Pass@ ] measures the average, over case studies, of the probability
that a single run succeeds. None of the case studies can be solved by KeYmaera X’s existing
automation alone [142].

GPT-5.5 with high reasoning effort achieves the best pass@1 over all tested configurations,
succeeding in all runs. GPT-5.4 with high reasoning effort also solves all problems, albeit with
some failed runs. GPT-5.4-mini, a much smaller model, with high reasoning effort solves only
2/5 case studies. GPT-5.4-mini without reasoning, as well as Qwen3.5 32B A3B with thinking
enabled, run locally, solve 1/5 case studies. The pipeline for the Qwen experiment is modified
to include a summarization step after each iteration of the proving loop instead of retaining the
entire conversation history in order to avoid exceeding the input context window. Without reason-
ing, models perform significantly worse. Table[d.2] shows a detailed per-benchmark breakdown
of the results.

The results suggest that our tool is general relative to the LLM used. As smaller and open-
source models catch up in capability with large frontier models, the tool will become easier and
cheaper to use. Section{4.5|discusses the successes and failures in-depth.

2An observation that may not be immediately apparent from Table is that failed runs that exhaust the token
budget can be very costly. For example, although the successful runs of GPT-5.5 without reasoning cost only $17.85,
the total cost of all five runs was $127.03 because the failed runs cost $63.43 and $45.75 (with the difference between
these two caused by different input token counts).
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Model Reasoning | Solved | Pass@1 | Avg Cost ($) | Avg Calls | Avg Output (k Tokens)
Qwen3.5 v 1/5 10.13+0.13 — 88.0+ 18.0 254+ 17
GPT-5.4-mini 1/5 10.13+0.13| 1.07+1.05 | 138.54+130.5 41 +39
GPT-5.4-mini v 2/5 10.334+0.21| 0.70£0.17 11.0£2.7 148 + 36
GPT-5.4 v 5/5 10934+0.07| 2.21+0.44 94+14 92418
GPT-5.5 3/5 10.604+£024| 595+5.25 | 47.3+£33.7 35+30
GPT-5.5 v 5/5 |1.00+0.00 | 2.05+0.56 6.1+1.3 63+17
Table 4.1: Verification results across models. Reasoning indicates whether

reasoning effort is set to high or none (OpenAl), or enabled (Qwen). Solved in-
dicates the number of case studies where at least one run succeeded. Pass@ [ is the mean, over
case studies, of the empirical success rate of a single run + standard error across case studies.
Cost, calls, and output tokens are averaged only over successful runs £ standard error. Output
token counts are reported in thousands. As Qwen3.5 runs are local, they do not have costs.

. Chem. Reaction | Coolant Train Lotka-Volterra | Van der Pol

Configuration

Succ. Cost Succ. | Cost | Succ. | Cost | Succ. Cost Succ. | Cost
Qwen3.5, reas. 2/3 — 03| — |03 — |03 — 0/3 —
GPT-5.4-mini, no reas. | 2/3 1.07 03| — |03 — |03 — 0/3 —
GPT-5.4-mini, reas. 2/3 0.33 03| — |03 — |0/3 — 3/3 | 095
GPT-5.4, reas. 3/3 0.81 3/3 12.09] 3/3 | 1.22 | 3/3 4.38 2/3 | 2.74
GPT-5.5, no reas. 1/1 0.17 01 | — | 1/1 |16.44 | 0/1 — 1/1 | 1.24
GPT-5.5, reas. 3/3 0.88 3/3 {1.80| 3/3 | 1.89 | 3/3 4.68 3/3 | 1.01

Table 4.2: Per-benchmark verification results. Succ.: successful runs out of total runs. Cost:

average dollar cost of successful runs.

4.5 Verification Outcomes Discussion

We next discuss the results in depth. Sectiond.5.1] first sets up the background knowledge and
context for this discussion by walking through an example.

4.5.1 Verification Impact by Example

This section illustrates how the combination of a symbolic logic with the right level of expressiv-
ity and LLMs to automate reasoning resolves challenges beyond the reach of existing automatic
techniques. For simplicity of explanation, we focus on one case study in particular, but the
style of challenges and their resolutions generalize to all case studies and most dGL theorems
including those about control envelopes.

Case Study: Lotka-Volterra

We introduce the first case study as a running example. A forest department must maintain preda-
tor population y and prey population x above minimum thresholds ¥, and z,, respectively, for
arbitrarily long. Because of unpredictable funding cycles, they can introduce additional prey and
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Model 6 Lotka-Volterra Population Control.

a a
1 XSg/\yé—/\gzwmn/\_zymn/\x>0/\y>0
assume d b d b

2 ANa>0ANb>0Nd>0ANg>0AX> 2 AY > Yo —
arl | (( x.add :=%;7x_.add > 0; y_add := *;?7y_add > 0;
4 X :=x+xadd;y:=y+y_.add;
plant ‘ 5 {x' = ax — bxy, v/ = dxy — gy}*
safe [6 ) )(x > Zwn AY > Ymn)

predators at unpredictable intervals, that could last arbitrarily long. This case study is inspired
by an ARCH-COMP benchmark [55]], but is modified by the addition of discrete control choices
and adversarial game play.

Model[6| Explanation

Model[f] shows the dGL formula modeling this problem via a game, with two players, canoni-
cally called Angel (representing the forest department) and Demon (representing uncertainties
Angel chooses the number of animals to introduce (Lines 3| and while Demon adversarially
chooses the length of the interval until the next opportunity to introduce animals (Line[5)), as well
as how many iterations the game runs for (Line[6)), forcing Angel to maintain safe populations
for arbitrarily longﬂ Angel wins if in the end populations remain above the minimum thresholds
(Line[f). The overall modal formula of the form ()¢ is true in states where Angel has a strat-
egy to play in « so that regardless of how Demon plays in «, she will win (i.e., postcondition ¢
holds). Model6|asks us to prove that, under the assumptions of Lines [[|and 2] Angel can always
win.

This case study is symbolic, with different behavior depending on the values of the param-
eters a, b, d, g, and variables x and y. Our reasoning must account for all uncountably infinite
possible values that these symbols can take. To verify this formula, we will necessarily have to
reason about the nonlinear dynamics of the Lotka-Volterra equation over unbounded time hori-
zons (Line[5). While only a few automatic solvers can reason about nonlinear dynamics, even
these cannot reason about reachability over unbounded time horizonﬂ Then we must consider
the discrete and adversarial dynamics: Angel chooses some non-negative real number of animals
to introduce (Line[3) and we must verify whether any of her uncountably infinite choices will
work over the nonlinear, unbounded-time dynamics. Additionally, we must consider what hap-

3We use the typographic convention of monospaced font for variables that change over the course of a game
and math font for each symbolic parameter P that can represent any real number which remains constant over the
course of a game.

“In the game x_add := *, Angel freely chooses any real number to assign to x_add. Then, ?7x_add > 0 asserts
that x_add must be non-negative.

SIn the game {2’ = f(x)}9, the state evolves per the flow of the differential equation 2’ = f(x) for a duration
chosen by Demon. In the game (a)*, Demon chooses how many times to repeat the game «.

For instance, at ARCH-COMP 2025, where benchmark 5 involved Lotka-Volterra dynamics, the aim was only
to solve for 3.64 time units.
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pens if this entire process repeats arbitrarily many times in a loop (Line[f). This explosion in
possible behaviors is hard for traditional automatic techniques to deal with.

Yet a symbolic proof is possible by translating a high-level physical understanding of the
problem to a clever choice of deductive proof rules. Looking closely at the qualitative behavior of
the Lotka-Volterra dynamics reveals a way for Angel to win. The dynamics have an equilibrium
point at (x,y) = (g/d, a/b), which is above the minimum populations threshold per assumptions
a/b > ym and g/d > zy, (Model@ Line. If Angel manages to set the populations to this
equilibrium point at the start of each iteration, then she will satisfy her winning condition at
the end of the iteration, regardless of how long Demon runs the dynamics. Since Angel can
introduce any non-negative number of animals, all she needs at the start of each iteration is
that predator and prey populations are no greater than the equilibrium point. Finally, many
iterations of this maneuver string together correctly over loop iterations because at the end of each
iteration, populations are at the equilibrium point, satisfying the requirement that populations are
no greater than the equilibrium point.

TFJA Jk[alJ JEP T'Fple), A

I ER)
Foop) T+ [P, A T+ 3z p(z), A

(arbitrary term e)
P2 =fx)&Q|C,A Tk [z = f(x)&(QANC)|P,A
I'F 2= f(x)&Q|P,A

QF [o":=f(x)](F)
FE = f(r) &QIF

(dC)

(dD

Figure 4.3: dGL Proof Rules and Axioms relevant to the proof of Model@ The rules are as
follows: differential invariant (dI), differential cut (dC), loop (loop), and exists right (existsr).

To translate this high-level physical reasoning to a formal proof, the right choice of dGL proof
rule{] is critical, and traditionally provided by a human expert who understands what proof rule
is applicable when. To show the first step in our reasoning above, that (x,v) = (¢/d, a/b) is an
equilibrium point of the dynamics, the rule most commonly used to prove invariants of differen-
tial equations (the differential invariant rule) does not immediately apply. Instead, a quick proof
is possible using the more rarely used differential radical invariant [58]] rule (Eq. (4.1))). It allows
us to conclude that polynomial equation /; = 0 is an invariant of the dynamics if we can show
that its Lie derivatives L£4(h;), £3(h;), ... LY (h;) are zero, where N is the finite derivative order
at which the chain of ideals (h) C (h, L,(h)) C - - - reaches a fixed point.

L,QF AY A Ly(hy) =0

(dRD P}_[IIZP&Q]/\]‘}LJ':O

4.1

Eq. (4.2) shows how this applies to our case. Read from bottom to top, the differential radical
invariant rule (dRI) applies to produce a sequent that is propositional in the decidable fragment of

7Fig.lists all the rules referenced in this discussion; the intent is not to dwell on their individual details, but
to highlight that the proof requires a sequence of complex rule applications that resist straightforward (traditional)
automation.
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real arithmetic, which an automatic prover like Z3 [39] can discharge, establishing an equilibrium
point of these nonlinear dynamics.

*
x—g/d=0Ay—a/b=0F d(ax —bxy) =0Ab(dxy —gy) =0
x—g/d=0Ay—a/b=0F [x' =ax —bxy, y =dxy — gy](x —g/d=0Ay —a/b=0)

4.2)

dRI

This reasoning step must be carefully combined with the other reasoning steps to complete the
proof. In this example we also need to apply rules such as the loop rule with the correct invariant
J=XZ2Tmm Ay 2 YmAx<g/dANy <a/bAg/d> xm Aa/b>ymAa>0Ab>0Ad>
0 A g > 0 to demonstrate the inductiveness of Angel’s strategy over many iterations, and the
exists right rule with a correct expression for Angel’s choice of x_add and y_add. Identifying
and applying these rules requires both an understanding of the high-level solution strategy of
the problem as well as dGL’s proof rules, leading to difficulties in automation using traditional
techniques which lack the former and need careful, case-by-case encoding of the latter.

Proofs can be expressed succinctly as factic scripts, which are sequences of proof rules with
their relevant parameters that when applied in order, complete the proof. Our pipeline was able
to automatically generate a 24 line tactic script that completed the proof for this case study, listed

in Appendix[C.1]

4.5.2 Verification Experimental Outcomes Discussion

This section provides some insight into the qualitative behavior of the pipeline, and the common
failure modes.

Comparison to Manual Proofs

The proofs generated by the tool are generally longer than human-written proofs. For example,
a proof for the Coolant problem (Model[25)) written by a human consisted of 45 lines of proof
tactic, compared to the 103, 96, and 104 line tactics generated by the tool in the GPT-5.5 high
reasoning runs. Part of this, however, can be explained by the fact that the LLMs, because of
guidance in the prompt, tend to produce more robust tactics that rely less on KeYmaera X’s
heuristics-based aut o tactic.

Tracking State

The ability to reason about proof state accurately is important to writing correct Bellerophon
tactics, and deteriorates in the absence of reasoning and with smaller models. This leads to two
common failure modes: incorrect positional arguments and mishandled proof branching.
Bellerophon tactics often require positional arguments indicating where in the sequent a rule
should be applied (e.g., suppose the sequent has the shape I' F o] #1, [ad]p2. Here, KeYmaera X
needs to be told whether to apply the rule to the formula [«]¢; at position 1 or the formula
[a]¢ at position 2). Identifying the right positional arguments requires tracking the proof state
accurately, causing problems for GPT-5.5 without reasoning, GPT-5.4-mini and Qwen3.5.
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Proof branching occurs when a proof rule has multiple premises, for example, applying the
rule leads to three branches (for the base case, inductive case, and postcondition), each of
which must receive their own proofs. A KeYmaera X proof tactic, upon applying the rule,
must therefore specify three sub-tactics to handle the three branches. Getting this right syntac-
tically requires accurate tracking of the proof state. GPT-5.4-mini and Qwen3.5 face difficulties
with branching tactics, often specifying too few or too many sub-tactics.

Provability of Invariants

Even amongst valid loop invariants (or their continuous analogs), some are easier to prove than
others. Invariants that are mathematically more compact can sometimes be harder to prove than
“flat” invariants that are a long conjunction/disjunction of simple expressions. This is, for exam-
ple, the reason that the GPT-5.4 model finds the Van der Pol Oscillator problem (Model[26)) hard,
failing one run and requiring a larger budget even for the successful runs. It has a tendency to
propose a more complex loop invariant than GPT-5.5.

Cost and Token Considerations

Generally, GPT-5.4 takes slightly longer to find solutions than GPT-5.5, but often costs less
because of its lower per-token cost. For easier problems, non-reasoning runs sometimes have
the advantage of not “overthinking” their solutions, and can also perform more queries within
the token budget because of no expenditure on reasoning tokens. However, overall, reasoning
greatly improves performance for both GPT-5.5 and GPT-5.4-mini, largely because of improved
state-tracking and error-recovery based on KeYmaera X feedback.

The verification pipeline is not yet able to automatically verify the full, most complex con-
troller from Chapter[3] For this problem, the manually written tactic exceeded a thousand lines,
making the proof so long that the pipeline “forgets” previous mistakes and is unable to complete
the proof within the budget of our experiments. Future improvements to the pipeline, such as bet-
ter summarization techniques, may help it scale to this proof as well. Nevertheless, the system is
already useful in verification since it can still close the simpler lemmas that arise in the course of
completing the larger proof. Further, the system is also useful for synthesis, which uses verifica-
tion as a subroutine after breaking down the synthesis problem into smaller pieces. Because of
how synthesis decomposes the problem, theorems to prove are generally shorter than the control
envelopes, allowing this verification pipeline to help synthesize the full control envelope over the
course of many smaller verification problems, which will be shown in Chapter[7}

4.6 Conclusion

This chapter created an automated theorem proving system that uses LLMs to prove theorems
in KeYmaera X, and demonstrated its effectiveness on five challenging case studies. It already
has practical utility for manual control envelope design, but becomes even more important in
Chapter[7|as a subroutine for automatic control envelope synthesis.
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Chapter 5

Control Envelope Synthesis via Angelic
Refinement

This chapter presents an approach for synthesizing provably correct control envelopes for hybrid
systems. The algorithm fills in the blanks of a hybrid system’s sketch specifying the desired shape
of the control envelope, the possible control actions, and the system’s differential equations.
In order to maximize the flexibility of the control envelope, the synthesized conditions saying
which control action can be chosen when should be as permissive as possible while establishing
a desired safety condition from the available assumptions, which are augmented if needed. An
implicit, optimal solution to this synthesis problem is characterized using hybrid systems game
theory, from which explicit solutions can be derived via symbolic execution and sound, system-
atic game refinements. Optimality can be recovered in the face of approximation via a dual game
characterization. The resulting algorithm, Control Envelope Synthesis via Angelic Refinements
(CESAR), is demonstrated in a range of safe control envelope synthesis examples with different
control challenges. This chapter solves the synthesis problem for time-triggered control, and will
be generalized by the next chapter.

5.1 Introduction

Control envelope design is challenging. Engineers are good at specifying the shape of a model
and listing the possible control actions by translating client specifications, which is crucial for the
fidelity of the resulting model. But identifying the exact control conditions required for safety in
such a model is much harder, requiring design insights and creativity, and is the main point of the
deep area of control theory. Most initial system designs are incorrect and need to be fixed before
verification succeeds. Fully rigorous justification of the safety of the control conditions requires
full verification of the resulting controller in the hybrid systems model. This chapter presents a
synthesis technique that addresses this hard problem by filling in the holes of a hybrid systems
model to identify a correct-by-construction control envelope that is as permissive as possible.
Our approach is called Control Envelope Synthesis via Angelic Refinements (CESAR). The
idea is to implicitly characterize the optimal safe control envelope via hybrid games yielding
maximally permissive safe solutions in differential game logic [123]. To derive explicit solutions
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Model 7 The train ETCS model (slightly modified from [126]). Framed formulas are initially
blank and are automatically synthesized by our tool as indicated.

assum|1 A>0AB>0AT >0Av>0A
criable |2 |e —p >v*/2B|— [{
e ( (?2le—p>vT + AT?/2+ (v+ AT)?/2B|; a:= A)
4 U(?;a::—B) );
plant| s (t:=0;{p =v,v' =a,t' =1&t<T Av>0})
safe|s }*](e—p>0)

used for controller monitoring at runtime, we successively refine the games while preserving
safety and, if possible, optimality. Our experiments demonstrate that CESAR solves hybrid
systems synthesis challenges requiring different control insights.

Contributions. The primary contributions of this chapter behind CESAR are:
* optimal hybrid systems control envelope synthesis via hybrid games.

* differential game logic formulas identifying optimal safe control envelopes.

* refinement techniques for safe control envelope approximation, including bounded fixpoint
unrollings via a recurrence, which exploits action permanence (a hybrid analogue to idem-
potence).

* a primal/dual game counterpart optimality criterion.

5.2 Background

Control Safety Envelopes by Example. In order to separate safety-critical aspects from other
system goals during control design, we abstractly describe the safe choices of a controller with
safe control envelopes that deliberately underspecify when and how to exactly execute certain
actions. They focus on describing in which regions it is safe to take actions. For example,
Model[7] designs a train control envelope [[126] that must stop the train by the end of movement
authority e located somewhere ahead, as assigned by the train network scheduler. Past e, there
may be obstacles or other trains. The train’s control choices are to accelerate or brake as it moves
along the track. The goal of CESAR is to synthesize the framed formulas in the model, that are
initially blank.

Line[0] describes the safety property that is to be enforced at all times: the train driving at
position p with velocity v must not go past position e. Line[l] lists modeling assumptions: the
train is capable of both acceleration (A>0) and deceleration (B>0), the controller latency is
positive (7'>0) and the train cannot move backwards as a product of braking (this last fact is also
reflected by having v > 0 as a domain constraint for the plant on Line[5)). These assumptions are
fundamentally about the physics of the problem being considered. In contrast, Line[2] features
a controllability assumption that can be derived from careful analysis. Here, this synthesized
assumption says that the train cannot start so close to e that it won’t stop in time even if it starts
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braking immediately. Line[3|and Line[]describe a train controller with two actions: accelerating
(a := A) and braking (a := —B). Each action is guarded by a synthesized formula, called an
action guard that indicates when it is safe to use. Angel has control over which action runs,
and adversarially plays with the objective of violating safety conditions. But Angel’s options
are limited to only safe ones because of the synthesized action guards, ensuring that Demon still
wins and the overall formula is valid. In this case, braking is always safe whereas acceleration
can only be allowed when the distance to end position e is sufficiently large. Finally, the plant on
Line[5|uses differential equations to describe the train’s kinematics. A timer variable ¢ is used to
ensure that no two consecutive runs of the controller are separated by more than time 7. Thus,
this controller is time-triggered.

Overview of CESAR. CESAR first identifies the optimal solution for the blank of Line[2] In-
tuitively, this blank should identify a controllable invariant, which denotes a set of states where
a controller with choice between acceleration and braking has some strategy (to be enforced by
the conditions of Line[3]and Line[])) that guarantees safe control forever. Such states can be char-
acterized by the following dGL formula where Demon, as a proxy for the controller, decides
whether to accelerate or brake: [((a := A Na := —B); plant)*] safe where plant and safe
are from Model[7l When this formula is true, Demon, who decides when to brake to maintain
the safety contract, has a winning strategy that the controller can mimic. When it is false, De-
mon, a perfect player striving to maintain safety, has no winning strategy, so a controller has no
guaranteed way to stay safe either.

This dGL formula provides an implicit characterization of the optimal controllable invariant
from which we derive an explicit formula in Py to fill the blank with using symbolic execution.
Symbolic execution solves a game following the axioms of dGL to produce an equivalent Py
formula (Section. However, our dGL formula contains a loop, for which symbolic execu-
tion will not terminate in finite time. To reason about the loop, we refine the game, modifying
it so that it is easier to symbolically execute, but still at least as hard for Demon to win so that
the controllable invariant that it generates remains sound. In this example, the required game
transformation first restricts Demon’s options to braking. Then, it eliminates the loop using the
observation that the repeated hybrid iterations (a := — B; plant)* behave the same as just follow-
ing the continuous dynamics of braking for unbounded time. It replaces the original game with
a:=—-B;t:=0;{p =v,v =a& Av > 0}, which is loop-free and easily symbolically
executed. Symbolically executing this game to reach safety condition safe yields controllable
invariant e — p > % to fill the blank of Line

Intuitively, this refinement (formalized in Section[5.3.4) captures situations where the con-
troller stays safe forever by picking a single control action (braking). It generates the optimal
solution for this example because braking forever is the dominant strategy: given any state, if
braking forever does not keep the train safe, then certainly no other strategy will. However, there
are other problems where the dominant control strategy requires the controller to strategically
switch between actions, and this refinement misses some controllable invariant states. So we in-
troduce a new refinement: bounded game unrolling via a recurrence (Section[5.3.5). A solution
generated by unrolling n times captures states where the controller can stay safe by switching
control actions up to n times.
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Having synthesized the controllable invariant, CESAR fills the action guards (Line[3] and
Line[). An action should be permissible when running it for one iteration maintains the control-
lable invariant. For example, acceleration is safe to execute exactly when [a := A; plantje — p >
%. We symbolically execute this game to synthesize the formula that fills the guard of Line

5.3 Approach

This section formally introduces the Control Envelope Synthesis via Angelic Refinements (CE-
SAR) approach for hybrid systems control envelope synthesis.

5.3.1 Problem Definition

We frame the problem of control envelope synthesis in terms of filling in holes . in a problem
of the following shape:

prob = assum A o — [((U; (7, acty)) ; plant)’] safe. 5.1)

Here, the control envelope consists of a nondeterministic choice between a finite number of
guarded actions. Each action act; is guarded by a condition .; to be determined in a way that
ensures safety within a controllable invariant [9, 60] . to be synthesized also. The plant is
defined by the following template:

plant = t:=0; {2’ = f(x), ' =1 & domain At < T'}. (5.2)

This ensures that the plant must yield to the controller after time 7" at most, where 7" is assumed
to be positive and constant. In addition, we make the following assumptions:
1. Components assum, safe and domain are propositional arithmetic formulas.

2. Timer variable ¢ is fresh (does not occur except where shown in template).

3. Programs act; are discrete dL programs that can involve choices, assignments and tests
with propositional arithmetic. Variables assigned by act; must not appear in safe. In
addition, act; must terminate in the sense that & (act;) true.

4. The modeling assumptions assum are invariant in the sense that
F assum — [(U; act;) ; plant] assum.

This holds trivially for assumptions about constant parameters such as A > 0 in Model[7|
and this ensures that the controller can always rely on them being true.
Definition 5.1. A solution to the synthesis problem above is defined as a pair (1, G) where I is
a formula and GG maps each action index 7 to a formula G;. In addition, the following conditions
must hold:
1. Safety is guaranteed: prob(/,G) = prob[_ — I, _; — G;] is valid and (assum A I) is
a loop invariant that proves it so.
2. There is always some action: (assum A I) — \/, G is valid.
Condition 2]is crucial for using the resulting nondeterministic control envelope, since it guar-
antees that safe actions are always available as a fallback.
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5.3.2 An Optimal Solution

Solutions to a synthesis problem may differ in quality. Intuitively, a solution is better than another
if it allows for a strictly larger controllable invariant. In case of equality, the solution with
the more permissive control envelope wins. Formally, given two solutions S = ([, ) and
S" = (I',G"), we say that S’ is better or equal to S (written S C S’) if and only if F assum —
(I — I') and additionally either F assum — —(I" — I) or = (assum A ) = A, (G; — G).
Given two solutions S and S’, one can define a solution ST1.5" = (IVI', i — (ING; V I'\NGY))
that is better or equal to both S and S’ (S E ST .5" and S’ C ST1.5). A solution S’ is called the
optimal solution when it is the maximum element in the ordering, so that for any other solution
S, S C S’. The optimal solution exists and is expressible in dGL:

I°P* = [((n;act;) ; plant)*] safe (5.3)
G = [act;; plant] T°P". (5.4)

Intuitively, I °P' characterizes the set of all states from which an optimal controller (played here
by Demon) can keep the system safe forever. In turn, G °P' is defined to allow any control action
that is guaranteed to keep the system within 7°P* until the next control cycle as characterized by
a modal formula. Section[5.3.3| formally establishes the correctness and optimality of S°P* =
([opt, Gopt>.

While it is theoretically reassuring that an optimal solution exists that is at least as good as all
others and that this optimum can be characterized in dGL, such a solution is of limited practical
usefulness since Eq. cannot be executed without solving a game at runtime. Rather, we
are interested in explicit solutions where / and G are quantifier-free real arithmetic formulas.
There is no guarantee in general that such solutions exist that are also optimal, but our goal is to
devise an algorithm to find them in the many cases where they exist or find safe approximations
otherwise.

5.3.3 Controllable Invariants

The fact that S°P* is a solution can be characterized in logic with the notion of a controllable
invariant that, at each of its points, admits some control action that keeps the plant in the invariant
for one round. All lemmas and theorems throughout this chapter are proved in Appendix[D]
Definition 5.2 (Controllable Invariant). A controllable invariant is a formula [ such that F [ —
safe and = I — \/, [act;; plant] /.

From this perspective, 1 °P* can be seen as the largest controllable invariant.

Lemma 5.1. 1°P* is a controllable invariant and it is optimal in the sense that = I — 1°P* for
any controllable invariant 1.

Moreover, not just 1°P, but every controllable invariant induces a solution. Indeed, given a
controllable invariant I, we can define G(I) = (i — [act;; plant] I) for the control guards
induced by I. G(I) chooses as the guard for each action act; the modal condition ensuring that
act;, preserves [ after the plant.

Lemma 5.2. If I is a controllable invariant, then (I, G(I)) is a solution (Def.[5.1).
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Conversely, a controllable invariant can be derived from any solution.
Lemma 5.3. If (I, G) is a solution, then I' = (assum A [) is a controllable invariant. Moreover,
we have (I,G) C (I',G(I")).

Solution comparisons w.r.t. C reduce to implications for controllable invariants.
Lemma 5.4. If [ and I’ are controllable invariants, then (1,G(I)) T (I',G(I')) if and only if
Fassum — (I — I').

Taken together, these lemmas allow us to establish the optimality of S °P*.
Theorem 5.1. S°P' is an optimal solution (i.e. a maximum w.r.t. C) of Def.

This shows the roadmap for the rest of the chapter: finding solutions to the control envelope
synthesis problem reduces to finding controllable invariants that imply 7 °P*, which can be found
by restricting the actions available to Demon in °P' to guarantee safety, thereby refining the
associated game.

5.3.4 One-Shot Fallback Refinement

The simplest refinement of I°P' is obtained when fixing a single fallback action to use in all
states (if that is safe). A more general refinement considers different fallback actions in different
states, but still only plays one such action forever.

Using the dGL axioms, any loop-free dGL formula whose ODEs admit solutions expressible
in real arithmetic can be automatically reduced to an equivalent first-order arithmetic formula (in
FOLR). An equivalent propositional arithmetic formula in Py can be computed via quantifier
elimination (QE). For example:

[(vi=1Nv:=—1); {2’ =v}]x
[

=v:i=1nvi=—1][{z’ =v}z #£0 by ]
= w:=1[{2z'=vHax#A0V [vi==1[{z' =v}z #0 by []
= {2/ =1}z 40V [{z/ =1}z #0 by [:=]
= (Vt>0x+t#0)V (Vt>0x —t #0) by [:=]
=x>0Vz<0 by QE .

Even when a formula features nonsolvable ODEs, techniques exist to compute weakest precondi-
tions for differential equations, with conservative approximations [[142] or even exactly in some
cases [22, 128]]. In the rest of this section and for most of this chapter, we are therefore going
to assume the existence of a reduce oracle that takes as an input a loop-free dGL formula and
returns a quantifier-free arithmetic formula that is equivalent modulo some assumptions. Sec-
tion[5.3.7] shows how to implement and optimize reduce.
Definition 5.3 (Reduction Oracle). A reduction oracle is a function reduce that takes as an input
a loop-free dGL formula F" and an assumption A € Pg. It returns a formula R € Py along with
a boolean flag exact such that the formula A — (R — F)) is valid, and if exact is true, then
A — (R < F) is valid as well.

Back to our original problem, 7 °P* is not directly reducible since it involves a loop. However,
conservative approximations can be computed by restricting the set of strategies that the Demon
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player is allowed to use. One extreme case allows Demon to only use a single action act; repeat-
edly as a fallback (e.g. braking in the train example). In this case, we get a controllable invariant
[(act; ; plant)*] safe, which further simplifies into [act; ; plant_ ] safe with

plant, = {z' = f(z),t' = 1 & domain}

a variant of plant that never yields control. For this last step to be valid though, a technical
assumption is needed on act;, which we call action permanence.

Definition 5.4 (Action Permanence). An action act; is said to be permanent if and only if
(act; ; plant; act;) = (act; ; plant), i.e., they are equivalent games.

Intuitively, an action is permanent if executing it more than once in a row has no consequence
for the system dynamics. This is true in the common case of actions that only assign constant
values to control variables that are read but not modified by the plant, suchasa:= Aanda:=—B
in Model[7l
Lemma 5.5. If act; is permanent, F [(act; ; plant)*] safe +» [act; ; plant_ ] safe.

Our discussion so far identifies the following approximation to our original synthesis problem,
where P denotes the set of all indexes of permanent actions:

I° = [(N;ep act;) ; plant_ ] safe,
G? = lact;; plant] I°.

1

Here, I° encompasses all states from which the agent can guarantee safety indefinitely with a
single permanent action. G is constructed according to G(7°) and only allows actions that are
guaranteed to keep the agent within 7° until the next control cycle. Note that I° degenerates to
false in cases where there are no permanent actions, which does not make it less of a controllable
invariant.

Theorem 5.2. 1° is a controllable invariant.

Moreover, in many examples of interest, /° and I°P' are equivalent since an optimal fallback
strategy exists that only involves executing a single action. This is the case in particular for
Model[7, where

[0

[a:=—B;{p=v,0'=a&v>0}e—p>0
= e—p>0v?/2B

characterizes all states at safe braking distance to the obstacle and G associates the following
guard to the acceleration action:

Gy =la=A;{p=vv=0a,t=1&v>0At<T}e—p>v?/2B
e—p>vl+ AT?/2 + (v + AT)?/2B

That is, accelerating is allowed if doing so is guaranteed to maintain sufficient braking distance
until the next control opportunity. Section[5.3.6 discusses automatic generation of a proof that
(1°,G") is an optimal solution for Model[7}
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5.3.5 Bounded Fallback Unrolling Refinement

In Section we derived a solution by computing an underapproximation of I°P* where the
fallback controller (played by Demon) is only allowed to use a one-shot strategy that picks a
single action and plays it forever. Although this approximation is always safe and, in many cases
of interest, happens to be exact, it does lead to a suboptimal solution in others. In this section,
we allow the fallback controller to switch actions a bounded number of times before it plays
one forever. There are still cases where doing so is suboptimal (imagine a car on a circular race
track that is forced to maintain constant velocity). But this restriction is in line with the typical
understanding of a fallback controller, whose mission is not to take over a system indefinitely but
rather to maneuver it into a state where it can safely get to a full stop [115].

For all bounds n € N, we define a game where the fallback controller (played by Demon)
takes at most n turns to reach the region I° in which safety is guaranteed indefinitely. During
each turn, it picks a permanent action and chooses a time 6 in advance for when it wishes to
play its next move. Because the environment (played by Angel) has control over the duration
of each control cycle, the fallback controller cannot expect to be woken up after time 6 exactly.
However, it can expect to be provided with an opportunity for its next move within the [0, 6 + T
time window since the plant can never execute for time greater than 7". Formally, we define ™
as follows:

I" = [step*="; forever] safe forever = (N;ep act;) ; plant_,
step = (0:=#; 70 > 0); (Nicpact;) ; plant,, . ; 7safe’; 7t >0

where plant, ;. is the same as plant, except that the domain constraint ¢ < T is replaced by
t < 6 + T. Equivalently, we can define /™ by induction as follows:

"t = 1" v [step] I 1" = [forever] safe, (5.5)

where the base case coincides with the definition of 7° in Section Importantly, /™ is a
loop-free controllable invariant and so reduce can compute an explicit solution to the synthesis
problem from /™.

Theorem 5.3. " is a controllable invariant for all n > (.

Theorem|[5.3]establishes a nontrivial result since it overcomes the significant gap between the
fantasized game that defines /" and the real game being played by a time-triggered controller.
Our proof critically relies on the action permanence assumption along with the following prop-
erty of differential equations, which establishes that ODE programs preserve a specific form of
reach-avoid property as a result of being deterministic.

Lemma 5.6. Consider a property of the form R(a,b) = [aw] (S A (t > a — 1)) with ay, = (t :=
0; {2’ = f(z),t' =1&Q ANt < b}). Then this formula is valid:

¢ <bA R(a,b) = [a.] R(a —t,b—1t).

Example. As an illustration, consider the example in Fig.[5.1and Model[8|of a 2D robot mov-
ing in a corridor that forms an angle. The robot is only allowed to move left or down at a
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Figure 5.1: Robot navigating a corridor (Model. A 2D robot must navigate safely within a
corridor with a dead-end without crashing against a wall. The corridor extends infinitely on the
bottom and on the right. The robot can choose between going left and going down with a constant
speed V. The left diagram shows I° in gray. The right diagram shows /! under the additional
assumption V7T < 2R (I* and I° are otherwise equivalent). A darker shade of gray is used for
regions of I! where only one of the two available actions is safe according to G*.

constant velocity and must not crash against a wall. Computing /° gives us the vertical sec-
tion of the corridor, in which going down is a safe one-step fallback. Computing I forces us
to distinguish two cases. If the corridor is wider than the maximal distance travelled by the
robot in a control cycle (VI' > 2R), then the upper section of the corridor is controllable
(with the exception of a dead-end that we prove to be uncontrollable in Section[5.3.6). On
the other hand, if the corridor is too narrow, then I! is equivalent to /°. Formally, we have
I'=(y>—-RAlz|]<R) VvV (VI <2R A (z > —R A |y| < R)). Moreover, computing
I? gives a result that is equivalent to I'. From this, we can conclude that I' is equivalent to /™
for all n > 1. Intuitively, it is optimal with respect to any finite fallback strategy (restricted to
permanent actions).

Model 8 Robot navigating a corridor with framed solutions of holes.

assum|1 V>0AT>0

ctrlable|2 A [(y>—-RAJz|<R)V(VIT <2R A (z>-RAJy|<R))|—=[
( (Mz>-R+VT]; vy:=—V;v,:=0)

Uy<R—-VT Va<Rl;u:=0;v:=V) );

plant| s (t:=0; {2/ =vp,y/ = vy, t' =1& ¢t <T})

safe|s }]((x>-3R A |yl <R)V(y>-R A |z| <R))

3
ctrl
4

The controllable invariant unrolling /™ has a natural stopping criterion.

Lemma 5.7. If I" <+ 1" is valid for some n > 0, then I"™ <> I™ is valid for all m > n and
I™ <> I¥ is valid where [ = [step™ ; forever] safe.
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5.3.6 Proving Optimality via the Dual Game

Suppose one found a controllable invariant / using techniques from the previous section. To
prove it optimal, one must show that F assum — (/°** — I). By contraposition and [o] P <>
—(a) =P ([-]), this is equivalent to proving that:

F assum A -1 — {(((N; act;) ; plant)™) —safe . (5.6)

(.

v~
—Jopt

We define the largest uncontrollable region U °P* = —]°P* as the right-hand side of implication
above. Intuitively, U °P* characterizes the set of all states from which the environment (played
by Angel) has a winning strategy against the controller (played by Demon) for reaching an un-
safe state. In order to prove the optimality of /, we compute a sequence of increasingly strong
approximations U of U °P* such that U — U °P' is valid. We do so via an iterative process, in the
spirit of how we approximate I °P* via bounded fallback unrolling (Section|5.3.5)), although the
process can be guided by the knowledge of [ this time. If at any point we manage to prove that
assum — (I VvV U) is valid, then [ is optimal.

One natural way to compute increasingly good approximations of U °P* is via loop unrolling.
The idea is to improve approximation U by adding states from where the environment can reach
U by running the control loop once, formally, ((N; act;) ; plant) U. This unrolling principle can
be useful. However, it only augments U with new states that can reach U in time 7" at most. So
it cannot alone prove optimality in cases where violating safety from an unsafe state takes an
unbounded amount of time.

For concreteness, let us prove the optimality of 7° in the case of Model In [126] essentially
the following statement is proved when arguing for optimality: F assum A —I° — ((a :=
—B; plant)*) —safe. This is identical to our optimality criterion from Eq. (5.6)), except that De-
mon’s actions are restricted to braking. Intuitively, this restriction is sound since accelerating
always makes things worse as far as safety is concerned. If the train cannot be saved with brak-
ing alone, adding the option to accelerate will not help a bit. In this work, we propose a method
for formalizing such arguments within dGL to arbitrary systems.

Our idea for doing so is to consider a system made of two separate copies of our model. One

copy has all actions available whereas the other is only allowed a single action (e.g. braking).
Given a safety metric m (i.e. a term m such that F m < 0 — —safe), we can then formalize the
idea that “action ¢ is always better w.r.t safety metric m” within this joint system.
Definition 5.5 (Uniform Action Optimality). Consider a finite number of discrete dL programs
a;andp = {2’ = f(z) & Q}. Let V = BV(p)UlJ, BV (c;) be the set of all variables written by p
or some «;. For any term 6 and integer n, write # for the term that results from # by renaming
all variables v € V to a fresh tagged version (™. Using a similar notation for programs and
formulas, define p*? = {(zV) = f(zW), ()" = f(2@) & QW A QP }. We say that action
J is uniformly optimal with respect to safety metric m if and only if:

Em® > m® S 0,0 (U a®); p]m® > m®.

best;((c )i, p, m) denotes that action j is uniformly optimal with respect to m for actions «; and
dynamics p.
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With such a concept in hand, we can formally establish the fact that criterion Eq. (5.6) can be
relaxed in the existence of uniformly optimal actions.
Theorem 5.4. Consider a finite number of discrete AL programs «; such that E {(«;) true for all
iandp = {2’ = f(x) & q > 0}. Then, provided that best;((«;);, p, m) and best;((«;):, p, —q)
(no other action stops earlier because of the domain constraint), we have:

F(((Naw); p))m <0 ((aj;p))ym <0 .

A general heuristic for leveraging Theorem[5.4]to grow U automatically works as follows. First,
it considers I = assum A —I A —=U that characterizes states that are not known to be controllable
or uncontrollable. Then, it picks a disjunct A ; It; of the disjunctive normal form of R and
computes a forward invariant region V' that intersects with it: V' = A j{Rj :assum, R;
[(U; act;) ; plant] R;}. Using V' as an assumption to simplify ~U may suggest metrics to be used
with Theorem([5.4] For example, observing F V' — (=U — (6; > 0 A 6, > 0)) suggests picking
metric m = min(6y, f2) and testing whether best;(act, p, m) is true for some action j. If such a
uniformly optimal action exists, then U can be updated as U <— U V (V A ((act; ; plant)*) m <
0). The solution I for the corridor (Model can be proved optimal automatically using this
heuristic in combination with loop unrolling.

5.3.7 Implementing the Reduction Oracle

The CESAR algorithm assumes the existence of a reduction oracle that takes as an input a loop-
free dGL formula and attempts to compute an equivalent formula within the fragment of propo-
sitional arithmetic. When an exact solution cannot be found, an implicant is returned instead and
flagged appropriately (Def.[5.3). This section discusses our implementation of such an oracle.

As discussed in Section[5.3.4] exact solutions can be computed systematically when all ODEs
are solvable by first using the dGL axioms to eliminate modalities (see Appendix[D) and then
passing the result to a quantifier elimination algorithm for first-order arithmetic [29, [150]]. Al-
though straightforward in theory, a naive implementation of this idea hits two practical barriers.
First, quantifier elimination is expensive and its cost increases rapidly with formula complex-
ity [38,1160]. Second, the output of existing QE implementations can be unnecessarily large and
redundant. In iterated calls to the reduction oracle, these problems can compound each other.

To alleviate this issue, our implementation performs eager simplification at intermediate
stages of computation, between some axiom application and quantifier-elimination steps. This
optimization significantly reduces output solution size and allows CESAR to solve a benchmark
that would otherwise timeout after 20 minutes in 26s. Appendix[A.4]further discusses the impact
of eager simplification. Still, the doubly exponential complexity of quantifier elimination puts a
limit on the complexity of problems that CESAR can currently tackle.

In the general case, when ODEs are not solvable, our reduction oracle is still often able to
produce approximate solutions using differential invariants generated automatically by existing
tools [[142]. Differential invariants are formulas that stay true throughout the evolution of an ODE
system. ['] To see how they apply, consider the case of computing reduce([{z’ = f(z)}] P, A)

!dGL provides ways to reason about differential invariants without solving the corresponding differential equa-
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where P is the postcondition formula that must be true after executing the differential equation,
and A is the assumptions holding true initially. Suppose that formula D(z) is a differential
invariant such that D(z) — P is valid. Then, a precondition sufficient to ensure that P holds after
evolution is A — D(x). For a concrete example, Appendix shows how our reduction oracle
computes the precondition for the dynamics of the parachute benchmark. It first uses the
Pegasus tool [142] to identify a Darboux polynomial, suggesting an initial differential invariant
Dy. Once we have D, the additional information required to conclude post condition P is
Dy — P. To get an invariant formula that implies Dy — P, eliminate all the changing variables
{z,v} in the formula Vx Vv (Dy — P), resulting in a formula D;. D; is a differential invariant
since it features no variable that is updated by the ODEs. Our reduction oracle returns Dy A D1,
an invariant that entails postcondition P. More details on our implementation of reduce and
how it deals with ODEs in particular can be found in Appendix[A.1]

5.3.8 The CESAR Algorithm

The CESAR algorithm for synthesizing control envelopes is summarized in Algorithm([I} It is ex-
pressed as a generator that yields a sequence of solutions with associated optimality guarantees.
Possible guarantees include “sound” (no optimality guarantee, only soundness), “k-optimal”
(sound and optimal w.r.t all k-switching fallbacks with permanent actions), “w-optimal” (sound
and optimal w.r.t all finite fallbacks with permanent actions) and “optimal” (sound and equiva-
lent to S°PY). Line performs the optimality test described in Section Finally, Line
performs an important soundness check for the cases where an approximation has been made
along the way of computing (I, G™). In such cases, [ is not guaranteed to be a controllable
invariant and thus Case (2) of Def.[5.1| must be checked explicitly.

When given a problem with solvable ODEs and provided with a complete QE implementation
within reduce, CESAR is guaranteed to generate a solution in finite time with an “n-optimal”
guarantee at least (n being the unrolling limit).

5.4 Benchmarks and Evaluation

To evaluate our approach to the Control Envelope Synthesis problem, we curate a benchmark
suite with diverse optimal control strategies. As Table|5.1| summarizes, some benchmarks have
non-solvable dynamics, while others require a sequence of clever control actions to reach an
optimal solution. Some have state-dependent fallbacks where the current state of the system
determines which action is “safer”, and some are drawn from the literature. We highlight a couple
of benchmarks here. See Appendix[A.3] for a discussion of the full suite and the synthesized
results, and [71]] for the benchmark files and evaluation scripts.

[Power Station|is an example where the optimal control strategy involves two switches,
corresponding to two steps of unrolling. A power station can either produce power or dispense
it to meet a quota, but never give out more than it has produced. Charging is the fallback action
that is safe for all time after the station has dispensed enough power. However, to cover all

tion. For example, for an invariant of the form e = 0, the differential invariant axiom is [{z’ = f(z)}]e = 0 <

(e=0n[{z" = f(z)}] e =0).
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Algorithm 1 CESAR: Control Envelope Synthesis via Angelic Refinements

1: Input: a synthesis problem (as defined in Section[5.3.1)), an unrolling limit n.
2: Remark: valid is defined as valid(F, A) = (first(reduce(—F, A)) = false).
3 k<0

4: I,e; + reduce([forever] safe, assum)

5: while £ < n do

6: eq < true

7: for each i do

8: G;, e < reduce([act; ; plant] I, assum)

9: eq +— eqgand e
10: if (e and e;) or valid( — \/, G;, assum) then
11: if e; and optimal(/) then
12 yield ((1, G), “optimal”)

13: return

14: else if e and e; then yield ((, G), “k-optimal”)
15: else yield ((/, G), “sound”)

16: I',e < reduce(! V [step] I, assum)

17: e < erande

18: if e and e; and valid(/” — I, assum) then

19: yield ((1, G), “w-optimal”)
20: return
21: I+17T
22: k<« k+1
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controllable states, we need to switch at least two times, so that the power station has a chance
to produce energy and then dispense it, before settling back on the safe fallback.
is an example of a benchmark with non-solvable, hyperbolic dynamics. A person jumps off a
plane and can make an irreversible choice to open their parachute. The objective is to stay within
a maximum speed that is greater than the terminal velocity when the parachute is open.

We implement CESAR in Scala, using Mathematica for simplification and quantifier elim-
ination, and evaluate it on the benchmarks. Simplification is an art [80, 85]. We implement
additional simplifiers with the Egg library [[161] and SMT solver z 3 [39]. Experiments were run
on a 32GB RAM M2 MacBook Pro machine. CESAR execution times average over 5 runs.

CESAR synthesis is automatic. The optimality tests were computed manually. Table[5.1]
summarizes the result of running CESAR. Despite a variety of different control challenges, CE-
SAR is able to synthesize safe and in some cases also optimal safe control envelopes within a few
minutes. As an extra step of validation, synthesized solutions are checked by the hybrid system
theorem prover KeYmaera X [52]]. All solutions are proved correct, with verification time as
reported in the last column of Table[5.1]

Table 5.1: Summary of CESAR experimental results

. . Non
Benchmark Synthesis - Checking ) ;\, Needs Solvable
Time (s) Time (s) Unrolling .
Dynamics
ETCS Train| [[126]] 14 9 v
20 8 v
49 44 v
46 8 v
26 9 v
49 20 v v
20 8 v v
26 17 v v

5.5 Related Work

Hybrid controller synthesis has received significant attention [12, 91, [148]], with popular ap-
proaches using temporal logic [3} 12} [164], games [108, [153], and CEGIS-like guidance from
counterexamples [1} 136} 133, 143]]. CESAR, however, solves the different problem of synthesiz-
ing control envelopes that strive to represent not one but all safe controllers of a system. Generat-
ing valid solutions is not an issue (a trivial solution always exists that has an empty controllable
set). The real challenge is optimality which imposes a higher order constraint because it reasons
about the relationship between possible valid solutions, and cannot, e.g., fit in the CEGIS quanti-
fier alternation pattern 3V. So simply adapting existing controller synthesis techniques does not
solve symbolic control envelope synthesis.
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Safety shields computed by numerical methods [2, 48, 82] serve a similar function to our con-
trol envelopes and can handle dynamical systems that are hard to analyze symbolically. However,
they scale poorly with dimensionality and do not provide rigorous formal guarantees due to the
need to discretize continuous systems. Compared to our symbolic approach, they cannot handle
unbounded state spaces (e.g. our infinite corridor) nor produce shields that are parametric in the
model’s parameters without hopelessly increasing dimensionality.

On the optimality side, a systematic but manual process was used to design a safe European
Train Control System (ETCS) and justify it as optimal with respect to specific train criteria [[126]].
Our work provides the formal argument filling the gap between such case-specific criteria and
end-to-end optimality. CESAR is more general and automatic.

5.6 Conclusion

This chapter presents the CESAR algorithm for Control Envelope Synthesis via Angelic Refine-
ments. It is the first approach to automatically synthesize symbolic control envelopes for hybrid
systems. The synthesis problem and optimal solution are characterized in differential game logic.
Through successive refinements, the optimal solution in game logic is translated into a control-
lable invariant and control conditions. The translation preserves safety. For the many cases
where refinement additionally preserves optimality, an algorithm to test optimality of the result
post translation is presented. The synthesis experiments on a benchmark suite of diverse control
problems demonstrate CESAR’s versatility.

Can CESAR be extended to handle more control shapes? How far does the idea of charac-
terizing optimal control envelope solutions using game theory extend? Is it perhaps possible to
solve control envelope synthesis for all the problems whose solutions are characterized by a hy-
brid game? Chapter|6|shows that the answer is yes. Since we become able to solve for all hybrid
system sketches that mirror the structure of a game, it becomes convenient to treat the hybrid
game itself as the specification of the shape of the control envelope. In the next chapter, we see
control envelope synthesis for time-triggered control, event-triggered control and reach-avoid
problems all handled by a single, extremely general framework.
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Chapter 6

Generalized Hybrid Game Control
Envelope Synthesis

Chapter[] introduced control envelope synthesis for a class of hybrid systems by identifying a
connection between the solution of a hybrid system sketch and hybrid games. In fact, the shape
of control problems can be modeled directly by two-player hybrid games, which only indicate
what moves players can make (what control actions are possible) without specifying the actual
strategy that the players follow. This chapter synthesizes control envelopes for all dGL games,
greatly extending the generality of control envelope synthesis.

6.1 Introduction

A hybrid game between the controller and the environment serves as a specification [[104, [108,
153]] for synthesis. The game models the control possibilities and the possible environment be-
haviors, with the controller winning if it meets the desired control contract. The synthesis task
is to identify within the possible control space the control behaviors that win into the control
contract. A control envelope corresponds to a nondeterministic policy in the specification game
that indicates what actions a player can choose at any given decision point, such that a player
Jfollowing it will never lose, regardless of what the opponent does. Such a nondeterministic pol-
icy induces a set of control solutions because multiple actions are allowed at each decision point,
and following each option leads to a different control solution. This chapter introduces subvalue
maps as a symbolic, compositional representation of control envelopes that we can reason about
recursively along the syntactic structure of the game. Via this representation we develop the the-
ory to compare, verify, and synthesize symbolic control envelopes for hybrid games in their full
generality.

Our formalization is in differential game logic (Chapter[2] [121]), which models two-player
games with imperative program constructs like assignments, loops and branching. Subvalue map
verification/synthesis composes at the level of such program constructs. This lets us leverage
program analysis techniques like loop variants, invariants and their continuous analogs to solve
control envelope synthesis. After defining subvalue maps, this chapter introduces the theory to
verify that subvalue maps induce only policies that don’t lose. To ensure that induced policies
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additionally never let the player get stuck, always allowing some action, the refined concept of
inductive subvalue map is introduced.

We address control envelope synthesis. Since our ultimate goal is to use control envelopes to
derive/check control actions, we consider a restricted category of inductive subvalue maps where
checking if a given control action lies within the envelope is efficient (polynomial time). We
present an algorithmic framework to synthesize such subvalue maps. Next, we formalize when
subvalue maps are more permissive, permitting more control options, through a partial order. It
is always possible to construct an optimal inductive subvalue map for a given game, establishing
completeness.

The theoretical development needed is subtle. For example, at loops, a control envelope
should allow unboundedly many repetitions so long as there is still a finite exit strategy within
the same control envelope. The first few sections of the chapter build up the theoretical tools that
make the theory for subvalue maps possible, and largely internalized within dGL. These include:
1. a dGL analog to Brzozowski derivatives [25] that let us step through a game and characterize
gameplay after a given subgame (Section[6.4), and 2. dGL characterizations checking whether
a set of states is reachable by following some strategy or any strategy in a given subvalue map
(Section[6.5)).

Subvalue maps are analogous to value functions in reinforcement learning [145]. A value
function maps states to utility. Once it is known, an agent policy can be derived from it. Similarly,
a player’s subvalue map maps every subgame to a formula denoting a set of states from which
that player can win the rest of the game (subvalue because some maps map to a set of known
winning states smaller than the theoretical maximum winning set). In dGL, subgames specify
game decision points where at most one player makes a play. These subgames compose together
per a recursive syntax to form large, arbitrarily complex games. A player’s policy set can then
be reconstructed by syntactically stepping through the game: at every subgame where the player
must take a decision, it accepts only those decisions that reach the next subgame in a mapped
winning state for that subgame per the subvalue map.

This chapter addresses control envelope synthesis for all of dGL: Synthesis for safety prop-
erties, liveness properties, and any combination of these are all solved by a single, natural frame-
work without special handling of either. A special case of our technical development, which
simply excludes subgames relating to continuous dynamics, solves the problem for purely dis-
crete games. The flexibility of our final synthesis framework is demonstrated through examples
with diverse control challenges, and performance is evaluated on benchmarks from the literature
and a procedurally generated benchmark suite.

Our main contributions are to:

1. Introduce inductive subvalue maps as symbolic, composable representations of control
envelopes for hybrid games (Section[6.6).

2. Present an algorithmic framework (Section[6.7) for synthesis of inductive subvalue maps
where checking that control is within the induced nondeterministic policy is computation-
ally efficient.

3. Order subvalue maps by permissiveness and prove completeness for optimal hybrid game
inductive subvalue map synthesis via the construction of a maximal subvalue map (Sec-

tion[6.8)).
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4. Evaluate the approach, demonstrating its application to representatives of various control
theory problem classes (Section|6.10).

6.2 Differential Game Logic Background

This chapter synthesizes policies for games written in dGL. As discussed before (Chapter[2)), a
dGL game is played by two adversarial players, canonically called Angel and Demon. Various
operators give either player opportunities to make control decisions to try to attain a winning con-
dition, which is a dGL formula. Unlike Chapter[3] this chapter uses the convention that Angel is
responsible for the controller’s decisions, and wins when she maintains the desired system prop-
erties (e.g. safety), and Demon plays for the environment. dGL games are determined, meaning
exactly one player has a winning strategy from any given state [121], and players use Markov
strategies, relying only on the current state with no information about the strategy of the other
player. dGL games are generated by a recursive grammar. In many of the game constructs, either
Angel or Demon can make a choice, deciding how the game should proceed, and try to choose
in a way that is most favorable to them. These decisions are represented using actions, which
will later be used to keep track of state change, construct game trees and represent policieﬂ We
recall the game constructs below and provide notation for actions that they correspond to. We
also introduce explicit operators for some Demon-controlled actions (beyond the application of
the dual operator shown in Chapter[2)) that we use in this chapter for readability.

1. Angelic free assignment x := * models Angel assigning any real value of her choice to
variable x, and can be used, e.g., to model a controller’s ranged choices. Angel’s available
actions are of the form (x := e), where e is a (real polynomial) term. Dually, Demonic
free assignment x := ® models Demon assigning a real value of his choice to variable
x. It models, e.g., environment disturbances that make control harder. Demon’s available
actions are of the form (z := ¢)¢, where ¢ is a term.

2. Loop " runs o as many times as Angel wants. At the end of every iteration, Angel gets
to choose whether to run the loop again or to exit it. This can model, e.g., a controller that
repeatedly performs a task until a criterion is met. Angel’s available actions are g to go
repeat the loop for one more iteration, or s to stop and exit the loop. Dually, a* runs «
as many times as Demon chooses. It can model a control loop that runs arbitrarily many
times, and must stay safe forever. Demon’s actions are g? to repeat the loop, or s¢ to exit
it.

3. Branch choice oo U 3 lets Angel choose to play either game « or game /3. This can model a
controller choosing between two modes of operation, for example accelerating or braking.
Angel’s available actions are [ to play left game «, or ¢ to play right game . Dually, a N 3
lets Demon choose to play either game « or game /5. This can model different modes
of environment behavior, such as a car in the environment, that the controller must avoid
colliding with, accelerating or braking. Demon’s available actions are [? to play game a,

I'The action notation presented here is a simplified form of the operational semantics of dGL [121]][Appendix

C]. Sequential compositions are given an action for uniformity but do not have an action in the original operational
semantics.
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or t? to play game 3.

4. Continuous evolution {2/ = f(z) & @} modifies x per the solution of differential equa-
tion ' = f(x). How long the ODE runs is determined by Angel, who must also main-
tain that domain constraint formula () is true throughout. This can model, e.g., a con-
trol mode running till the controller interrupts. Angel’s available actions are of the form
(2" = f(z) & Q @Qt), where t is a term representing the time Angel chooses to run the ODE
for. Dually, in {2’ = f(x) & Q}%, Demon chooses how long to run the ODE while ensuring
that Q holds throughout. Demon’s available actions are of the form (z/ = f(z) & Q @),
where ¢ is the time Demon runs the ODE. This can model, e.g., control loop latency in con-
trollers that periodically poll to take decisions. On omitting this construct and any cases it
generates in definitions and theorems, we obtain results for purely discrete games.

Additionally, some game constructs do not involve Angel or Demon making any decisions.

1. Assignment x := e assigns the expression e to variable x. The corresponding action that
Angel performs to change state is written as (x := e).

2. Sequential composition «; 5 runs game « followed by game 3. The corresponding action
that Angel performs is ¢ to start c.

3. Test 7() makes Angel immediately lose the current game if formula () is false, but has
no effect if () is true. The action representing Angel going through the test (and possibly
losing) is (7). Dually, !(Q makes Demon lose when () is false. It can model physical
environment constraints. Demon’s only action, to take the test, is (1Q)).

As usual, state ¢ is a mapping from variables to real numbers, and o(x) is the real value asso-
ciated with variable z. Eq. (6.1) shows the grammar of dGL hybrid games that we will use in
this chapter. An alternative notation uses duals for Demon controlled constructs (Chapter[2)), but
for clarity in this chapter we use the explicit operators for some Demon controlled games shown
below.

a=ai=elaB?Qa" |aUB =+ | {2 = f(2)&Q)
1Qa* [ang|z=8]{z' = f()&Q)’

The subgames of dGL game « are the games that recursively compose to construct «, corre-
sponding to the nodes of the abstract syntax tree induced by the grammar of Eq. (6.1).

We briefly describe the formal representation of actions and policies. Sections [6.4] and [6.5]
will revisit these ideas with further detail. In any given initial state, a dGL game generates a game
tree (Section[6.4.2)) where each node corresponds to an action. A play of a game is a sequence
of actions corresponding to a path from a root of the game tree to a leaf. Actions map old state
to new state. For example, the action (z := ¢) maps state o to o(z +— ¢€), i.e., o with value e
replaced for x. Since agents and their gameplay are symmetric, in this chapter we often focus on
the Angelic perspective without loss of generality.

An Angelic (nondeterministic) policy is a function that maps every subgame and state to the
set of actions that Angel can take at that subgame and state. Henceforth in this chapter, policy will
be used to mean nondeterministic policy. Angel follows an Angelic policy if at every subgame
she must take a decision, she plays one of the actions permitted by the policy. As usual, formulas
can be interpreted as the set of states in which they are true. So, formula («) ¢ represents the
winning region of Angel for game « and winning condition ¢. Notation = ¢ means formula ¢ is

6.1
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valid (true in all states).

6.3 Overview

1. Input 2. Compute subvalue map
Game: ((v:=v+a)*U(v:=v—1;a:=x)); {z' =v}?)* Angel’s
Goal: = >0 ’ X ¢ ‘ ’end Pend

3. Policy for Angel derived from subvalue map

. . . . {z' =v}* &
Taking the. left (resp. right) branch is allowed if ¢g
(resp. ¢s) is true. * g ’ - by
{Re—)emeripg th? loop is allowed if ¢7 is true. Exiting — — : —
is allowed if ¢2 is. "U.—era o7 ‘ ”U.—’U*l b4 ‘ ’a._* @3 ‘
=% The value assigned to a must satisfy ¢2.
Computing the subvalue map:

Deduce ¢gng = >0 (Goal)
Guess ¢1 = {((v:=v+a)*U(w:=v—1;a:=%)); {' =v}) )z >0 (Seek Invariant)
< {((n:=%;M>0;v:=v+an) U (vi=v—1;a:=x)); {z’ :v}d> x>0 (Refinement)
Sz>0A (v>0Va>0) (Axioms, QE)
Deduce g2 = ({z/ = v}¥) ¢1 & VE(t > 0 = ¢1(x = & + vt)) (Solve ODE)
Scr>0Av>0 (QE)
Deduce ¢3 =Jaga &z >0Av >0, ¢s=ds=ds(v—1—v)z>0Av>1 (Axioms, QE)
Guess ¢ = <(v =v+ a)*> b2 & <n::* ;™ >050 ::v+an> b2 (Invariant)
< z>0A(w>0Va>0) (QE)

Deduce ¢7 = ¢s(v — v+a) <z >0A(v+a>0Va>0)
Check g — {(?¢7; v :=v 4+ a)*; 7¢2 )2 valid (Check Invariant)

Deduce g = dps = ps V5 < > 0A (v >0V a > 0)

Check ¢1 — ¢g A x > 0 valid (Check Invariant)

Figure 6.1: An inductive subvalue map for a simple hybrid game and the associated policy. The
subvalue formulas are numbered in the order in which they are derived by the algorithm presented
in Section We will revisit this example throughout the chapter, providing more explanations.

To illustrate our new concept of an inductive subvalue map, let us consider the simple hybrid
game from Fig.[6.1] In this game, Angel aims to ensure z > 0 after each iteration of a loop (*)
controlled by Demon. At each iteration, Angel must choose (U) between two alternative paths,
after which Demon continuously evolves z at rate v for a duration of his choice ({2’ = v}?).
In the first path, Angel can increment v by a in a loop (*) as many times as she desires. In the
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second path, v is decremented by 1 and Angel gets an opportunity to arbitrarily set the value of
a (a := x).

Our goal is to characterize not one, but all of the ways Angel can win (or at least as many as
possible). At every choice point, we must determine which actions are compatible with Angel
still winning the game and which actions are not. This way, Angel can pursue additional, unmod-
eled and possibly changing secondary goals without threatening her mission-critical objective of
ensuring x > 0. In the traditional setting of control theory [10, [11] and reinforcement learn-
ing [1435} 146, [147], this information is typically presented in the form of a value function that
splits the state space into winning and losing states. This work proposes a representation of such
value functions for hybrid games which is sound, symbolic, and which respects their composable
structure.

Subvalue maps (Section[6.5] Section[6.6). A subvalue map associates each subgame of a hy-
brid game to a formula that conservatively estimates the set of states from which the overall
game can be won, starting from this specific subgame. In the example from Fig.[6.1] ¢, provides
a sufficient initial condition for winning the game. More interestingly, ¢; provides a sufficient
condition for winning the subgame starting from the second Angel branch within the loop.

|=gb5—><v::v—1;a::*;{x’:v}d;ax>x>0 (6.2)

where « stands for the full Demon loop body. At every control point for Angel, the subvalue map
indicates which actions can be taken without forfeiting winning. For example, when reaching
the U decision point, Angel can safely take the left branch if ¢ is true. Similarly, she can safely
take the right branch if ¢5 is true. What if none of these hold though? Useful policies permit
at least one action to be chosen. For this reason, Section introduces the refined concept of
an inductive subvalue map, whose local compatibility conditions ensure this property. In our
example, these conditions mandate in particular that ¢g — ¢4 V ¢5 is valid, ensuring that a safe
action is always available to Angel at subgame U.

Internalizing policy reasoning (Section[6.5.2,[6.5.3). It is possible to reason about the policies
represented by subvalue maps within dGL itself. The universal projection of a game onto a
subvalue map constructs a dGL game that wins precisely when all plays that respect the subvalue-
map policy are guaranteed to win. The existential projection of a game onto a subvalue map wins
when there exists some policy-compliant play that wins. These projections let us use dGL to state
and prove properties, keeping the theory tidy. The safety of the monitor derived from an inductive
subvalue map that keeps the game on track for winning can similarly be expressed within dGL.
In our example, the following formula is guaranteed to be valid:

01 — <((‘?(®6\/©5); (!@6; Yh6; (lo7; vi=v+a; 7o) ; !(,)2) N

6.3
(!cb;); vi=v—1;73a¢y); a:=®; !¢2)) ; {x’zv}d)x>x > 0. (03)

In the game above, every Angel choice from the original game has been transferred to Demon,
on the condition that he complies with Angel’s subvalue strategy monitor. Compliance is always
possible, as ensured by proper Angel tests. A subtlety is the treatment of infinite gameplay.
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Consider a car operating within a control envelope ensuring that it avoids obstacles and can
eventually stop at a parking spot. The car should not be limited to only strategies with some
fixed maximum number of moves so that it can travel arbitrarily long routes. Still, the car should
be able to eventually park. Inductive subvalue maps enforce not finite control but the existence
of a finite path to victory. They do not force the controller to take this finite path if it still has a
way to win in the future, allowing gameplay of unbounded length.

Solving hybrid games via symbolic execution (Section[6.7). For practical applications, it is
useful for subvalue maps to check if an action is acceptable at a given state efficiently. To com-
pute such subvalue maps, with modality-and-quantifier-free subvalues, Section[6.7] presents an
algorithmic framework. Like precondition calculus [40], the framework is parametrized on an
invariant generation procedure. We propose game rewriting as a general principle for imple-
menting this procedure (Section[6.7.1). Fig.[6.1]illustrates the resulting algorithm. The algorithm
leverages the fact that any dGL formula that is free of loops and whose ODEs have polynomial
solutions can be automatically rewritten into an equivalent modality-and-quantifier-free formula,
by using the axioms of dGL along with quantifier elimination (QE) [150]. However, whenever a
loop is hit, a guess is needed for a subvalue of the associated subgame. Such a guess is typically
made by using heuristics to conservatively rewrite it into a loop-free dGL formula that can be
symbolically evaluated. The algorithm then proceeds with the loop body, after which the validity
of the guess is checked retrospectively. Section[6.7] provides more details.

Existence of an optimal subvalue map (Section[6.8). Subvalue maps can be ordered by how
permissive their policy is. Section[6.8] formalizes such an ordering, where the main subtlety is
comparing monitor guards in the context in which they are reachable. An optimal subvalue map
can be constructed using dGL modalities. In our example, this solution maps ¢5 to the right-hand
side of the implication in Eq. (6.2). The optimal subvalue map construction achieves complete-
ness for the subvalue map synthesis problem. In practical subvalue maps like in Fig.[6.1] where
modal subvalues are not permitted, the maps are synthesized using sound /ower bounds of a
game’s value function. An upper bound can also be computed by considering the game from the
opposing player’s perspective. We can compare the dual subvalue maps and thereby symmetri-
cally prove the optimality of the solution derived in Fig.[6.1] The proofs in this chapter largely
follow from structural induction. Appendix[B.5| provides all proofs throughout this chapter.

Remark 1. Assertion/invariant maps [49] for static analysis of imperative programs annotate ev-
ery program point with a formula that must hold whenever execution reaches that program point.
Analogously, an Angelic subvalue map annotates every subgame with a formula, and constrains
Angel to play such that the formula must hold whenever execution reaches that subgame. Analo-
gous to assertion maps [64]], subvalue maps will be computed by backward symbolic execution.

Remarks, such as Remark[I| above, draw analogies to familiar concepts but are not critical to
understanding the chapter.
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6.4 Prefixes and Suffixes

An Angelic subvalue map maps every dGL subgame to a formula denoting Angel’s known win-
ning subregion for the rest of the game starting at that subgame. As it is not always possible to
compute exact winning regions, the known winning subregions in a subvalue map are conserva-
tive, safe subsets of the actual theoretical winning regions per dGL semantics. Fig.[6.1] shows an
example where each subgame, corresponding to nodes of the syntax tree, is mapped to its corre-
sponding winning subregion (¢1, - - - ¢9). In this example, the winning subregions are maximal,
equal to the winning regions.

This section develops the formalism necessary for defining subvalue maps. A subvalue map
maps each subgame to a formula that must logically imply the winning region for playing the rest
of the game starting at that subgame. To logically characterize this, we first introduce the game
suffix, or game remainder of a subgame. The game suffix of a subgame features all possible future
behaviors of the overall game from any point where an instance of the subgame is encountered.
Surprisingly, we can characterize all these behaviors with a finite dGL game. Then the exact
winning region starting from a subgame is defined as the winning region for the game suffix.

6.4.1 Game Suffix Construction

For disambiguation, each subgame is given a unique label. Notation «:« refers to the named game
a where each subgame has a unique label, and the entire game « (corresponding to the root node
of the abstract syntax tree) is labeled a. Even subgames that are identical in structure but appear
at different places in the game are given different labels to distinguish multiple occurrences.
subgames(«a) refers to the set of all named subgames of «:cv. Game suffix «cy,. is a game
modeling what remains to be played after seeing some occurrence of subgame /.5 while playing
a:Q (Def. This is a complex idea: unboundedly many different plays of a game can lead
to playing a given subgame b, and even within a single play, b can occur an unbounded number
of times. The ability to succinctly characterize all suffix plays (leveraging dGL) is crucial to the
definition of subvalue maps.

Example 6.1. Let the overall game of Fig.[6.1 be «:r, and let the label of each subgame be the
index ¢ of the winning subregion formula ¢; shown on its corresponding node. Consider subgame
5 inside loop av. All execution traces after any instance of subgame 5 have the remainder of the
loop body ({2’ = v}%) followed by potential future iterations of the loop (cv). So the game suffix
s, of subgame 5 is {2/ = v}?; q.

Remark 2. The suffix characterizing behavior of a dGL game after a subgame itself as a dGL
game is analogous to how Brzozowski derivatives reason about the behavior seen in a regular
expression after a given string as a new regular expression [25]].

Definition 6.1 (Game suffix). The game suffix ««y. of subgame .3 in subgames(«:.«) is con-

2The notation is analogous to Python list slicing. a:c, represents the part of a:v appearing after b. The comple-

mentary concept of game prefix is written as «:av.p, and consists of the part of the game appearing before subgame
b.
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structed as follows. If «:«x is i5 then w:ay. = a:ae. Otherwise, if «:«v has structure:

”1(,’/37)* or (l:(_(/:”)/)>< then @y, = (~(/:7b:) y 4
aay, = g7y, b € subgames(y-y)

a(gy U dd) or a:(¢gy N d:0) then
(,/")/ ) (lfY ) {(::Oéb: =ddy. b€ SUbgameS((]:(S)

Q. = ((/:’yb:) ; 0 be subgames(g:y)

a:(gry ;5 d:0) then ’ '

('/"Y ( ) {(IIOéb: = d:0p. be SUbgameS((/:(S)

In the «:(¢7y; ¢:0) and a:(gy U ¢:9) cases, b is either in subgames(y-y) or subgames(+:) because
b is a subgame of «:« (and not « itself which is already handled initially). Cases where «:« is
atomic, i.e., « € a € {x :=e, 1 := %, 7Q,!Q, {2’ = f(z) & Q}, {2’ = f(z) & Q}¢}, b must be
a, so these cases are already handled initially.

6.4.2 Game Trees and Plays

This section discusses dGL gameplay to precisely connect subgame suffixes to their defining
property in dGL operational semantics. However, later in this chapter we will rely only on the
syntactic suffix definition that has already been introduced. The background on dGL game trees
is also useful for understanding strategies, which in Section[6.5| will provide a global view of the
gameplay that a policy induces. This section first recounts which plays lie within a game and
makes precise which suffix plays occur after a subgame. Then it defines a way to syntactically
compare these play suffixes by the impact they have on state, ignoring minor game structure
differences, to ensure that the game suffix has the same effect as these suffix plays, establishing
that game suffixes reconstruct all gameplay that can occur after a subgame is seen. The defi-
nitions of game trees and plays that follow are from the existing operational semantics of dGL
[121][Appendix C], extended to account for labels.

A labeled game «:«x, given initial state o, corresponds to a labeled game tree T (v, o) where

each node has a subgame label and an action. Per the conventions of descriptive set theory, the
tree is a prefix-closed set of the paths originating at the root (Fig.[6.2)).
Example 6.2. In Fig.[6.1] let the label of each subgame be the index i of the corresponding
winning subregion formula ¢;. Consider subgame 6, the inner loop. The game tree for this
subgame has the paths 6 - s for 0 iterations, 6 - g - 7- (v := v + a) - 6 - s for one iteration, and so
on. Operator - concatenates actions/sequences of actions. Fig.[6.2] visually represents this tree.

Def. in Appendix shows the full construction of trees. ﬂ A path in a tree can be
represented as the sequence of labels and actions encountered while traversing the path, where
the subgame label appears immediately before the action that subgame corresponds to. Because
of loops, subgame labels can repeat even within a single path. For example, in Fig.[6.2 because
of the Angelic loop, labels 6 and 7 repeat.

Tree nodes have actions, which correspond to transformations from old game state before
the action to new state [[121][Appendix C]. Appendix|B.6.1|recalls the transformations. Notation

3This is similar to the standard dGL operational semantics [121, Appendix C], but with the addition of labels to
keep track of subgames and some notation changes.
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Paths = { Gig
(6:5),(6:9),

(6:9-7:v = v+a), Twi=v+a
(6:9-7:v=v+a-6:8), 0:5 0:9
(6:9-Tv=v+a-6:¢9-7:v:=v+a),

ey Twi=v+a

(a) Representation of game tree as (prefix-closed)

set of paths through the tree. (b) Visualization of the labeled game tree

Figure 6.2: The game tree for subgame 6 of the game in Fig. ie, 6(tv:=v+a)*

|act|, is the state reached by running action act starting at state o, e.g., [ (z :=¢) |, = o(z — ¢)
For tests and ODE:gs, it is possible for the transition to be undefined, e.g., for tests:

o if o € [Q]

not defined otherwise

o ifo e [Q]

not defined otherwise

[(?@)]o = { Q)]s = {

In this case, the player responsible for the action loses. Labels, along with some actions whose
only role is to restrict tree structure, have no impact on state, corresponding to the identity trans-
formation. The set G of such actions is {g, 5, I, t, ¢, g%, s¢, 4, v¢}.

A path is executed by inductively applying the actions: |a -t|, = [t]|q,. We syntactically

compare paths and trees per the reachable states resulting from gameplay, ignoring structural
differences, by erasing the nodes that have no impact on state. This lets us formalize how
subgame suffixes preserve reachable states, but not structure. The action projection operator 7m_g
returns the path with all labels and actions belonging to & removed (Appendix[B.6.6, Def.[B.8).
For paths p; and ps, if 7_g(p1) = m-s(p2), then |p1 |, = |p2|s = |7=s(p1) |+ T-g is Overloaded
to apply to game trees. For game tree ¢, m_g (%) is a game tree where all paths have only actions
that can impact state, produced by applying 7_g to every path in £. Two trees result in the same
reachable states (even if their structure differs) if their projections are the same. We can now
show the defining property of game suffixes.
Lemma 6.1 (Game Suffixes are Operational Gameplay Suffixes). For subgame .3 in overall
game a, let the game suffix be a:cy,.. Let o be some state. The states reachable from playing
a:c such that o is reached at subgame 1. at some point during the gameplay are the same as the
states reachable from playing «:qu,. starting in o. That is,

{m-s(s) : p-b-seT(u,d"),|plo =0 and 7_g(s) # ()} = m-e(T (ccu, 7)),

where () is the empty path.

In Lemmal6. 1] the left-hand side considers all paths in the original game that contain b. These
must be of the form p-b-s where p is a prefix of b and s is a suffix. A suffix set is built by collecting
the projection of all such suffixes, ignoring sequences that are empty after applying m_s. The
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quantity on the right-hand side is the projection of the game tree of the subgame suffix at state o.
Suffix «:ay,. captures all remaining plays occurring after any occurrence of /5 while playing «q,
ignoring the impactless actions of &.

6.4.3 Game Prefix

The complementary concept of a game prefix computes what contexts a subgame can be seen
in. For example, it will help to show that Angel, while following a subvalue map, only reaches
a subgame within the region from which she can win the rest of the game (Section[6.5). The
prefix of subgame b in the game «:«v, written a:cvy, features all behaviors of game « that can
happen before an occurrence of subgame b within «:««. Constructed analogously to the game
suffix (Appendix[B.6.8] Def.[B.10)), it satisfies an analogous property (Lemmal6.2)).

Lemma 6.2 (Execution Prefixes are Original Gameplay Prefixes). For subgame (3 in ««, for
any initial state o, the states reachable at .3 while playing «:« are equal to those reachable by
playing game prefix a.ay,. That is, prefix set {m_g(p) : p-b-s € T(«c,0)} is equal, under
prefix closure, to prefix game tree - (T (c:vp, o) I}

6.5 Subvalue Maps

We define subvalue maps, discuss their interpretation as policies, and these policies’ properties.

6.5.1 Subvalue Map Definition

Def.[6.2] characterizes a subvalue map. Each subgame maps to a formula that must logically
imply the winning region for playing the rest of the game starting at that subgame. The exact
winning region starting from a subgame is defined as the winning region for the game suffix. A
special end subgame additionally stores the terminal condition that the policy induced by the
subvalue map tries to reach. Mathematically, when Angel is playing the overall game «:«v with
winning condition S(end), her winning region at the point when she is about to play subgame
13 to achieve S(end) overall is («:ap,) S(end).

Definition 6.2 (Subvalue maps). A map S from the subgames of game «:« and special subgame
end to formulas is an Angelic subvalue map of «:a when |= S(b) — (way,.)S(end) for every
subgame - in subgames(««). Dually, S is a Demonic subvalue map for game «:« when
= S(B8) — [« S(end) for every subgame /5 in subgames(a:«).

Interpretation as policy. Angelic subvalue maps provide Angel with a policy that describes
how to play the game. For example, the map in Fig.[6.1] says that Angel at her choice U should
not transition to (v := v + a)* when ¢ is false, and not transition to v := v — 1; a := % when
¢s is false. Intuitively, at any subgame where Angel has a choice (e.g. Fig.[6.1] at U), the next

“The prefix closure is required to recover tree structure. Unlike with the suffix construction, the prefix set builder

collects only parent subgames of -5 and not all predecessors. Expanding the prefix closure results in the condition:
{n_s(t) : p-b-se€T(ea,o)andp =1t -u} = 1-g(T (caup, o))
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subgame that she chooses to run (e.g., left branch (v := v + a)*) should be such that the current
state o satisfies the winning subregion for that subsequent subgame (e.g., ¢ = ¢¢). This next
subgame to run after the current one ends is called the successor (Def.[6.3)).

Definition 6.3 (Successor). The successor of subgame ©:5 within the overall game ««, written
succ(b, ), is defined as follows. If ««v is 15 then succ(b, ««) is the special subgame end.
Otherwise, if «:« has structure:

a(g7y; d:0) then
succ(b, aa) = dd b € subgames(y-y) and succ(b, sy) = end
succ(b, wa)) = succ(b, gry) otherwise if b € subgames(s-y)
succ(b, a:ar) = succ(b, :0) otherwise
a:(gy)" or a:(gy)™ then
{succ( , Q) = b € subgames(y-y) and succ(b, ¢-y) = end
succ(b, war) = succ( g7y) otherwise if b € subgames(sy)

(b, ) = succ(b, gy) b € subgames(yy)
(b, ) = succ(b, d:0)  otherwise

(1:(_(/:")/ U (/:5) or SuccC
then
(/:(//:’)/ N (/:(S) SuccC

Using the successor definition, Def.[6.4] shows how in general, Angel can interpret the sub-
value map as a (nondeterministic) policy indicating what control decisions are safe to take to
eventually win based on the current stateﬂ
Definition 6.4 (Policy Interpretation). Policy interpretation function P, (S) transforms an An-
gelic subvalue map S for game «:« to a nondeterministic policy function that maps current state o
and subgame /3 to the set of acceptable control actions Angel can take. P, (5)(b, o) is defined
as below. When the current subgame /.5 has structure:

({Lx} o= S(d)AS(g)
{1} elseifo = S5(d)
{t} elseifo E S(g)
L0 otherwise
{s,g} o= S(g) A S(succ(b, wa))
{g} elseifo = S(g)
{s} else if o = S(succ(b, w:x))
L0 otherwise
ba = xthen {(z :=e) | o(x — e) = S(succ(b, u))}
{a’ = f(z) & Q} then {(z' = f(x) & Q QL) : t >0,Vs € [0,t],¢(s) E Q and
o(t) E S(succ(b, war)) where ¢ : [0,t] — S is differentiable,
o(0) = 7, and Vs € [0,1], o(s) =2’ = f(x) A Q}

The successor is not just the next label to occur in the game suffix. This is because the successor should not be
a child of the current subgame. It should only start when the current subgame ends.

/):((/:5 U y/:’y) then

b: ((/:’)/) * then

76



Relationship with strategies. We have focused on policies which provide local answers for
what action to play next. Strategies, on the other hand, are global gameplay solutions. The
Angelic strategy at a given initial state corresponds to a game tree at that state that has been
pruned so that at every subgame where Angel has to take a decision, she takes exactly one
decision. Thus, a strategy plans out all the future moves of its player for all potential actions
of the opponent for all parts of the game at once. Viewing policies from the lens of strategies
is useful for understanding the global behaviors that a policy induces, and will be relevant in
Section[6.5.2]and Section[6.5.3] The set of strategies that Angel can play for the game «:cv while
following the policy of a subvalue map S starting in a state o is written as S,,(S5)(c). The
construction is shown in Appendix[B.6.6, Def.[B.7| The intuition is to generate the game tree
while restricting Angel to play per the policy. When the policy has multiple options at a given
Angelic decision point, S, (5)(o) has different strategies for each way to proceed. When the
policy is deterministic, the set contains a single strategy.

Winning games. Subvalue maps induce policies that are suitable to play games with compati-
ble winning conditions, i.e., winning conditions that contain the terminal subregion of the policy
that end maps to (Def.[6.5).

Definition 6.5 (Compatible winning conditions). An Angelic subvalue map S for game .« is
said to be compatible with Angel winning condition ¢ when |= S(end) — ¢. Dually, a Demonic
subvalue map S for game «:«v is compatible with Demon winning condition ¢ when |= S(end) —
0.

If Angel plays a game for a compatible winning condition per a policy induced by an Angelic
subvalue map, she always remains in a state where there exists a way for her to win the remaining
game (Theorem|6.1]at the end of this section). However, the policy she needs to play to win might
not lie within the subvalue map.

For example, in Fig.[6.1] at Angel choice U, consider the subvalue map in the figure except
that ¢ is L instead of x > 0 A (v > 0 V a > 0). This is still an Angelic subvalue map. If we
arrive at ¢g in state 0 = {z = 0,v = 0, a = 0}, then Angel can win by choosing the left branch
guarded by ¢g, but will lose if she chooses the right branch. The policy induced by the map at
this point does not let Angel into the losing play of choosing the right branch. However it does
not let her choose the left branch either since o £ L. Its returned action set is (). Angel is stuck.
This motivates the definition of an inductive subvalue map (Section[6.6), where not only does
the policy keep Angel in a state where she has a way to win, but this victory can be achieved by
continuing to follow the subvalue map policy.

We next formulate within dGL the formalism to say for all ways to play the policy of the
subvalue map (Section[6.5.3)) up to any subgame, there exists a way to continue to play within
the subvalue map (Section|6.5.2)).

6.5.2 Existential Subvalue Map Projection

The existential projection of game «:oc onto Angelic subvalue map S, written «« 3.5, is the game
that can be won exactly when there exists a way for Angel to win «:av while restricted to stay
within the (nondeterministic) policy of S. Projection changes the game so that Angel is put on
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rails, limited to the policy induced by S while taking every decision, and is forced to manifest
what she must do to win while playing within the policy.

Lemma 6.3 (Existential projection correspondence). For any Angelic subvalue map S for game
wav and compatible winning condition ¢, in initial state o |= («) ¢, Angel has a winning strategy
for the game «:a3S if and only if Angel can win («) ¢ while following the policy of S. That is,
o b= (ca3S) 6 iff S.a(S) (o) # D,

Def.[6.6] defines existential projection by inserting Angelic tests to guard every Angelic deci-
sion that would make Angel lose if her choice would result in playing into the subsequent sub-
game in a state outside that subgame’s winning subregion. For example, in Fig.[6.1] the subvalue
map says that ¢, is the winning subregion of the subgame that is played after subgame 3.a := .
The projection of the subvalue map onto subgame 3 is a := *; 7¢o, thus locally ensuring that
Angel makes a correct assignment to a that will let Angel win the rest of the game. When Angel
has no decisions to take, e.g., ¢y N d:0 where Demon chooses between ¢y and -0, projection does
not interfere, only recursively adding guards for any Angelic decisions within subgames  and 9.
During recursive calls, we sometimes have to update the end subvalue to reflect the appropriate
terminal condition for the subgame under consideration. Notation S(end — @) refers to S with
the subvalue of end updated to Q.

Definition 6.6 (Existential projection). The existential projection of dGL game «:«v onto Angelic
subvalue map .S, written «:«7.9, is generated recursively from the structure of «:cv as follows. If
a:ce has structure:

ax = *then z := *; 75(end). «(gyUdd) then (7S(g); ¢yISHU(?S(d); ¢:63S)
a:(gy)" then (75(g); (¢v7(S(end = S(a)))))"; 75 (end)
a(gry; d:0) then (¢y3(S(end — S(d)))) ; (¢:035)
a(gy M dd) then gy3IS N ddFS  a(yy)™ then (g:fyﬁ (S(end — S(a))))
aof{x’ =f(x) & Q} then {2’ = f(z) & Q}; 7S(end)
atomic and not controlled by Angel, i.e.,

ac{r:=cr:=®7Q,'Q,{z = f(z) & Q}?}, then a

X

where game labels are preserved and fresh labels are used for newly introduced subgames. The
existential projection of a Demonic subvalue map is symmetric (Appendix[B.6.4)), with the addi-
tion of Demonic assertions after subgames controlled by Demon.

Remark 3. «a3S is an Angelic refinement of «c, that is, for any winning condition 1, |=
(ea3S) 1 — (a)9 (LemmaB.2). Intuitively, if Angel has a winning strategy within S, she
can win with the same strategy in the unconstrained game.

6.5.3 Universal Subvalue Map Projection

The universal projection, written «:ce Y S, explores a subvalue map maximally flexibly by making
Demon play Angel’s policy in Angelic subvalue map S to look for loopholes. It changes the game
to put Demon on rails forcing him to play within Angel’s .S, as he looks for any strategy in the
policy that falsifies Angel’s winning condition.
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Lemma 6.4 (Universal projection correspondence). For any Angelic subvalue map S for game
wq, in initial state o = («) a, for compatible winning condition ¢, Angel has a winning strategy
forthe game «:«v Y S if and only if all ways to pursue the policy of S for game .« that complete the
game end in Angel’s winning region. That is, o = (e« YV S) ¢ iff all elements of set S,..(S)(0)
are Angel winning strategies.

Def. defines universal projection by replacing all Angelic games (U, x := *,a*, {7/ =
f(z)&Q}) by their dual Demonic games and inserting Demonic tests to ensure Demon plays
these decisions within Angel’s control envelope. Like in projection, control choices that were al-
ready Demon’s remain unguarded. Eq. (6.3]) shows universal projection for the example subvalue
map and game in Fig.[6.1]

Definition 6.7 (Universal projection). The universal projection of Angelic subvalue map S onto
dGL game «:«v, written a:a Y S, is generated recursively per the structure of «:«v as follows. If ««
has structure:

ax =%, thenx := ®; 1S(end). «(gy;dd), then (¢ Y (S(end — S(d)))) ; (¢0YS).
a(gyUdd), then (15(g); oy Y S)N(IS(d); a0 ¥ S).
()", then (15(9); (s Y (S(end = S(a)))))” ; 15(end).
a(gy N dd), then (47 Y S)N (407 S).  a(gy)™, then (¢y Y S(end — S(a)))™.
o{a’ = f(z) & Q}, then {2’ = f(x) & Q}?; 1S(end).

atomic and not controlled by Angel, i.e.,
ac{r=er:=®,70,'Q,{2 = f(z) & Q}'}, then a.

where game labels are preserved (including for Angel-controlled subgames transformed to their
Demon-controlled equivalent) and fresh labels are used for newly introduced subgames. The
universal projection of a Demonic subvalue map is symmetric (see Appendix[B.6.3).

We can now show the defining property of subvalue maps.
Theorem 6.1 (Subvalue Map stays in Winning Region). Suppose S is an Angelic subvalue map
for game e compatible with winning condition ¢, i.e., for every subgame b € subgames(«.«),
= S(b) — (o) S(end) and |= S(end) — ¢. Upon starting in any state o € [S(a)], and
reaching subgame b by following any strategy induced by the subvalue map S, there exists a win-
ning strategy for Angel to win the remainder of the game. That is, S(a) = ((ca ¥ S)p) (caw.) @.

As discussed in Section[6.5.1] the property of Theorem[6.1] is critical but not alone strong
enough, since it does not guarantee that following the policy will ensure Angel wins. The prop-
erty it maintains is only that Angel always continues to have some winning strategy ({«:a.) ¢),
not that such a strategy is within the policy ((«:a3Sy.) ¢). Angel might get stuck without a valid
choice permitted by the map S. The inductive subvalue map introduced next prevents this situa-
tion, disqualifying subvalue maps where Angel gets stuck.

6.6 Inductive Subvalue Maps

To correct for the shortcoming of subvalue maps by preventing players from getting stuck, we
introduce inductive subvalue maps. Notation «:av |= S indicates S is an inductive subvalue map
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for game «:. Theorem[6.2] shows the characteristic property of an inductive subvalue map: its
policy always keeps the player in a region where the player can win the rest of the game by
following the subvalue map policy.
Theorem 6.2 (Inductive subvalue map ensures winning actions). Suppose S is an inductive An-
gelic subvalue map for game ..« and compatible with winning condition ¢, i.e., v = S and
S(end) = ¢. Upon starting in any state o = S(a), and reaching subgame b by following any
strategy induced by the subvalue map S, there is a way for Angel to win by continuing to follow
S. That is, S(CL) ): <((/:Oé Y S);l,) <((1:Oé%|S)b;> ¢

It is possible to characterize an inductive subvalue map using recursive conditions expressed
via dGL formulas (Def.[6.8)).
Definition 6.8 (Inductive subvalue maps). Let S be a map from the subgames of «:c to winning
subregions. S is an inductive Angelic subvalue map for game ««, written «:v |= S, when the
following holds. If «:a has structure:

u:(,(/:’y U (/:5) then ): S(a S(g) V S(d) and gy ): S and 70 ’: S.
(l:((/:’)/ N (/:5) then ): S(a S(g) AN S(d) and gy ): S and 70 ): S.
u:(,r/:’}/; z/:(S) then ): S S(g) and gy ): S(end — S(d)) and 0 }: S.

(

(

(/:(g:’y)* then ): S( <u:0&%|S> S(end) and gy ): S(end — S(a))

a(gy)™ then = S(a) — S(g) A S(end) and ¢y = S(end — S(a)).
atomic, i.e., o €{xr == e, 1 := %, 1 := ®,70Q,!Q,{z' = f(z) & Q},
{2/ = f(z) & Q}} then |= S(a) — () S(end).

Symmetric conditions characterize when S is an inductive Demonic subvalue map for game a:«v
(Appendix[B.6.7).

Example 6.3. Consider again the Angelic choice in Fig.[6.1] To establish S = 8:(6:(v := a)* U
5(v:=wv—1; a:=x)), Def.[6.8] first checks that if S(8) (i.e., ¢3) holds then either Angel can
win by choosing to run subgame 6 (when ¢4 holds) or subgame 5 (when ¢5 holds). It then also
recursively ensures that after going to subgame 5 or 6, S continues to provide a valid Angelic
strategy (6:(v :=v+a)* E Sand 5(v:=v—1;a:=%) E9).

We discuss the subtle loop cases of Def.[6.8] For Demonic loop validity «(s)* = 3, the

following conditions should hold.

1. = S(a) — S(end),and |= S(a) — (7)S(a),i.e. S(a)is an invariant that holds inductively
and implies the postcondition. Inductiveness condition = S(a) — (v)S(a) does not
appear in Def.[6.8) because it is already implied by later conditions = S(a) — S(g) and
g7y }: S(Gnd — S(a))

2. gy E S(end — S(a)), i.e. the subvalue map for the loop body ensures finishing within
the safe invariant. Using instead the more liberal condition ¢y |= S to finish the loop body
within the postcondition is unsound: Demon can choose to repeat the loop indefinitely,
so Angel must play to remain within the inductive region. Alternative condition ¢y =
S(end — S(g)) is also unsound since then S(g) is merely inductive and does not have to
imply reaching desired postcondition S(end).

3. E S(a) — S(g). In case Demon chooses to run the loop, Angel is guaranteed to not
get stuck while playing the loop body in winning subregion S(g), so overall loop winning
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subregion S(a) should not exceed S(g). On the other hand, S(g) can be weaker than S(a)
as it can be one loop iteration away from implying S(end), while S(a) must already imply
S(end).

For Angelic loop validity «(¢)* = S, the following conditions must hold.

l. = S(a) = («a3S) S(end), i.e., Angelic loop invariant S(a) ensures that there is a well-
founded strategy to exit while staying within the control envelope. Angel should not get
stuck in a state where her only option is playing the loop forever. Using instead the more
liberal condition = S(a) — («) S(end) is not enough, since Angel can get stuck in a state
where there is a way to exit the loop but only when going outside the subvalue map (see
Appendix|B.2.1).

2. ¢y = S(end — S(a)), i.e., the subvalue map for the loop body ensures that after play-
ing the loop body, there is still a well-founded exit strategy within the subvalue map
(S(a)). Using condition ¢y = S(end+— S(g)V S(end)) instead is unsound as then
S(g) is merely inductive and does not have to imply an exit strategy to reach postcondition

S(end) (see Appendix[B.2.2).

Theorem[6.3] below proves that all inductive subvalue maps are subvalue maps, indicating
that the validity conditions compose to produce correct Angel and Demon winning subregions.
Thus, while following an inductive subvalue map, the player will never reach a state from which
it cannot win (Theorem@. Additionally, Theorem@ at the start of this section shows that
following the policy induced by an inductive subvalue map ensures that the agent will never
reach a state where it is stuck. In combination, these mean that starting in a suitable initial state,
while following an inductive subvalue map, a player cannot lose.

Theorem 6.3 (Inductive subvalue maps are subvalue maps). For dGL game «.«, if S is an induc-
tive Angelic subvalue map («o |= S), then it is also an Angelic subvalue map for «q, i.e., for
every subgame -3 in subgames(«a), = S(b) — (woy.)S(end). Dually, if S is an inductive
Demonic subvalue map for aq, then S is a Demonic subvalue map for a:q.

Def.[6.9] shows how an inductive subvalue map can capture strategies to win a dGL game
from every state in the theoretical maximal winning region, indicating that Def. 6.2 is sufficiently
liberal. It sets subvalues via modal dGL formulas. The winning subregion for the overall game
is maximal.

Definition 6.9 (Model predictive subvalue map). For the game «:a and win condition ¢, the
model predictive Angelic subvalue map {end — ¢} U Uycsungames(aa) 10+ (ww:) ¢} maps
every subgame b of «:«v to the optimal winning regions of its game suffix. Dually, the model
predictive Demonic subvalue map is {end — ¢} U Uycqubgames(ay 10 — [0}

Example 6.4. For the game of Fig.[p.1] the model predictive Angelic subvalue map maps sub-
game 5 to ({2/ = v}?; a) z > 0, which per the semantics of dGL, precisely means the condition
under which Angel can win by reaching her assigned winning conditions after playing the re-
mainder of the game {7/ = v}¢; a.

Remark 4. Model Predictive Control (MPC) [34, |54, [135] is a well-known controller design
principle that uses a mathematical model to predict controller behavior and back-computes the
control conditions that respect the desired system constraints. Def.[6.9] extends this construction
to hybrid games logic. Game suffix («:qy,.)¢ serves as an exact model of future game behavior
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after subgame lﬂ

Next, Section defines a natural, symbolic execution based framework to synthesize sub-
value maps that generate policy decisions in polynomial time. Then, Def.[6.10] provides a partial
ordering on inductive subvalue maps where more permissive maps are better, and Theorem[6.5]
shows that Def.[6.9]is a maximally permissive inductive subvalue map.

6.7 Synthesis Framework for Inductive Subvalue Map with
Efficient Checks

To check whether a given control decision lies within the policy of a subvalue map, Def.[6.4]
checks whether the resulting state is within a subvalue (e.g., for (40 U ¢-y), the policy checks
o = S(d) and o |= S(g)). This section synthesizes inductive subvalue maps where state checks
are efficient, for quick responses in real systems. In the model predictive solution from the previ-
ous section (Def., such checking is not efficient because of subvalues that are dGL formulas,
for which checking is undecidable [121]]. In this section we restrict subvalues to formulas con-
sisting of equations/inequalities of real polynomials along with propositional logic connectives
(A, V,—, etc.) but no quantifiers or modalities, henceforth, propositional real arithmetic formu-
las (Pr). For these, checking the truth value at a state takes polynomial time. Given a dGL game
and winning condition in Py, this section synthesizes inductive subvalue maps where subvalues
are in Pg.

Synthesizing such a map is challenging because the subvalues must remain mutually compat-

ible, indicating only the winning regions achievable while following the other subvalues. That is,
they must follow the inductive subvalue map conditions Def.[6.8] where there are circular depen-
dencies between subvalues. Consider, for example, the case of Demonic loop «:(4y)*. Subvalue
S(a) must imply S(g), but S(g) depends on S(a) via condition ¢y = S(end — S(a)). In par-
ticular, starting from the optimal subvalue map construction (Def.[6.9) and changing individual
dGL formulas to under-approximations in Pr would not alone work because cyclically interde-
pendent soundness conditions would need to be reestablished. 1. We address the challenge of
interdependent conditions by isolating their effect with a hybrid games analog of loop invariants.
2. To soundly lower formulas to Pr while maintaining permissiveness, we use a predicate trans-
former based approach that given a subgame and winning condition in Pr computes subvalues
in Pg. This lets us present a backwards symbolic execution [8, 40] based algorithmic framework
to compute inductive subvalue maps with subvalues in Pg.
Remark 5. Weakest precondition calculi [40] generate weak preconditions. To reason about
loops, they generally check loop invariants, and rely on external loop invariant generation. Analo-
gously, our framework generates permissive subvalues. To reason about loops, it provides checks
for invariants of Angel and Demon loop subvalue maps. 1t is parametric in the generation of
such invariants.

We define predicate transformers over subgames such that given a postcondition in Pr, they
output a subvalue in Py to recursively produce an entire subvalue map with subvalues in Pg.

%Though unlike standard MPC, as we are computing maximal control sets, there is no optimization step to
identify the best control solution within the set.
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The transformers for the loop-free fragment of dGL are derived from a closely related definition
in Chapter[3] [70], which we discuss later in this section. For loops, our framework uses the
approach of heuristically generating invariant candidates and checking their correctness, which
has worked well for hybrid systems [125] [142]]. We characterize the necessary and sufficient
conditions for a sound invariant (for Angel loops, = Inv — («a75)¢, for Demon loops, =
Inv — S(g) A ¢). The framework generates invariant candidate Inv (details in (Section),
computes the subvalue map of the loop body, and then checks whether the invariant and loop
body map are compatibl Proposed invariants must be in Prg.

Algorithm[2] puts together the predicate transformers to define a recursive solving function
(map(«a, ¢) that computes an inductive Angelic subvalue map with winning regions in Pg
for game «« that is compatible with winning condition ¢ € Pg. Operator & computes the
disjoint union of subvalue maps. S \ end indicates the subvalue map S with the mapping for
end removed. Such deletion is sometimes necessary to ensure that two maps to which we apply
the disjoint union operator are genuinely disjoint. The algorithm is parametrized on invariant
candidate generation function genlnv. [Jmap similarly computes an inductive Demonic subvalue

map (Appendix[B.6.9).

Algorithm 2 Inductive subvalue map synthesis framework

1: function map(««, ¢) > Parametric Input: genlnv
2 Se < {end — ¢};

3 ifoac{r:=cx:=x1:=0170,0Q,{2 = f(2)&Q}, {2’ = f(x)&Q}¢} then

4 return {a — simpl({(a)¢)} W S,

5: else if « = «:(yy U 20) then

6 S1 = map(s7y, ¢); Sz < map(id, ¢);

7 return S; W (S \ end) W {a — Si(g) vV Sa(d)}

8 else if o = (l:(_(/:’}/ N (/:(5) then

9: S1 < (map(yy, ¢); Sa < (map(id, ¢);

10: return S; W (S \ end) W {a — Si(g) A Sa(d)}

11: else if o« = «:(yy; 2:0) then

12: Sy = (map(dd, ¢); Sy + (map(yy, S1(d));

13: return S; W (S \ end) W {a — S3(g)}

14: elseif o = (l:(_t/:’}/)* then

15: while true do

16: Inv < geninv({(4y)*)®); S < (map(sy, Inv Vv ¢)

17: if = Inv — (¢:a7S)¢ then return (S \ end) W {a — Inv} W S,
18: else o = (l:((/:’}/)><

19: while true do

20: Inv < geninv({(sy)*)9); S < (map(sy, Inv)

21: if = Inv — S(g) A ¢ then return (S \ end) W {a — Inv} W S,

(map recursively computes the subvalue for each subgame. The terminal winning subregion

"Checking Angel loop invariants (= Inv — (:a7.S)¢) can be difficult to automate using traditional variant
generation techniques. We use refinement based proofs in practice (Appendix(B.4.5).
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S(end) is always set to the target winning condition ¢. In the atomic cases, there is only one
subgame, and thus only one additional subvalue to compute. Here, the predicate transformer
sets the subvalue per dGL winning region semantics (e.g., for ¢z := e, the winning subregion
is (z := e)¢). But (a)¢ is a modal dGL formula which needs to be further simplified to a Pg
formula (in this case, to ¢(x +— e), i.e., the formula ¢ € Py with every occurrence of variable
x substituted by e). This simplification is written as simpl({c)¢). Chapter[5and Appendix[A.]]
[70] show how to implement simpff|

While simpl({«)¢) usually computes an exact expression in Pg, this is sometimes not possi-
ble for subgames with complicated ODEs. In such situations, a conservative, sound approxima-
tion is made such that = simpl({a)¢) — (a)¢, i.e. the simplified expression is true only in the
states where the original expression was true. Theorem|[6.4] shows that the solving framework is
robust to such conservative approximations, producing inductive subvalue maps despite them. In
the compositional cases, e.g., «:(¢y U ¢:d), {map first computes the subvalues of the composing
subgames (in this case S; for ¢y and S for ¢:0), and then the subvalue for the outer subgame
(in the case, S(g) V S(d)). For the loop cases, {map generates invariants until it finds one that
passes the check.

Fig. shows an example of computing a subvalue map using (map. As before, label ¢

denotes the subgame with winning subregion ¢;. At the top level, subgame 1 is a Demon loop.
For this structure, after setting ¢eng, in second step Guess ¢, {map guesses invariant Inv using
a refinement heuristic (discussed in Section[6.7.1]), computing answer z > 0 A (v > 0V a > 0).
This invariant is used to recursively compute an inductive Angelic subvalue map for the loop
body consisting of subgame 9. A final Check step ensures that = ) — ¢9 A x > 0, i.e.,
the invariant is compatible with the inner subvalue map so Angel won’t get stuck regardless of
whether Demon runs the loop or exits.
Theorem 6.4 (Sound solving). S := (map(««, ¢) is an inductive Angelic subvalue map for
game ca (e« |= S) with all subvalues in Pgr, compatible with Angel winning condition ¢ € Pr.
Dually, S := [[map(«c, ¢) is an inductive Demonic subvalue map with all subvalues in Pg,
compatible with Demon winning condition ¢.

6.7.1 Invariant Generation

The subvalue map synthesis framework of Algorithm[2] provides the conditions to check if a
candidate formula is a sound invariant. Any combination of invariant generation heuristics [70,
125) 1142] can be used to generate candidate invariants. To solve for games where no other
techniques apply, we propose a game rewriting framework. This framework uses a library of
case-based syntactic transformations to rewrite loop game a* or o™ as a simpler game [ that
emulates aspects of its behavior. Then, if § is loop-free, simpl({3)¢) becomes an invariant
guess, otherwise other invariant generation heuristics are tried on 5. Checks in Algorithm[2]
Line[I7]and Line21] recover soundness.

For example, the step Guess ¢, in Fig.[6.1] shows a rewrite when computing an invariant of
the outer loop (¢1). The rewritten game (on the second line) emulates inner loop (v := v + a)*

8The function reduce((a) ¢, A) (Appendix|A.1)) produces a Pr formula that is equivalent to () ¢ under as-
sumption formula A. simpl({«) ¢) is reduce({a) ¢, T).

84



by letting Angel decide in advance how many loop iterations to run and assign her decision
freely to new variable n. Then, setting v := v + an conservatively estimates the effect of
running the loop [n] times (when n is fractional, v ends up smaller, and thus conservatively
less favorable to Angel than after [n] loop iterations). The rewrite also eliminates the outer
loop using a generalized form of one-shot refinement (Chapter[5] [70]) where running the ODE
emulates the worst case behavior of multiple loop iterations. In general, different rewrite rules
are tried heuristically based on the shape of a problem until an answer is found. New rewrite
rules can be added to the library as needed. Appendix[B.4.4] shows the rewrite rules that solve
the problems of Section[6.10]

6.8 Maximal Solution

For a given game and winning condition, there are many possible correct inductive subvalue
maps. Most useful are the more permissive subvalue maps that allow as many control actions
as possible. More permissive subvalue maps leave more control options open, permitting more
space to optimize for secondary goals when identifying a concrete, specialized controller within
the envelope. We formalize subvalue map permissiveness with a partial ordering where more
permissive subvalue maps are greater than less permissive subvalue maps.

A natural candidate for ordering the subvalue maps of game «:.cv would be to say that S'is at
least as permissive as S’ (S 2 S’) when for each subgame b in subgames(«.«), every state in
subregion S'(b) is also within subregion S(b), i.e., = S'(b) — S(b), so that S(b) locally permits
the agent to play into subgame b in all the states that S’(b) does. However, this ordering fails to
order cases like the following. Let S’ set the winning region for the overall game to be empty
(S’(a) = L), meaning that Angel is never allowed to play at all. For any other inductive subvalue
map .S, a good ordering should indicate that S 3 S’ since S cannot possibly be less permissive,
but the proposed naive ordering does not. The winning subregion for some later subgame b # «a
can be such that the check |= S’(b) — S(b) fails (see Appendix[B.1]for details). An improved
ordering makes the following modified check for every subgame b. S 3 S’ when, amongst
the states that are reachable at subgame b while playing per subvalue map S’, every state that
is in subregion S’(b) should also be within subregion S(b). To express this logically, we first
characterize the states that are reachable at subgame b while playing per subvalue map .S’.

The game prefix (Def.[B.10) of subgame b in the game «:cx, written v, features all possible
behaviors that can happen before an occurrence of subgame b within «:«. To characterize all the
states reachable at subgame b while following the policy induced by S’, we use the universal
projection of S” onto the game prefix (w:c;,) ¥ S'. Def.[6.10|compares the winning subregions of
S and S’ after running the projected game to filter out unreachable states.

Definition 6.10 (Permissiveness ordering). For two inductive Angelic subvalue maps S and 5’
for the game «:r, S is at least as good as S’, written S O ', iff for each subgame b of «q,
= (woy ¥ S")(S'(b) — S(b)) and = (Y S) (S’(end) — S(end)). Dually, for inductive
Demonic subvalue maps, S J S’ iff for subgame b of «, = [(w:ap)[]Y S'](S’(b) — S(b)) and
= [eafly S'](S'(end) — S(end)).

Remark 6. For every game and winning condition combination, the model predictive subvalue
map (Def.[6.9) is a maximally permissive solution (Theorem[6.5). As Def.[6.9] always con-
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structs an optimal subvalue map, it optimally solves the dGL control envelope synthesis problem,
achieving completeness for symbolic hybrid games synthesis (when modal, dGL subvalues are
permitted).

Theorem 6.5 (Maximal inductive subvalue map). Amongst the inductive Angelic subvalue maps
for game «.cv compatible with winning condition ¢, the model predictive Angelic map given by
Def. is maximal under the ordering of Def. That is, for all S such that «:a |= S, model
predictive Angelic subvalue map S’ satisfies S’ 23 S. Dually, the model predictive Demonic
subvalue map (Def.[6.9) is maximal amongst inductive Demonic subvalue maps per the ordering

of Def6.10

6.8.1 Recovering Solution Optimality

When constructing subvalue maps where subvalues must be in Pg, Algorithm[2]is not guaranteed
to construct an optimal subvalue map. This section describes a retrospective check that can be
used to test whether the synthesis procedure failed to produce a maximally permissive envelope,
indicating that more aggressive synthesis/invariant generation is required for more permissive-
ness. First, use Algorithm[2]to independently construct strategies for Angel and Demon for the
same game «:v. Let Sy be the computed Angelic subvalue map for winning condition ¢ and S
be a Demonic subvalue map for the opposite objective —¢. Cross-checking these subvalue maps
can recover whether they are optimal, capturing all possible ways for their players to win. If for
each subgame b, Sp(b) v Sy (b) is valid, then intuitively, Sy(b) and Spj(b) together cover every
possible state, identifying it either as one where Angel has a winning strategy or where Demon
does. Further weakening S, (b) would violate consistency (i.e., it is never possible for both Angel
and Demon to Winﬂ So Sy (b) must be a maximally permissive, optimal Angel winning region,
and Sy, an optimal Angelic subvalue map.

6.9 Relationship to Runtime Monitoring

A runtime monitor (constructed similarly to existing work on monitoring dL [99] and construc-
tive dGL [20]]) raises an alarm or intervenes to enforce a correct fallback when gameplay deviates
from the control envelope. It is possible to model the use of a subvalue map as a runtime monitor
in a single dGL formula. For an Angelic subvalue map, this monitored game is constructed by
1. giving Demon control over Angelic decisions while restricting him to play per the subvalue
map (like in universal projection) to mimic an unverified controller that plays unreliably while
being forced to stay within the control envelope by a runtime monitor and 2. ensuring before
each such monitored subgame that the subvalue map allows some control action using Angelic
tests. Eq. shows the monitored game for the running example. The monitored game for dGL
game «« and Angelic subvalue map S, written «:a%.5, is generated recursively per the structure
of «:cv as follows. If «:cv has structure:

ax = *, then ?(Jz S(end)); z := ®; 1S (end).

This is analogous to how in -/ pruning [81]], if MIN’s action results in a position where MAX wins, then that
action cannot be part of MIN’s strategy.
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a(g7y; d6), then gy4S(end — S(d)); ¢:04S.
a(gy U o), then 7(S(g) vV S(d)); ((15(g); ov5S)N(LS(d); 4:64S)) .
a(g7y)*, then 7S(a); (1S(g); ¢v4S(end — S(a)); 7S(a))” ; 1S(end).
a(gry N dd), then (¢7%S) N (4:0%S).  a(gy)™, then (¢y4S(end — S(a)))™.
{2’ = f(x) & Q}, then ?(a) S(end); {2’ = f(x) & Q}*; !S(end).
i

atomic and not controlled by Demon, i.e.,

ac{r:=cx:=®,70Q,'Q, {2 = f(r) & Q}*}, then .

Monitoring a Demonic subvalue map is symmetric (see Appendix[B.6.5). Every inductive sub-
value map S is a sound runtime monitor, i.e., = S(a) — («:a%S) S(end) (Theorem|D.1]).

6.10 Evaluation

To test the generality and flexibility of our approach, we demonstrate it on examples from classic
control theory problem classes (event-triggered control, reach-avoid problems, nonlinear con-
trol, infinite horizon switching). We compare to CESAR (Chapter[5] [70]), which synthesizes
symbolic control envelopes as well, but for hybrid systems with a fixed, time-triggered tem-
plate. NYCS [13] is a tool that can synthesize control envelopes for hybrid games (expressed
via hybrid automata), but does not solve parametrically for symbolic constraintﬂ We compare
performance.

CESAR and NYCS cannot solve the new examples, each of which displays different prob-
lem features, demonstrating the greater generality of our approach, which solves them within a
few minutes (Fig.[6.3a). We also evaluate our approach on the CESAR benchmark suite (Ap-
pendix[A.3] [70]). Our implementation’s performance is similar to CESAR despite the signifi-
cantly greater generality (Fig.[6.3b)). To compare to NYCS, we procedurally generate 25 instan-
tiations of a reach-avoid problem. The implementation finds control envelopes for 17 of them,
timing out for the rest, while NYCS solves all of them, suggesting potential for future optimiza-
tions for this problem class.

The experiments were run on a 32GB RAM M2 MacBook Pro. The implementation uses
Pegasus [142], CESAR (Chapter[5] [70]), and additional rewriting heuristics for invariant gen-
eration. It uses Mathematica for simplification and quantifier elimination. Our examples favor
interesting control challenges over dynamic complexity to avoid the computer algebra bottle-
neck, which is an avenue for future research. Appendix[B.4.3| provides dGL formulas for all the
new examples.

Event-triggered ETCS (Model[9)) is an example of an event-triggered control problem, in
contrast with the time-triggered control handled by Chapter[5] [70]. In time-triggered control,
the controller repeatedly polls with some maximum time latency. In event-triggered control, the
controller is instead triggered at events, when specific conditions are met. Identifying what these

190Qur problems have symbolic parameters that can represent any real number, e.g., in event-triggered ETCS
(Model[9), A, B and T. We generate an envelope that is parametric in these symbols, equivalent to making uncount-
ably infinitely many calls to NYCS corresponding to every possible parameter value assignment. Such parametricity
is crucial in some applications (e.g., when parameters are unknown statically and only identified at runtime [S1]).
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(a) Summary of new examples. Appendix discusses them.

Benchmark | Ours | CESAR | NYCS | Problem Type
Event ETCS 23s 00 oo | Event-triggered control
Infinite Track 233s o0 oo | Infinite horizon
switching
Surgical Robot [83]] 168s 00 oo | Nonlinear control
Highway Driving [94] O1s 00 oo | Time-triggered control
with adversarial agent
Reach-avoid Robot 21s 00 oo | Reach-avoid problem
Tool | Success | Failure
Benchmark | Ours | CESAR | NYCS
Ours 17 8
ETCS Train 12s 15s 00 NYCS 25 0
Sled 64s 64s 00 CESAR 0 25
Intersection 104s 104s 00
Curvebot 11s | 112s % - B
Parachute 113s 123s 00 L P N
Corridor 40s 40s 00 i S~
Power Station 56s 56s 00 - b
Coolant 311s 312s 00
(c) Setup and outcome of the quadcopter
(b) Running time comparison on the CESAR benchmark reach-avoid problem with procedurally
suite (Appendix [[70D). generated obstacle placement.

Figure 6.3: Benchmark summaries and results.

events are that should trigger controller intervention is a part of the synthesis challenge. Our
example problem (Model[9) translates the ETCS Train benchmark of the CESAR benchmark
suite from the time-triggered to the event-triggered paradigm. It describes a train controller that
must stop the train by point e, and has the choice to either accelerate or to brake. Line[3|shows the
plant which Angel (emulating the controller) chooses how long to run. The synthesized subvalue
map indicates when Angel must stop continuous evolution to enforce braking, characterizing the
event at which to trigger the controller. Modeling an event-triggered system as a game is subtle:
the controller has the ability to choose how long to run the plant, and should not be permitted
to win by interrupting infinitely often and inducing Zeno behavior. dGL’s flexibility allows a
correct encoding using nested loops and time progress assertions.

Surgical Robot shows an example of nonlinear control (Model[I9). It expresses the core
control challenge in a case study [83] modeling force feedback in surgical robots. The objective
is to dampen the force applied by the surgeon to ensure that a surgical tool stays within bounding
planes called virtual fixtures. The damping factor ¢ (Line[3) that we synthesize for can be any
nonnegative real number, implying infinitely many control possibilities.

Highway Driving (Model[22)) expresses the core control challenge of a case study [94] where
on a highway, a controlled car must follow the car ahead at a safe distance. The car ahead can
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behave adversarially by braking suddenly. Reach-avoid Robot (Model[21)) demonstrates an ex-
ample of envelope synthesis for reach-avoid problems, where an agent must reach an objective
while avoiding unsafe situations. Infinite Track (Model[20) is an example of infinite horizon
switching. To remain safe for arbitrarily long time, the controlled vehicle must keep switching
directions at the right moments, and make infinitely many switches. Appendix[B.4.1] discusses
these examples further, and Appendix[B.4.3|lists the models. The synthesized control envelopes
for Infinite Track, Surgical Robot, and Reach-avoid Robot are maximally permissive. The en-
velopes for Highway Driving and Event-triggered ETCS are not maximally permissive because
of the rewrite heuristics used.

To compare the algorithm to NYCS, we procedurally generate instantiations of quadcopter,
replacing symbolic parameters with concrete numbers, to create a reach-avoid challenge. Each
instantiation describes a scenario like in Fig.[6.3¢] where a quadcopter must reach a target safe
area while avoiding obstacles placed randomly in the environment. The quadcopter constantly
moves forward and can choose to either move upwards or downwards, but cannot revise its
decision, once made, for one second. The objective is to find a control envelope showing from
which points the quadcopter has a way to reach the target safe zone while avoiding the obstacles.
The implementation finds control envelopes for 17 problems. The other 8 problems time out after
20 minutes. CESAR cannot solve any of these problems because they do not fit its template.
NYCS, with its polytope representation and optimizations for this problem class, solves all of
the problems. Appendix[B.4.2] provides further details.

6.11 Related Work

Subvalue maps represent nondeterministic policies for hybrid games in a way that is compo-
sitional at the level of imperative program constructs such as loops and branches. They can
be verified/synthesized leveraging program analysis techniques like loop invariants, making it
possible to answer control envelope synthesis questions that no previous work solves.
* Program logics like game logic and dGL express games as imperative programs with An-
gelic and Demonic nondeterminism [111} (114} [121]. Their semantics compositionally
define when there exists a way to win a game, but not when a given policy wins.

* Refinement [[16}105]], Hoare logic [95]], Differential Floyd-Hoare logic [61]], and construc-
tive proof [20] based approaches soundly construct deterministic policies (i.e., programs
with Angelic nondeterminism fully resolved) but do not study maximal sets of solutions.

Model 9 Event-triggered ETCS

assume|1 A>0AB>0AT>0—(
choice | 2 (t::0; ((a:=AUa:=-B);

X
plant|s {p=v,v'=at' =1&e—p>0})"; 2t > 1> yTrue
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They do not have a direct representation of nondeterministic policies from which to derive
sets of permissible control actions, or a formal comparison of permissiveness of such poli-
cies, both of which are crucial parts of the permissive policy synthesis problem that we
solve.

* A line of research solves games specified by hybrid automata with objectives expressed
in logics like LTL [[13} 141} 163} 1154} [166]]. Our approach targets specifications at a higher
level of abstraction, where the game has imperative programming constructs like loops
and branches. Compositionality is also at the level of these constructs, and the theoretical
development required is different (e.g., the subtle Angel loop case in Def.[6.8)).

* Traditional game theory [139,[156], and reinforcement learning [145] have recursive solv-
ing techniques and representations of nondeterministic policies (value functions in RL and
value tables in tabular games [10, 146, [147]). But these works operate at a different level
of abstraction than our imperative program-like hybrid games. Also, our work is symbolic
rather than numeric, and creates envelopes parametric in the symbolic parameters of the
input game. Finally, our subvalue maps are logically formalized, suitable for computerized
verification and formally justified synthesis.

* Compositional game theory [1,|57] also has a compositional representation of nondeter-
ministic policies but also operates at a different level of abstraction, solving not hybrid
games but abstract games with sequential and parallel composition.

* Compared to safe set and barrier function approaches [4,16,133,135,197, 130, [144]], we again
solve for the higher level of abstraction of dGL, with program structures such as loops, as
well as the adversarial dynamics of games.

* Our control envelopes are also conceptually different from permissive strategies [15]. A
permissive strategy typically needs to ensure the player wins, but a control envelope just
needs to ensure that the player remains in states from where a winning strategy exists.

6.12 Conclusion

We introduce a generalized symbolic control envelope synthesis approach for hybrid games.
Such envelopes identify what control action is safe to take when. We represent the envelopes
using inductive subvalue maps and provide an algorithmic framework to generate them. Our
approach allows the expression and synthesis of a variety of control problems. The approach
should generalize for non-dGL Markovian games, where the policy depends only on state and
not the history of previous moves, which is an avenue for future research.

An artifact is available [[77]]. This artifact contains:

1. A version of KeYmaera X extended with implementations of our synthesis framework, and

of the CESAR algorithm from Chapter[3]

2. KeYmaera X Specification files for the examples introduced by this chapter.
3. NYCS specifications for the quadcopter instances.

4. Instructions to set up and run the code.
A limitation that arises in the chapter is the bottleneck of computer algebra, and the require-
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ment to identify good rewrite heuristics to cover new problem classes. The next chapter addresses
these challenges by leveraging large language models as a general heuristic for generating invari-
ants.
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Chapter 7

Automatic Synthesis

Chapter|f] introduced a framework for synthesizing symbolic control envelopes for differential
game logic games. It implemented the framework by symbolic execution which relied on ex-
pensive computer algebra operations such as quantifier elimination. For performance, it used a
library of rewrite rules for different problem types. This chapter increases scalability: it reduces
dependence on expensive computer algebra operations and eliminates the need for case-by-case
heuristics by using large language models (LLMs). It also introduces the ability to focus on a
specific class of solutions, which often, in real-world applications, results in a sufficiently useful
control envelope while making the synthesis process more efficient. In this chapter, the user
provides the game and describes their desired solution informally, and our tool computes the
corresponding verified control envelope.

7.1 Overview

As before, we represent nondeterministic policies as subvalue maps. Once the LLM guesses a
policy (subvalue map), we can verify if it is correct (non-losing, never stuck) by checking some
dGL formulas identified by Chapter[6] For example, in the subvalue map of Fig.[7.1] to check
that the subvalue of the loop, ¢iny, is correct, we make sure ¢iny — Psate /\ ¢ holds, that is, Angel
won’t lose regardless of whether Demon continues the loop or not. If he ends the loop, Angel will
win into ¢gafe, and if he repeats the loop, Angel will still win because ¢, holds, which inductively
tells us that she has a winning strategy from the start of the loop body x := . While this check
was simple (no modalities), for other subgames, checks can involve modal dGL formulas, for
which we use the verification tool of Sectiond.4l

For synthesis, the same five case studies as in Chapter[d] are used for evaluation (Model[6]
Model25] Model23] Model[26] and Model24] listed in Appendix[C.2) but with some initial as-
sumptions missing (it will be the task of the synthesis pipeline to come up with all conditions
necessary to make a strategy succeed). Additionally, each is associated with an informal natural
language description of which of the many possible control solutions to synthesize (listed in Ap-
pendix[C.2). Given the example of Model[f] (illustrated by Fig.[7.1)) and a request to synthesize
the solution that sets the system to an equilibrium point as soon as possible, our tool automati-
cally identifies the corresponding subvalue map. It computes that Angel must pick x_add and
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1. Input: 2. Synthesized subvalue map (some subgames unexpanded)
I. dGL Game: Model[f] (An-

gel freely chooses x_add and l X “mv‘ lend “safe‘

y-add, and wins if she keeps
populations x and y above the ;0
minimum thresholds).

’ plant dequ

l,u

2. Desired Solution (Informal):

“Set the system to its equilib- o) ’ctrl tine 4 pequ- ‘
rium point.”
o) 5 D

3. Control policy derived from sub-

value map lx,add =% ¢ H ?x_add > 0 ¢, ‘ ly,add =% ¢, [|?y.add >0 ¢ ‘
In state o: where
1. Atsubgame x_add := %, x := Poonst =a >0ANb>0Ad>0Ag >0,
e permitted iff o(x > e) = | Ppre = Tmd < g Aymb < a,
. Psafe = X > Tmn AY 2> Ymn,
Pequ = deonst A\ Ppre A dx = g A by = a,
2. Atsubgamey.-add :=*y 1= | ¢ = doonst A deate A dpre Adx < gAby <aAx>0Ay >0,
e permitted iff o(y — €) = | gequi = dhoonst A dpre Ad - (x + x_add) = g Ab- (y + y-add) = a,

Py- Gy* = equ+ A y-add > 0,
where o (¢ > e) is the state obtained by | ¢, = ¢onst A ppre A d - (x + x-add) = g Aby < a,
updating o to map variable ¢ to value e. | ¢+ = ¢, A x_add > 0,

bx = Pconst N\ Ppre Ndx < g Aby < a.

ctrl lineE]and plant refer to the corresponding parts of Model@ and end is the special node representing the end of the game. @gafe is the same
correct control condition from Model@ that is, x > mn Ay > ymn. The other formulas are synthesized by the pipeline.

Figure 7.1: Example of envelope synthesis shown on Model@

y_add such that x + x_add = g/d and y + y_add = a/b, and that this policy only works when,
initially, x < g/d, y < a/b, g/d > xyn, and a/b > Y.

7.2 Pipeline Description

Weakest precondition calculus for normal programs [40]] starts at the end of the game and works
backwards, requiring loop invariant guesses and retrospective checks at loops. Similarly, our
pipeline executes the precondition calculus for subvalue maps (Chapter[6) on the game back-
wards from end to start, computing subvalues as preconditions. Some subgames, such as simple
assignments, are easy to symbolically execute. Computing the precondition of others: loops,
continuous dynamics, and nondeterministic choices, is expensive or undecidable in general. For
these, the LLLM is prompted to guess subvalue map entries which encode Angel’s winning strat-
egy. A retrospective check using Z3 [39] when possible and KeYmaera X when necessary re-
covers soundness. Fig.[7.2] shows the synthesis pipeline.

Initially, the LLM analyzes the game, identifying player actions and control modes, and
comes up with a detailed strategy for Angel based on the informal guideline provided by the
user. The strategy is expressed as a sequence of steps that Angel will take, stored to provide
context in later steps. In the main subvalue map computation phase, the Next Subvalue step goes
backwards to the next unprocessed subgame, and either symbolically computes the subvalue if
it is easy, or prompts the LLM to guess it otherwise. In the latter case, the subvalue is checked
using Z3 or KeYmaera X with existing, LLM-free automation. Guesses and their outcomes are
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LLM
D Queries | Analyze Game
» * Whatdecisions does Angel make?
*+ What decisions does Demon make? Next Subvalue J
* What are the control modes? If next subgame is “hard” (Loop | Check ~/
free assignment | ODE): succeeded?
l analysis + © teedback ‘
. . — | Propose subvalue ‘ I
input Plan Control Strategies hlStOfx + Quantifer and modality Z3or Decide Next
formula | | © What assumptions hold initially? — free formula KeYmaera X
+ What sequence of control actions — N - (partial) Move
. . L does Angel take? Elseif subgame easy: e - » Backtrack to previous
guideline Compute subvalue. subvalue| Verification | try | © (10 "0
Else if all subgames solved: map Pipe[ine pl’OOf « Try tactic proof
Return Success I
backtrack

Figure 7.2: Synthesis Pipeline. Appendix shows prompts.

Configuration | Solved | Pass@1 | Avg Cost ($) | Avg Calls | Avg Output (k Tokens)
Baseline 0/5 — — — —

Ablation 2/5 10.40+£0.24| 0.80+0.06 | 19.5+2.5 76 +7

Full Pipeline 4/5 [0.80+0.20| 2.19+0.73 | 41.0+-10.0 203+ 67

Table 7.1: Synthesis results across configurations. Solved indicates the number of case studies
where at least one run succeeded. Pass@ [ is the mean, over case studies, of the empirical success
rate of a single tool attempt (each attempt having four parallel threads of the pipeline) 4 standard
error across case studies. Cost, calls, and output tokens are averaged only over successful runs
=+ standard error. Output token counts are reported in thousands. The ablation disables LLM-
assisted proving and custom backtracking.

stored to provide context for future guesseﬂ

If the check succeeds, the pipeline continues to the next unprocessed subgame. Otherwise,
there are two possible recovery strategies, that the LLM chooses between. If the lemma was
too complicated to verify using existing automation, it should try using the automatic theorem
proving system from Sectiond.4] Otherwise, the subvalue may be genuinely incorrect. The
incorrectness may lie at the current subgame, or result from a bad earlier subvalue guess that
makes the current subgame unsolvable (e.g., a non-inductive loop invariant causing problems in
the loop body subvalues). The LLM should choose to backtrack to the subgame where the bad
guess was made, and subvalue computation resumes from there.

The interactive theorem proving sub-system used in this pipeline has a modification relative
to the one described in Chapter[d] There is an additional step at the end of every verification loop
iteration where the LLM can decide whether the goal it was trying to prove was simply invalid,
and it should escape the proof attempt and backtrack to guess a different subvalue.
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. Chem. Reaction | Coolant Train Lotka-Volterra | Van der Pol
Configuration
Succ. Cost Succ. | Cost | Succ. | Cost | Succ. Cost Succ. | Cost
Ablation 1/1 0.86 01| — | 01| — | 0/1 — 1/1 | 0.74
Full Pipeline | 2/2 0.75 02 | — | 2/2 |5.35]| 2/2 1.90 22 | 0.75

Table 7.2: Per-benchmark synthesis results. Succ.: successful runs out of total runs. Cost:
average dollar cost of successful runs.

7.3 Outcomes

We apply the synthesis pipeline to all five case studies, using GPT-5 (default reasoning) to make
all LLM calls. The implementation and experiments (LLM responses cached and re-playable) are
available online at https://doi.org/10.1184/R1/32248389 [74]. Each experimental
run of the tool consists of four parallel runs of the pipeline of Fig.[7.2] that terminate when any
one of them succeeds, or when they collectively run out of a nine hundred thousand output token
budget. Table[7.1]summarizes the results of our experiments. A case study is solved when one of
the runs of the synthesis tool produces a correct subvalue map. For each benchmark, we perform
two runs of the tool (each run consisting of four parallel threads running the synthesis pipeline).
In addition, we perform an ablation experiment where we do not allow the LLM to perform
interactive theorem proving or backtracking to the subgame of its choosing. In this variant, the
LLM must rely only on KeYmaera X’s automation to check the guessed subvalues and on a
depth-first search strategy for backtracking on subvalue guesses.

As a baseline, we compare to the tool from Chapter[6] which is the only one general enough to
synthesize control envelopes for the problems of this chapter. The tool’s existing template-based
case-by-case heuristics and exact symbolic execution are not yet general or scalable enough to
solve any of the five case studies (although it is possible that the tool could succeed if extended
with the right custom heuristics on a case-by-case basis).

In contrast, the LLM-powered pipeline is very general, free of the need for case-by-case
encoding of heuristics, and solves four out of five case studies. Further, the pipeline is able to
account for the one-sentence informal guidelines describing the desired control solutions, shown
in Appendix|C.2.1] that are part of the input problem. This ability is useful in practice because
control engineers often know what kind of solution they are looking for at an informal level, but
getting the exact mathematical details right can be challenging. A control envelope that focuses
on all the solutions in a specific class of interest (rather than as many solutions as possible, some
of which are ultimately not useful in light of the secondary control objectives) can be desirable
because it avoids carrying unnecessary arithmetic complexity, making it easier to understand
and use downstream. For example, simpler expressions would be more efficient to check when
monitoring a control system at runtime for compliance with the envelope. The control envelope
is not formally guaranteed to match the informal description (it is not clear what such a guarantee
would mean given the ambiguity of natural language), but the synthesized map is guaranteed to

IControl flow is more complicated for the special case of loops, where the loop invariant is guessed first, then
the subvalue map of the loop body is computed assuming the invariant holds at the end of the body, and finally the
loop invariant is retrospectively checked for inductiveness given the computed subvalue map of the body.
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be a correct (non-losing, never stuck) control solution of the game. In practice, in our experiments
the synthesized control envelopes do match the informally described solutions.

In the ablation, without the LLM-assisted proving, only two out of the five benchmarks are
solved. The lower average cost/number of calls for successful benchmarks in the ablation is
explained by only simpler problems being solved and contributing to the average. Table|/.2
shows the per-benchmark outcomes.

The synthesis pipeline failed only on the Coolant problem. The coolant has a subtle loop
invariant (subvalue corresponding to the main loop) that is easy to get wrong (and hard to prove
right). The LLLM did reach nearly-correct loop invariants, dove into the loop body and generated
subvalues (differential invariants) for the dynamics, decided to prove that its inner choice of
subvalue was correct with an interactive proof since an automatic proof would generally fail,
only to ultimately fail the final loop correctness check because the original loop invariant was
missing something. It backtracked to make adjustments to the invariant, and got stuck in a series
of expensive failed proof attempts. In the ablation experiment, the inability to do LLM-assisted
tactical proofs became a bottleneck, since for benchmark problems Train and Lotka-Volterra, the
nonlinear dynamics led to proof obligations that would be hard to discharge without tactics.

7.4 Discussion

Notice that in solving the benchmark Model[23] we have come full-circle by effectively synthe-
sizing the conservative train control envelope (Model[I|in Chapter[3) automatically. Synthesizing
the more complex solutions later in Chapter[3]is beyond the current abilities of the pipeline, but
remains an interesting avenue for future work.

7.4.1 Agentic Approach

The pipeline described in this chapter restricts the LLM to a strictly structured sequence of steps.
Within these steps, the LLM has the flexibility to decide on the direction of problem solving, for
example, by deciding where to backtrack to and when to give up on an interactive proof attempt.
What would it look like to take this flexibility to its extreme and give the LLM maximal freedom
in guiding the synthesis process? This would be an agentic approach, where an LLLM agent, given
only an input game and envelope verification tool, would be tasked to come up with a control
envelope that the tool verifies as correct. Such an approach would be of practical importance
because it would benefit from the improvement in LLM agents that industry is pursuing today,
and it would also be easy to use for practitioners who already have access to an LLM agent.

We develop an envelope verification tool that enables this agentic approach, available online
[67]]. Structured much like the pipeline of Fig.[7.2] it is based on the theory of Chapter[f] The
tool takes in an envelope file that contains a game and maps its subgames to formulas. The tool
then verifies that they form an inductive subvalue map (Def.[6.8) using KeYmaera X and Z3.
Envelope files can also optionally include helper tactics marked as helping specific steps in the
verification process go through. If the envelope file fails verification, the tool provides feedback
such as where the verification failed and what the prover output was. An LLM agent can then
be tasked with coming up with an envelope file that the tool verifies as correct. In preliminary
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experiments, we found that, given a game similar to Model[23] with the addition of slope and
curve as in Chapter[3] the OpenAl codex agent using GPT-5.4 was able to use the tool to come
up with the conservative train control envelope in that chapter. Further investigation of the costs
and benefits of the agentic approach is another avenue for future work.

7.4.2 Conclusion

This concludes the second part of the dissertation, on automatic synthesis of control envelopes
given the shape of the control problem. The remaining bottleneck for control envelope design
becomes how to come up with this shape, the hybrid game specifying the control possibilities, in
the first place. This is the subject of Chapter[8]
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Chapter 8

Autoformalization

Previous chapters have shown how to synthesize control envelopes once the shape of the control
problem has been formalized as a hybrid game. A final challenge that remains is coming up with
the right hybrid game in the first place.

In fact, in general, writing a formal model of reliable cyber-physical systems (CPSs) is a
bottleneck preventing broader industry adoption [[137]. Unlike program verification, where a
mathematically meaningful object to verify already exists in the form of a program, for CPSs,
we must first create a formal model of the physical system and environment. This process is
notoriously difficult, time-consuming, and error-prone.

Can large language models (LLMs) help autoformalize physical systems? They have shown
autoformalization abilities for mathematics [89, 162]] and CPS contracts [30, [110]. This chap-
ter presents an initial, experiment-focused exploration of the ability of LLMs to autoformalize
the underlying physics problems, faithfully preserving their exact continuous dynamics and dis-
crete transitions in differential game logic (Chapter[2][121]). We propose 20 benchmarks derived
from hard undergraduate kinematics problems [66} 90, 96]. We find that, supported by few-shot
prompting and parser feedback, OpenAl 03 has a top-5 accuracy of 70% (success rate on select-
ing the best out of 5 attempts per benchmark). The main cause of failure is checker limitations
for the most complex problems.

Our benchmarks and pipeline are available as an online artifact at https://doi.org/
10.1184/R1/28934195. Evaluating autoformalization of a physical system is challenging
because every problem has many valid formal representations, and conversely, models can be
incorrect for many subtle reasons. To automatically assess the semantic proximity of generated
formal models to the original physics problem, we provide a checker that:

1. performs symbolic execution over the generated formal model, examining whether the ex-

pected symbolic solution to the original physics problem is recovered.

2. ensures the model is not in stasis by requiring that a minimum number of variables are

mutated, indicating they are subject to physical effects.
Recovering the expected solution to the original natural language problem is a strong indication
that the formalization models the problem correctly, though the checker may sometimes reject

answers that are in principle correct but missed some implicit assumptions that the original solu-
tion made.
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Autoformalization of physical models can have tremendous impact on reliable autonomy.
Unlike in mathematics, validating a hypothesized CPS formalization is possible with compar-
isons between real measurements and predicted measurements during test runs [99]. Easy for-
malization would allow every modular component to be modeled formally, with all assumptions
explicit. Verification could lead to safer systems and synthesis could make control system design
easier while ensuring no edge cases are missed relative to the formal model.

8.1 Overview

This section explains by example what the process of autoformalizing a physics problem in-
volves. Consider the following physics question [66, problem 1.2], which will serve as a running
example:

“A point traversed half the distance with a velocity vy. The remaining part of the
distance was covered with velocity v; for half the time, and with velocity v, for the
other half of the time. Find the mean velocity of the point averaged over the whole
time of motion.”

. 13 2
Solution: “vayg = otttz

2v9+v1+v2

The physical motion described here is hybrid, with continuous dynamics (motion at velocity
vg, v1, and finally vy) as well as discrete transitions (changing velocity under specified con-
ditions). Additionally, there are non-trivial conditions describing when the discrete transitions
happen. We seek to symbolically model this motion formally.

We use hybrid games [63, [153] to express the control problems. Like in the rest of this
thesis, we use the logic formalization of hybrid games [[121] (as opposed to the automaton-based
formalization [63]). This may be beneficial because it is closer to code, which LL.Ms have been
more exposed to and fine-tuned for. Model[I0] shows an example of a dGL hybrid game which
formalizes the running example.

Model 10 Running Example: Finding Mean Velocity

setup |1 (2 :=0; dyayg :=0;
phase 0|2 {2’ =wo,djag = Vag} ; dn:=1;
phase 1|3 t:=0; {2’ = v1, digyg = vavg, t' = 1} ;
phase 2 | 4 ty=t; {a' = U, yayg = Vavg; U’ = 1}
transitions | s 7t = 2t,; 7z = 2d,
winwhen |6 ) dvag =2

In this game, a player (canonically called Angel) runs physical dynamics per the problem
specification, moving the point’s position z with velocity v, in phase 0 on Line[2] with velocity
vy in phase 1 on Line[3] and with velocity v, in phase 2 on Line[d] Angel is forced to transition
between phases under the exact conditions specified by the problem because of fests (assertions)
on Line[5] These assertions use auxiliary variables t;, to keep track of the time elapsed in phase 1,
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t to keep track of time elapsed in phase 1 and phase 2 combined, and d}, to keep track of half the
distance covered. On Line[5 test 7z = 2d), ensures that the first phase transition occurred when
half the distance was covered. The test 7t = 2t; ensures that the second transition happened at
half the total run time of phases 1 and 2. If Angel fails either test condition, she immediately
loses the game.

Notice that there is a variable vayq representing average velocity, and Line[f] says that An-
gel will win the game only if va,g Was correct, as checked using auxiliary variable dyayg, Which
tracks the displacement covered by a particle traveling at vayg through all phases. The value that
vavg must hold for Angel to win matches the solution to the original problem, vayg = %
In this example, there happens to be no adversarial dynamics (Angel is the only player making
decisions). However, in problems with adversarial nondeterminism such as unpredictable en-
vironmental factors or controller latency, a second, symmetric, adversarial player (canonically
called Demon) models the situation by resolving nondeterminism with the goal to make Angel
lose. Adversarial dynamics are also useful for optimization problems, e.g., “choose the launch
angle that minimizes drift”, which can be modeled as Angel and Demon competing to find this
angle.

Having formalized the problem as a dGL hybrid game, we next describe how symbolic exe-
cution enables a check for whether the model aligns with the natural language question. For the
fragment of dGL where most of the chosen benchmark problems lie (loop-free, polynomial so-
lutions), symbolic execution is decidable and Chapter[5|describes how to perform it. Backwards
symbolic execution over a game lets us compute the conditions under which Angel (or dually,
Demon) can win the game. For example, symbolic execution of the subgame (Linedvavg =z
at the end of Model evaluates to v = dyayg At = 2t, A x = 2d;, which is precisely the weakest
precondition starting from which Angel passes the tests of Line[5] and ends the game in a state
where she wins. Consider the precondition ¢ of Line[I| computed in this way. Angel should be
able to win the game exactly when v, is set to the correct solution, i.e., Vayg = % o.
Such a check is implemented using Z3 and Mathematica.

Observe that even a minor modeling mistake can result in this check failing. In fact, sym-
bolically executing Model[I0] reveals that it is actually equivalent to T. It suffers from a subtle
exploit where Angel can always run each phase for O time, in which case xay = * = 0 regard-
less of what v,yg is set to. The problem is that the model lets Angel choose the distance that
the particle will travel, as her choice at Line determines the value of half-distance d},, which in
turn determines the distance that phases 1 and 2 must cover. The fix is simple: the assignment
dy, := x on Line2]should be turned to a test ?d;, = x. The automated check was able to catch this
difference and is a strong signal of correctness, especially in combination with manual review.
The automated checker has a second test to ensure the system is not in stasis, ruling out empty
games that exploit the symbolic execution test by setting the win condition directly to the desired
solution. For this example, the second test checks via static analysis that at least two variables
are written to, since any reasonable model will at least modify the variables representing the
particle’s position and time. The checker is provided with the minimum number of variables that
must be written to and the expected solution for every benchmark problem.

Finally, we see the benefit of formal modeling when the model with Line[2] corrected is still
not equivalent to the expected solution. The problem is that the textbook solution is correct only
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under some unstated assumptions: distance d is non-zero, velocity vy is positive, and vy + vy is
also positive. Finally, Model[TT| makes these assumptions. Under the assumptions of Model[I1]
Line the modal formula from Model Line to Line is equivalent to M In unver-
: . : . votuitua

ified or informal physics, subtle modeling glitches are widespread. As a human, it is easy to
neglect a measure zero case like d;, = 0 during an intermediate calculation, but formalization

forces this case to be explicit.

Model 11 Repaired Model: Finding Mean Velocity
assum2 |1 (d, >0Awvg > 0Av +v2>0) >
setup |2 (2 :=0; dyayg :=0;
phase 0 | 3 {x/ = v, d(,avg = Uavg} oy =
phase 1 |4 t:=0; {x’:vl,d(,avgzvavg,t’zl} :
phase 2 | s tpi=t; {a' = V2, dyayg = Vavg, t' = 1}

transitions |6 7t = 2t,; 7z = 2d,
winwhen|7 ) dyag =2

This example begins to demonstrate why formalizing a hybrid physical problem is not a
simple translation task. Introducing the right auxiliary variables, absent in the specification, is
often necessary for a clean, tractable formalization. All the pieces of the model must fit together
precisely, e.g., even making a weak inequality strict can transform a correct model into one
admitting no runs [149]. Correctness requires careful attention to the subtleties of the problem
specification, e.g., benchmark problem 10 (available in the online artifact [[73]) has one variable
representing a displacement and another, representing a distance. The former is a signed number
while the latter must be modeled as non-negative. Models must prune mathematically degenerate
cases using background knowledge of the physical world, e.g., by eliminating imaginary roots
of polynomials computing real quantities. Additionally, there are many ways to model the same
problem, and the right choice of coordinate system or frame of motion can be crucial to writing
a model for which symbolic reasoning is tractable.

Given the complexity of the task, it is unclear whether LLMs can succeed at all, making a
careful evaluation necessary. We create a benchmark suite drawing from textbooks and problem
sets [66, 90, 96], choosing tricky problems with varying structures to systematically identify the
strengths and weaknesses of LLMs on autoformalization.

8.2 Methodology

The autoformalization system, shown by Fig.[8.1] takes as input the natural language specifi-
cation of the physical problem to model, and produces either a correct dGL formalization or a
failure (no formalization found that passed the checker). It uses two types of LLM queries: one
is Propose Formalization, and the second one is Revise Formalization. The artifact [73] shows
all the prompt templates used.
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The autoformalization system first queries the LLM to propose the formalization using the
Propose Formalization query, providing up to four solved examples as part of the prompt. It
provides an LLLM with the natural language description of the problem and asks it to produce
a dGL formula, including in the prompt common dGL syntax mistakes and their remedies. An
example of a problem description the prompt would use based on the running example is

“An object A starts from rest and travels a distance d. For the first half of the distance,
it travels with velocity v0. For the second half of the distance, it spends half the time
traveling with velocity vl and half the time traveling with velocity v2. Another
object B tracks A. Its motion has the same duration, starting, and ending points as
A, but it travels with uniform velocity vavg. Let vavg remain a free variable.”
The prompt also includes up to four solved examples. The returned formal model is passed to
the KeYmaera X dGL parser for a syntax check.

Process parser output into

P
a KeYmaera X Parser arsera feedback string,

E
Feedback fror Store (formalization, feedback)

if Parsing
Successful
Natural LLM: Propose LLM: Revise Formalization
é : . . .
Language Formalization Given Feedback
Specification v
Correct dGL
Check Successful Formalization
Expected . .
Solution Semantic Checking
Check Failed a Incorrect
Formalization

Figure 8.1: Autoformalization pipeline

If the syntax check fails, then the parser output is processed into short feedback strings. An
example of a parser feedback string is
“The input formula contains an unsupported Unicode character (possibly
{bad_char}). Use only ASCII characters.”
Where bad_char is a parameter extracted from parser output. The incorrect formalization along
with the feedback is then appended to a list of previous failed formalization attempts.

The LLM is prompted to repair the formalization given past attempts and feedback using
the Revise Formalization query. The prompt first provides up to two examples of repair. Then
it provides the natural language question, and finally past incorrect proposals along with the
feedback indicating why these proposals were wrong. The LLM replies with a new, repaired
dGL game, which is again passed to the parser for checking. This syntactic repair loop is allowed
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to run at most three times, after which autoformalization fails. A full implementation, along with
examples, is available in the online artifact [73]].

If the syntax check succeeds, then the dGL formula is passed on to the semantic evaluation
system. This system takes as input the expected symbolic solution to the problem along with the
proposed dGL formula. For our running example, the expected solution consists of the formula
Vavg = %, to test against for equivalence, and minimum expected number of variables
that are written to, 2. If the checker finds that the dGL formula is equivalent to the expected
solution under the initial assumptions of the formula and has enough variable writes, then it
declares that the formalization is acceptable. The pipeline is implemented using Delphyne [87]]
and KeYmaera X [[52], which in turn uses Z3 [39] and Mathematica.

8.3 Related Work

Given a natural language description, formal physics models are generally written manually.
Prior work has studied the use of structured natural language to perform formalization by rule-
based transformations [28, [109], but this limits flexibility in input specification. Recent progress
in NLP (LLMs) raises the prospect of automating formalization directly from unstructured natu-
ral language.

The use of LLMs for autoformalizing mathematics has received significant research attention
[89, 162]], including for purely continuous systems with partial differential equation [42, 65].
Recent work also uses LLMs to synthesize contracts for cyber-physical systems [30, 107, [110].
However, we focus on LLM-based autoformalization for physics models of hybrid systems, with
discrete transitions and continuous dynamics faithfully represented, which to the best of our
knowledge has not yet been studied. Compared to general mathematics and LTL specifications,
we expect this domain to be more data-scarce, with few examples of differential dynamic logic
system formalizations and even fewer examples of differential game logic games available on
the Internet. Additionally, we expect CPS model formalization to have a more operational flavor,
modeling physical realities required to make a system work rather than abstract concepts that can
be simplified for theoretical convenience (mathematics) or focused on only output behavior (LTL
contracts). This difference makes it worth investigating the hybrid systems modeling domain.

8.4 Evaluation

We propose 20 benchmarks derived from challenging problems in undergraduate physics text-
books and problem sets [66, 90, [96]]. The online artifact [[73] lists them. Phrasing is changed
to focus on modeling the physical situation described in the problem (rather than on solving
for a variable) and the numbers are changed to induce rational answers to avoid failures of the
automated check over numerical imprecision. Each benchmark is accompanied by an expected
symbolic solution that the model should be equivalent to and the minimum expected number of
variables that must be written to. Four additional problems, separate from the benchmarks, serve
as examples for few-shot prompting.

We run the LLM autoformalization system using OpenAl GPT 40, GPT 4.1 (best available
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Figure 8.2: Outcomes of autoformalization by GPT 40, GPT-4.1 and 03, with zero-shot and
multi-shot prompting.

OpenAl non-reasoning model) and OpenAl 03 (best available OpenAl reasoning model) on the
benchmark set, getting successively improving results. Outcomes are classified into 4 buckets:

1. Success: Correct, checker-certified formalization.
2. Failed: autoformalization failed either the syntax or semantic check.

3. Timeout: The solver timed out after 3 minutes of symbolic execution. Symbolic execu-
tion uses real quantifier elimination, which is doubly exponential [38], and can result in
timeouts.

4. Tool Failure: The solver encountered an expression that it could not automatically sym-
bolically execute (e.g., an ODE with a square root on the right-hand side).

Fig.[8.2] shows the outcome. The autoformalization system is sampled five times indepen-
dently with temperature 1, and the best outcome is reported (where tool failure and solver time-
out are considered better than failure). For each sample, the LLM is given three chances to repair
syntax if the KeYmaera X parser reported an error. We evaluate two different prompts, one using
few-shot prompting considering four examples (multi-shot) and another one without examples
(zero-shot).
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Figure 8.3: Problem outcome by model.

GPT 40 without few-shot prompting fails on every benchmark. Few-shot prompting signif-
icantly improves performance for all models. With few-shot prompting 03 has a success rate
of 70%, which is higher than GPT 4.1’s 45% and GPT 40’s 20%. Our results support that the
improvements and the introduction of reasoning LLM models significantly increase their suc-
cess rate on mathematical tasks, enabling strong performance in the autoformalization of hybrid
games.

8.5 Discussion

Fig.[8.3] shows the outcome of each problem by model. We can observe that models found the
same problems hard. There are six problems that no model solves. For these, the best per-
forming model produces a formalization that could potentially be correct but is too complex for
the checker to verify. The problems can be classified into three groups that explain where their
complexity arises from.

1. Optimization Problems: Problem 5 and 20.
2. Non-polynomial continuous dynamics: Problem 8 and 9.

3. Complicated dynamics: Problem 13 and 15.

The first category, for example, includes problem 5, which is about identifying the launch angle
of a boat that minimizes drift, modeled by adversarial Angel trying to pick a better angle than
Demon, who must set the optimal angle to win. The interplay of the two players leads to com-
binatorial branching over possible sequence of events, while continuous dynamics occur under
constraints preventing control blocking. These constraints make symbolic reasoning about the
differential equations particularly computationally expensive.

An example of the second category is problem 8, which is about drones arranged in an equi-
lateral triangle that cyclically pursue each other with constant radial velocity, collapsing inwards
in increasingly rapid revolutions, till they crash. Their dynamics, often modeled with a non-
polynomial square root expression on the right side of an ODE, cannot be handled automatically
by the tool. Problem 13 is an example from the third category. It has three phases of dynam-
ics, including one where acceleration has a continuous dependence on time. Such a differential
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equation is more expensive to symbolically evaluate, making a timeout the likely outcome.

Sometimes a problem fundamentally requires capabilities that a solver lacks, and the solver
must be extended. Other times a difficult but crucial part of formalizing problems is choosing
the right abstractions and representations that let proofs succeed. For the six failing problems,
the solution likely lies in a combination of these methods. The solver must be extended to bet-
ter automatically handle, for instance, non-polynomial dynamics by using continuous invariant
generation [142]]. Complementing this, the LLM should be guided to use tricks like polar co-
ordinates and auxiliary variables to rewrite dynamics in friendlier forms, and to also provide
checking hints such as continuous invariants.

Unsolved benchmarks provide a roadmap for improvement in both these directions. Addi-
tionally, the rapid improvement in success rate displayed by better LLM models suggests that
autoformalization of hybrid games will continue to improve with advancements in LLMs.

8.6 Conclusion

This work experimentally studies the ability of LLMs to formally model physical behavior given
a natural language specification. The results (70% success rate) are encouraging, and suggest that
CPS model autoformalization using LLMs could be an impactful direction for future research.

Beyond the broader adoption of formal methods in offline controller and control envelope de-
sign, physics autoformalization enables a new class of applications, where autonomous systems
autoformalize unfamiliar situations they face in the open world and derive formally justified con-
trol decisions to respond to them. For such applications, where the physical environment must
be formalized at runtime, the input to autoformalization would be vision and sensor data rather
than a natural language description. LLM autoformalization from such multimodal input data
provides an interesting future research direction.

With this chapter, we explore the possibility of extending the synthesis pipeline all the way
back to an informal natural language description of the control problem, asking whether the for-
mal game specification itself can be generated automatically before the envelope is synthesized
and verified. An open challenge remains recovering soundness guarantees for this step. In the
course of this exploration, interesting future research directions are revealed, which we discuss
in Chapter[9]
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Chapter 9

Conclusion

We briefly summarize the contributions of this thesis, and then discuss interesting directions for
future work.

9.1 Summary

Control envelopes are sets of control solutions. Verified control envelopes provide a path to
verifiably safe control. When developing a formally verified controller (e.g., a train control
system) one generally has to consider primary, mission-critical requirements (e.g., safety) along
with secondary or evolving requirements (e.g., smoothness of the ride). A possible approach to
synthesizing a controller that is formally correct with respect to the primary requirements is: (1)
first identify a maximal set of controllers formally verified to satisfy the primary requirement,
i.e., a verified control envelope for the requirement, and then (2) optimize within this set for
the controller choice that best meets the secondary requirements (e.g., using machine learning
(50, 1314 152]).

This thesis made symbolic verified control envelope synthesis possible for richly expressive
control system models, and developed methods to increase scalability. Given the physically
possible control possibilities and environment behavior, its techniques computed a set of control
solutions that satisfied the control contract. It introduced the first approach applicable at the
level of imperative program-like speciﬁcationﬂ enabling synthesis for richly expressive control
system models.

9.1.1 Train Control

As a concrete example of control envelopes for real-world applications, we considered a train
controller that must stay within its motion authority (stop before some stopping points) to avoid
collisions with other trains (Chapter[3][69]). The controller can freely choose some engine accel-
eration or dynamic braking, but is not able to revise its decision for some bounded time latency

I'There is envelope synthesis work in the automaton community [13]], though the input is at a different level of

abstraction (automata, not program-like logic). It is interesting future work to investigate what ideas can transfer
between the very different formalisms in the future.
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(typically on the order of seconds) after its decision. We created a control envelope that an-
swered: given the current state, what values of acceleration/braking are acceptable so that the
train has a way to always remain safe? We had to account for all the competing influences that
govern train motion. For example, uphill slope decreases velocity, which decreases resistance,
which permits a more rapid increase in velocity, slope and curve resistance effects. These com-
plex interactions illustrate why safe and efficient control envelope synthesis is hard, and why it
requires precise formal reasoning.

Our envelope was symbolic, supporting unbounded state space using variables that can repre-
sent any real number, and parametric in these variables (e.g., maximum train braking magnitude
bmax)- The control envelope captured an entire set of control solutions, so in the same state, it
allowed multiple different choices for acceleration or braking, and each choice led to a different
correct controller.

The thesis then turned to making control envelope synthesis possible, which involved an-
swering questions such as the following. Given a control system as inpuﬂ how can we represent
its control envelope, a potentially infinite control solution set, in a way that is compositional
(synthesized/verified by the synthesis/verification of its parts)? How do we define mathemat-
ically what it means for this control envelope to be correct? How can we perform automatic
synthesis? Are there ways to make the synthesis scalable? The thesis answered these questions
as summarized below.

9.1.2 Subvalue Maps

The input to the control envelope synthesis problem is a two-player game between the controller
and the environment [70, [108] (Chapter[6] [76]). This is because, intuitively, a game defines the
shape of a control problem without specifying control strategies (which must be synthesized).
The controller has some control moves, the environment adversarially resolves nondeterminism,
and the controller’s winning condition consists of meeting some critical control requirements.
Synthesizing a control envelope corresponds to identifying the nondeterministic policy indicat-
ing what plays the controller can make at each step so that it can still win the game. Input
games are represented in an imperative program-like language, differential game logic [121]],
that decomposes into subgames recursively along familiar syntactic structures: loops, sequential
composition, and branching. As a symbolic, compositional representation of a control envelope
that we can reason about recursively along the syntactic structure of the game, the thesis pro-
poses the inductive subvalue map (Chapter|[] [76]), a map from subgames to formulas that hold
exactly when it is possible to play the corresponding subgame and win. This map induces a
nondeterministic policy for the controller: to check if playing into a subgame ¢ is permitted in
a given state, we only need to check that the subvalue associated with g holds in that state. We
define a correct control envelope using recursive logical constraints on the subvalue formulas
that ensure playing per any controller in the envelope guarantees that the controller player never
gets stuck with no acceptable next action and can always continue towards winning the game
within the envelope. We identify a backward precondition calculus that derives the subvalue map

2We considered a very general class of input control problems: those that can be expressed as hybrid games, in
differential game logic [121].
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for a given differential game logic game and winning condition.

9.1.3 Scaling with LL.Ms

The precondition calculus gives us a general, formally justified symbolic control envelope syn-
thesis framework. But scalability remains an issue because of dependence on difficult subrou-
tines like quantifier elimination (doubly exponential) [38]], and invariant generation (undecidable,
infinite search space). We attack the scalability bottlenecks in three different ways (Chapter|7)).
(1) Invariant generation is performed by LLMs, leveraging their physics problem-solving abil-
ities, coupled with backtracking search. (2) Quantifier elimination and simplification are also
replaced with LLM queries, with soundness maintained by retrospective formal verification. (3)
Verification can itself become a bottleneck, for which our solution is to have the LLM use an
interactive theorem prover to break down the proof into tractable subgoals (Chapter).

9.1.4 Control Envelope Synthesis via Angelic Refinement (CESAR).

We identify another useful technique to synthesize for complicated games: refinement, or rewrit-
ing the game so that it is harder for the controller (maintaining soundness) but easier to sym-
bolically reason about. For controllers that poll repeatedly in a single loop of some maximum
time latency, we in fact identify systematic refinements via the CESAR algorithm (Chapter[5]
[70]]). We find that for controllers with action permanence (a hybrid analog of idempotence) and
dynamics with polynomial solutions, CESAR is decidable.

9.2 Future Work

Control envelopes provide a practical path towards verifiably safe autonomy. They make it pos-
sible to safeguard controllers, even those based on legacy code or machine learning, by runtime
monitoring against the verified envelope. Synthesis removes a large barrier to adoption: design-
ing envelopes in the first place. However, some barriers remain.

9.2.1 Formalizing for the Complexities of Reality.

Formalization work with a similar flavor to this thesis will let control envelopes model in-
creasingly complex real-world situations (partial observability, multiplayer coordination) with
increasing scalability (efficiency improvements to the synthesis procedure for various problem
classes, harnessing advances in Al via intersymbolic algorithms). How should we define prob-
abilistic control envelopes that assure safety with some confidence interval given a probabilistic
model of the environmental uncertainties? Extending the precondition calculus to follow the
rules of stochastic reasoning [[119] and statistics provides a path. How do we model control
envelope synthesis for multi-agent, distributed systems where each agent may be open to col-
laborating? Statically agreed-upon contracts can be synthesized by treating all the collaborative
control agents as a single controller. After carefully formalizing the answer to these questions,
how do we perform scalable synthesis for the new kinds of envelopes? Building on Chapter[7] an
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answer lies in careful algorithm design that combines the use of Al and verification (intersym-
bolic Al [[124]).

9.2.2 Control Envelope Synthesis for the Masses.

Reliable autoformalization tools can put envelopes within reach of even audiences without formal
methods expertise. Before synthesizing/verifying an envelope, one still needs a formal model of
their system (the environment, control possibilities, and the desired guarantees). Today, writing
such models is hard, a bottleneck for broader adoption of control envelopes, and more generally,
formal methods. Meanwhile, potential users often already have the relevant information in a
different form, e.g., design documents, log data, or simulation code. LLMs now show promise at
writing formal models from informal natural language descriptions (Chapter[§] [72]). If we can
use LLMs to automatically create formal models, with iterative feedback, users outside formal
methods could access verified control envelopes and use them for downstream applications. Two
flavors of challenges arise for future work: making autoformalization reliable, e.g., with formal
consistency checks and comparison to logs, and making it usable, e.g., with visual representa-
tions that help users spot errors.

9.2.3 Applications.

Initial case studies demonstrate the benefits and costs of using control envelopes, and pave a path
for future adopters. The verified train control envelope [69] provides a concrete example of a
control envelope with the complexities of real-world dynamics. Similar projects would make
control envelopes useful for other applications. Another future application is that, when fine-
tuning foundation models for robot control using reinforcement learning (RL), feedback on the
model’s control decisions should reason over unbounded time to catch a mistake now even if its
consequences won’t be seen till far in the future. Control envelopes batch-compute the solutions
for the entire control problem over infinite time once and for all, so that later checking a single
action for RL feedback is efficient.

9.2.4 Optimized Controller Extraction.

Finally, how to retrieve a controller from the synthesized symbolic envelope while optimizing
for secondary requirements is an interesting future research direction. A technical path lies in
extending work that quantitatively estimates how well states adhere to an end objective in a
dL system [99] to also handle games. Controllers that achieve high performance on secondary
requirements while still ensuring correctness would incentivize adoption in industry. Ultimately,
optimized controller extraction techniques together with the work of this thesis can help realize
the goal of deploying formally guaranteed, high-performance controllers in complex systems.
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Appendix A
CESAR (Appendix)

A.1 Reduce Operation

We define reduce after first introducing two helper functions that it requires. Function >(a, b)
attempts to simplify FOLy formula a to Pg assuming that b holds. The second helper function,
odereduce (Def.[A.)), isolates the action of reduce on differential equations. Since it is solely
continuous programs that could lead to reduce failing to produce an exact solution, the exact bit
of reduce depends on odereduce. Fig.[A.1|shows the definition of reduce, eliding the exact
bit, which is simply true if all of the odereduce calls that reduce makes are exact, and false
otherwise.

Definition A.1 (ODE reduction). Let (a) € {(®),[a]}, e {<>,—}, and A, ), and P be
formulas in quantifier-free real arithmetic. An ODE reduction oracle odereduce is a function
such that

A — (odereduce({{z' = f(2)&Q})P, A) x ({2’ = f(x)&Q})P)

is valid. When < is <+ then odereduce is exact, otherwise it is approximating.
For solvable ODEs, odereduce is implemented as an exact oracle in Eq. (A.T).
7xln = HH&Q}]Pv A) =
Vi (subst(A,t) At > 0 AVO<s<tsubst(Q,s)) — subst(P,t)
odereduce({{z] =6y, -+ 2, = 0,&Q})P, A) =
3t (subst(A, t) At > 0 AVO<s<tsubst(Q,s)) A subst(P, 1)

where subst(f,t) = f{/ 0; - dt [ z;}, t fresh, (o)) € {(a), [a]}

odereduce([{z} =0y, -

(A.1)

In the general case, Pegasus [142], a tool that automatically generates ODE invariants, can often
produce a formula satisfying the specification of odereduce. This may come at the cost of lost
precision, possibly requiring reduce to set exact to false.

Theorem A.1 (Correctness of reduce). For any loop-free dGL formula F' and assumptions A €
Pr the function odereduce either sets exact=true and the formula A — (reduce(F, A) <
F) is valid, or else it sets exact=false and the formula A — (reduce(F, A) — F) is valid.
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Let (o] € {{a), [a]}
reduce({o; B) P, A) = reduce({«])(reduce({5) P, T)), A)
reduce([a U 5] P, A) = reduce(|a] P, A) A reduce([S]P, A)
reduce((a U B)P, A) = reduce({(«) P, A) V reduce({5) P, A)
reduce((z :=e) P, A) =>(P{e/z}, A)
reduce([?f]|P,A) =v>(f — P,A) reduce((?f)P,A) =v(f AP, A)
reduce([{z’ = f(2)&Q}| P, A) = >(odereduce([z’ = f(2)&Q]P, A), T)
reduce(({z’ = f(2)&Q}) P, A) = >(odereduce(({z' = f(2)&Q}) P, A),T)
reduce([a”]P) = reduce((a)P) reduce({a?)P) = reduce([a]P)
reduce(PAQ,A) =>(PANQ,A) reduce(PVQ,A)=>(PVQ,A)
reduce(P — Q,A) =>(P — Q,A) reduce(—P,A) =>(-P,A)

Figure A.1: Definition of reduce (exact elided). Notation P{e/z} indicates P with unbound
occurrences of = replaced by expression e. odereduce isolates the effect of reduce on ODEs.
> simplifies and quantifier eliminates P assuming A.

A.2 Parachute: reduce of Non-solvable Dynamics

The parachute benchmark (Appendix|A.3.3) has non-solvable dynamics whose exact solution
involves hyperbolic functions. The differential equations are {z' = —v,v’ = —rv? + g} and
admit the solution:

{v(t) . Vg tanh (\/g/Tt + ¢1,/g\/T) 2(t) = 2 — log (cosh (\/g\/r(t + c1))) } |

\/F

This solution does not belong to the decidable fragment of arithmetic, and QE is not guaranteed
to terminate. Reduce is able to still return preconditions over this ODE by using differential
invariants generated by Pegasus.

The first call to reduce is for program [{z/ = —v, v’ = —rv?*+g,¢ = 1&v > 0Nt < T}H(z <
0V v < m). A call to Pegasus identifies the first degree Darboux polynomials of this ODE to be
{\/ﬁ, VI — T, /g+ \/Fv} As a heuristic to retain only the most useful polynomials, we fil-
ter out terms that are purely constant. The Darboux rule of dL tells us that the following formulas
are now invariants of the differential equation system: {\/_ — v >0,\/g+rv > 0}.

When do these invariants imply the desired post condition, x < 0V v < m? Mathematically,
the answer is the formula

VI—Vrv>0A g+ Vv >0—=x<0Vo<m.

To find an invariant that implies this formula, we eliminate variables x and v using quantifier
elimination. The resulting expression is m > 0 A g > 0 A g < m?r. Thus, reduce returns
VI— Vv > 0A/g++/rv >0Am >0Ag > 0Ag < m?rasa precondition. This expression
is invariant under the problem’s dynamics and implies the postcondition x < 0 V v < m.

114



A.3 Benchmarks

This section lists all the benchmarks proposed. It also shows the solution of each benchmark,
annotated with the meaning of the solution expressions. The algebraic formulas presented are
synthesized by CESAR automatically. The annotations are added manually for the convenience
of the reader. Table[A. 1| provides a one-sentence summary for each benchmark problem.

Table A.1: Benchmark listing.

Benchmark  Description

ETCS Train Kernel of the European Train Control System case study [126]].

Sled Swerve to avoid a wall.

Intersection Car must either cross an intersection before the light turns red, or stop before
the intersection. It may never stop at the intersection.

Curvebot A Dubin’s car must avoid an obstacle.

Parachute Use the irreversible choice to open a parachute with some air resistance to
stay at a safe velocity. Drawn form [S3].

Corridor Navigate a corridor with a side passage and dead end.

Power Station Choose between producing and distributing power while dealing with resis-
tance loss and trying to meet a quota.

Coolant A coolant system in an energy plant must maintain sufficient heat absorption
while meeting coolant discharge limits.

A.3.1 ETCS Train

The European Train Control System has been systematically but manually modeled and proved
safe in the literature [126]. We consider the central model of this study and apply CESAR to
automate design. It is listed as the running example Model[7]

A.3.2 Sled

Model 12 Sled must swerve to avoid an obstacle.

assum|1 AT, >0AT,>0AV >0AT >0— [{

ctrl | 2 (?[G1]; ve ==V U ?[Ga]; v, :=V);
plant | 3 (t:=0; {2 =0,y =V, ' =1&t <T})
safe\4 Fily<Ty,ve<-T,VT, < x)

Where I, GG; and G are to be synthesized.

This benchmark displays CESAR’s ability to reason about state-dependent fallbacks. The
slope of a hill is pushing a sled forward along the y axis with constant speed v,. However, there
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is a wall blocking the way. It starts at y axis position 7, and extends along the x axis from —7;
to 7},. The sled must swerve to avoid the obstacle. It can either go left (with velocity —V') or
right (with velocity V). Which action is best depends on where the sled already is. Swerving left
is a safe strategy when the sled can pass from the —x side, mathematically, T, > T, + = + y.
Likewise, swerving right is a safe strategy when T, + x > T, + y. Neither action alone gives the
optimal invariant, but CESAR’s I characterization correctly captures the disjunction to find it.
In synthesizing the guards for the actions, CESAR also identifies when it is still safe to switch
strategies.

CESAR finds the solution below. The algebraic formulas presented are synthesized by CE-
SAR automatically. The annotations describing their meaning are added manually for the con-
venience of the reader.

can swerve left can swerve right already safe

[=y<Ty,ANT,>To+a+yVvT,+a>To+y) VI, <azVT,+2<0

The guard for going left is

despite going left one time period, can still pass from right

G =T, +2TV +y<T,+a AT, +T, >z +yAz>=0

can pass from left at the left boundary
T 1 T 1
VI, +r+y<TyN-T,+x=0V 0=T,+x
far enough right to stay right after this cycle already left

VT, +TV <z AT, + T, <x+yVT,+2 <0

The guard for going right is

despite going right one time period, can still pass from left already right
T 1 I 1
Go=a <ONT, +2TV +ax+y<TyNT,+T,+x>yVvV T, <uw
can pass from right far enough left to stay right after this cycle

I 1 T 1
VI, +y<Ty+axANT, >V, +TV+x<0ANT, +T,+x <y
right at the right boundary but there is time still to swerve

v T,>yAT, <z

There are some redundancies in these expressions, but they are correct, comprehensible, and can
be simplified further.

A.3.3 Parachute

The parachute benchmark presents the challenge of dynamics with a solution that departs from
the decidable fragment of real arithmetic. A person is free falling. At most once, they are allowed
to take the action of opening a parachute. Once they do, their air resistance changes to p. The
objective is to land at a speed no greater than m. The benchmark is inspired by one that appears in
the literature (running example in [S3]). CESAR uses Pegasus’s Darboux Polynomial generation
to solve the problem.
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Model 13 Parachute benchmark from [53]].

assum|1 (T>0Ap>0Ag>0ATr>0Am>0Av>0ALL)—{
ctrl | 2 (7[G1]; skip) U (7[Gz]; r:=p);
plant | 3 (t:=0;{2'=—v,v' = —r- P+ gt =1&v>0At<T})
safe|4 }J(z>0—v<m)
Where I, GG; and G5 are to be synthesized.

CESAR finds the solution below. The algebraic formulas presented are synthesized by CE-
SAR automatically. The annotations describing their meaning are added manually for the con-
venience of the reader.

either start below terminal velocity and terminal velocity without parachute is already safe

g>rvP Am > (gr Y2

or air terminal velocity with parachute is safe and start below terminal velocity
T

m > (gp )2 Ap? <g

~
Il

<

The guard for not opening the parachute is that already terminal velocity without the parachute
is safe, and the person has not exceeded terminal velocity yet.

Gi=m> (gr )2 Am? <y
Likewise, the guard for opening the parachute is that terminal velocity with the parachute is safe.

1/2

Go=m > (gp~)"? Apr® < g

A.3.4 Intersection

Model 14 Intersection benchmark.

assum|1 (B>0AT >0Av>0A[I)—{
ctrl | 2 (7[G1]; a:=0) U (7Gs]; a:=—B));
plant | 3 (t:=0; {a' =v,0v" =a,timeToRed = —1,t' =1&t <T ANv > 0})
safe |4 }*]((timeToRed > 0 Av # 0) V = (z = 0))
Where I, GG; and G5 are to be synthesized.

The intersection benchmark is a simple example of a system with free choice and state depen-
dent fallback. A car sees a yellow light, and must decide whether to coast past the intersection,
or to stop before it. It may never stop at the intersection, which is located at x = 0. Whether it
would be safe to stop or to coast depends on the car’s current position and velocity.
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CESAR finds the solution below. The algebraic formulas presented are synthesized by CE-
SAR automatically. The annotations describing their meaning are added manually for the con-
venience of the reader.

safe if already past the intersection
1
x>0
otherwise, before the intersection, safe if velocity is already O or could coast past intersection
T 1
x < O0A(v<0Vu(timeToRed - v+ x) > 0)
Vu>0A (timeToRed > 0 A (

signal flips before car stops. Even braking, car crosses intersection before signal flips
r 1

A B - timeToRed® < 2(timeToRed - v + )

~
Il

<

v
< -
timeToRed

stop somewhere that’s not the intersection, the signal flips after the car stops
T 1

v
V 24+2.B. OANB> ———
vt T - timeToRed)

The guard for coasting has many repeated clauses, so we first explain them before presenting
the expression. Assuming v positive and z < 0, C' = v*+2Bv(Tv+x) < 0 means that after one
time period of coasting, the car still stops before the intersection. D; = 0 = 3timeToRed+2v~'x
means that the signal flips when the car is 2/3rds along the way of coasting to the intersection.
Dy = v(3timeToRed - v+ 2x) > 0 means that the signal flips after the car is 2/3rds along the way
of coasting to the intersection. D3 = v(3timeToRed-v+2x) < 0 means that the signal flips before
the car is 2/3rds along the way of coasting to the intersection. £ = B = timeToRed 'v means
that the signal flips exactly when the car halts if it starts braking now. F' = 0 = timeToRed+v ™'z
means that the signal flips exactly when the car reaches the intersection by coasting. G =
2B + v?(timeToRed - v + z)~" = ( means that the car will be at the intersection when the signal
flips if it starts braking now. H; = v(timeToRed - v + =) < 0 means that if the car coasts, it will
be before the intersection when the signal flips. Hy = v(timeToRed - v + x) > (0 means that if
the car coasts, it will be after the intersection when the signal flips.

already still and safe
1
v=>0

G, = V(v >0A(

already past intersection
1
>0 Ve <=0A (

can stop before intersection after cycle of coasting
T 1

Dy A ((T < timeToRed N E)V (C' N —E))

can stop before intersection after cycle of coasting (but D1 doesn’t have to hold)

V IC’/\(F\/_\G/\(Dg\/DQ/\Hl))I

after one cycle of coasting and then braking, car passes intersection

r 1
V' (DaANHyV D3) AT < timeToRed NG
can coast past intersection before signal switches

v H, )

Likewise, the guard for braking has many repeated clauses. P = 2B + v?/z < 0 means that

the car won’t stop before the intersection. QQ = timeToRed > f(g?jf) means that even after one
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braking cycle, the car can cross the intersection by coasting. R = z(v? 4+ 2Bx) > 0 means that
the car will stop before the intersection. S = B - timeToRed + (v 4+ 2Bx)'/? > v means that the
car will stop before the intersection before the signal turns red. U = 2(Tv + z) < BT? means
that the car will stop before time T. V' = BT? = 2(Tv + ) means that if it were to brake, the
car will come to a stop at time T. W = BT? < 2(T'v + x) means that if it were to brake, the car
will come to a stop after time T. Because of structural similarities with GG;, we do not provide a
full annotation.

Go=x <O0N(@wTv+2)<O0OAN(PAQVR)
Vo(Tv+2z)>0AT < 20 's AWASVPAQAU
V RV V AtimeToRed > T)
VO=T+v "2 A(PANQAUV R)
VT > 20"z A(RVSAz(v?+2Br) <0))Vae >0

A.3.5 Curvebot

Model 15 Curvebot benchmark.

assum |1 (T >0ALL) — {
ctrl | 2 ([(G1]; om:=1)U ((G2]; om:=0) U (Gs]; om :=—1));
plant | 3 (t:=0; {2 =v, ¢/ =w, v =om-w,w' = —om-v,t' =1&t <T})
safe|4 }]-(x=0Ay=0)
Where I, GGy, G5 and G3 are to be synthesized.

Curvebot models a Dubin’s car that must avoid an obstacle at (0,0). The dynamics result in
a solution that is not in the decidable fragment of arithmetic, so CESAR again uses Pegasus to
find a controllable invariant.

Our implementation generates the optimal invariant, consisting of everywhere except the ori-
gin. The algebraic formulas presented are synthesized by CESAR automatically. The annotations
describing their meaning are added manually for the convenience of the reader.

I=-2=0V-y=0
The guard for setting om to 1 is simply that the origin does not lie on the resulting circular path.
Gi=y=0A2w+x=0V-yQuwr+2>+y(-2)v+y)) =0

The guard for setting om to 0 is that the origin does not lie in the straight line segment of length
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T(v? + w?)(1/2) ahead.

going in the -z direction - - -

Go=0v<0A(~y=0A0=wV0=az)
- - is safe
I\/x>0/\(—|w:()/\jy:w:Jc/U\/v(Tanx)<0)\/x<0)I

purely y motion - - -
T 1

Vo=0A(-z=0Vy>0A(w>0VwTw+y)<0)
-+ is safe
VY <OA (w(Tw+y) <0Vw < 0))
going in the x direction - - -
- is safe

\/Ix>O\/(ﬂw:()/\—|y:w:Jc/v\/v(TzH—yc)<0)/\9c<0)I

Like G, the guard for setting om to -1 is that the origin does not lie on the resulting circular

path.
Gs=y=0A-2w=uxV-y@®+yQv+y)) = 2wry

This solution is almost optimal. It only misses the cases for G; and GG where despite the obstacle
lying on the circular path, 7" is small enough that there is time to switch paths before collision.

A.3.6 Corridor

Corridor, shown in Model[§] is an example of a system requiring unrolling.

A.3.7 Power Station

Model 16 Power Station benchmark.

assum | ! (T'=1AN1i >0 A chargeRate = 7000000 A J = 100
2 AV =2000A R =5A quota = 3000 A[I]) — [{
crl | ((G4]; i:=0; slope := chargeRate)
4 U(Gal;i:=J; slope:=—i-V));
olant 5 (t:=0; {produced =i-V —i*- R,
6 stored = slope,t' =1,gf = —1&t <T})

safe |7 }*](stored > 0 A (gt > 0V produced > quota))
Where I, GGy and GG, are to be synthesized.

Power station is an example of a system that needs two steps of unrolling in order to reach the
optimal invariant. A power station capable of producing 7000 kW can choose between charging
(Line[3)) and distributing out stored power at current 100 A and voltage of 2000 V (Line[). Its
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objective is to meet an energy quota of 3000 J, excluding loss due to resistance of 5{2 by the
time that timer g¢ counts down to 0. The station must never reach a state where it has no stored
power left. The system is modeled in Model[16] The zero-shot invariant corresponds to the case
where the station has already met its quota and is now charging. Discharge is not included in
the invariant because regardless of how high stored energy is, in the unbounded time of the zero-
shot invariant, a station that has chosen to distribute power will eventually run out of it, thus
violating the condition stored > 0. The one shot invariant catches the case where the station
first chooses to discharge till it meets its quota, and then flips to charging for infinite time. The
two shot invariant, which is finally optimal, catches the case where the station first chooses to
charge till it has enough energy stored to meet its quota, then discharges, and finally switches
back to charging mode for infinite time.

CESAR finds the solution below. The algebraic formulas presented are synthesized by CE-
SAR automatically. The annotations describing their meaning are added manually for the con-
venience of the reader.

enough time to charge - - -

I = produced < 3000 A (3000(—51 + 50gt) + produced > 0

- - - then distribute

AT000000g? + 48produced + stored > 7344000 A 437500g7 + 3produced < 459000

enough stored power to distribute and meet quota

Vv I150000gt + produced > 3000 A 4produced + 3stored > 612000)I

without drawing stored energy, enough time to charge then distribute

V stored > 0 A (4375008 + 3produced > 459000 V produced > 3000)

The guard for charging checks that the choice to charge for a cycle still leaves enough time for
distributing the power.

enough time to charge then distribute

Gy =gr> 1A 3000(gr- 50 — 51) + produced > 0

quota already met

V gt 35 < 36 A produced > 3000

The guard for distributing basically checks that the choice to discharge for a cycle still leaves
enough stored energy.

must distribute to stay safe

Gy = produced < 3000 A 3000(50g — 51) + produced < 0

enough stored energy to distribute for a cycle, can produce enough afterwards

V 3000(50gz — 51) + produced > 0 A stored > 200000 A gr > 1

enough stored energy for a cycle, quota satisfied

V gt < 1A stored > 200000 A produced > 3000

A.3.8 Coolant

The coolant benchmark is an example of a system that requires unrolling. A coolant system draws
water at either a rate of ' or 0 m?/s from a reservoir. It runs the water through a heat exchanger,
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Model 17 Coolant benchmark.

assum | ! (T'> 0N F > 0 A minAbsorbed > 0 N\ maxDischarge > 0
2> AtempDiff > 0Nc>0A[L]) —{
Ll (@ =0
4 UG f=F));
olant 5 (t:=0; {absorbed = f - c - tempDiff,
6 discharged = f,t' =1,g = -1&t<T})

safe |7 }*|(discharged < maxDischarge A (gt > 0V absorbed > minAbsorbed))
Where I, GG; and G are to be synthesized.

drawing heat proportional to the specific heat of water ¢ and the temperature difference between
the water and the system. It then discharges the water into a river at the rate that it draws water.
The cooling system must absorb at least minAbsorbed heat by the time that timer g¢ counts
down to 0. But it must also not discharge more that max Discharged water into the river to
avoid environmental damage. The benchmark is modeled in Model[I7}

CESAR finds the solution below. The algebraic formulas presented are synthesized by CE-
SAR automatically. The annotations describing their meaning are added manually for the con-
venience of the reader.

already absorbed enough heat

I = absorbed > minAbsorbed N discharged < maxDischargeI

drawing water one cycle will not exceed discharge limit

\/Igt > 0 A (discharged + F - T < maxDischargeI
but drawing water till timer g¢ runs out will
I/\maxDisdzarge < discharged + F - (gt + T )I
drawing as much water as discharge limit allows - - -
Ac > (absorbed — minAbsorbed) - tempDiﬁl‘
- absorbs enough heat
I-(a’z’scharged — maxDischarge + F - T )_1I
drawing water now - - -
Vv Idischatrged +F-(gt+7T) < matxDischangeI

-+« till the timer runs out is safe
T 1

Agt™' - (absorbed — minAbsorbed + c - F - gt - tempDiff) > 0)

The guard for drawing no water just needs to check that it still has enough time to absorb enough
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heat.

already absorbed enough heat

Gy Elabsorbed > minAbsorbeai

drawing water will - - -

\/:gt > T A ((F = (maxDischarge — discharged) - gt’ll
- exceed the - - -
I\/a’z’scharged +T-F > maxDischar:geI
.. discharge limit
I\/gt - (discharged + gt - F' — maxDischarge) > 0)I
despite deferring one cycle - -
Vv :gt - (discharged + gt - F' — maxDischarge) < 0

- can still absorb enough heat
T 1

A(absorbed — minAbsorbed) - (gt — T) ™' + F - (c - tempDiff) > 0)

The guard for drawing water checks that drawing water for one cycle will not exceed the dis-
charge limit.

Gy =discharged + F - 'T' < maxDischarge
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A.4 Simplification Impact Example

Reduction of even a loop free dGL formula, if done naively, can produce very large expressions.
Not only are large expression hard to reason about, but they also slow down quantifier elimina-
tion. The effect on QE is so stark that the benchmark Curvebot, which completes in 26s with
our simplification stack, times out after 20 minutes without simplification. Our simplification
uses Mathematica’s Simplify function. Additionally, to catch common patterns that CESAR
produces but Mathematica does not handle, we implemented a custom simplifier with Egg and
z3.

The impact of simplification can be dramatic. For example, the [, invariant produced by
CESAR for Curvebot without simplification is the following expression:

(v Awr/yAhyZ0Vy=0AN(w=0A(v>0Az>0Vu<0Az<0)
VwZ0ANz#0)Vw>0Ay>0Vw<0Ay<0)
Ve=0A20#yAyZ#0Ve#0ANQQu+z#0Vy#0)
ANy=0V2vz-y#x-2wr+a>+y%))V(2w#zVy#£0)

AN #O0AN(y=0Va®+z-y-(20+y) # 2wz’
Ve=0A204+y#0Ay#0

Running this formula through our simplifier produces the expression y # 0V (y = 0 A 0 # x).
Thus, the expression is actually just ~(z = 0 A y = 0).

Besides being much easier to read, simpler expressions are also much faster to eliminate
quantifiers from. Since doubly exponential quantifier elimination is the bottleneck in scaling
to increasingly complex problems, simplification is crucial to the scalability of CESAR. In the
case of our example above, without simplification, Curvebot gets stuck on the following QE
problem.

Yoy, w, 21, Y1 (02 + w? = 0] + wi Avw + vz — wy — 1y

= VW + V1T — WY —931?/1)/\1”2/2+Uy—92/2:w%/Q‘FUlyl —y%/Q)
Av—y=v —y) ANw?/2 +wz + 1*/2 = wi/2 +wix, + 27/2)
ANw+xz=w +x1— (1 2wz /y1 Ayn #0

Vy =0A (w1 =0A (v 20Nz >0V <0Az; <0)

Vw Z0Ax21 Z0)Vw >0Ay >0Vw <0Ay; <0)

Ve =0A201 #p Ayr #0V ey 0N 2wy + 21 #0

Vi #0)A(y1 =0V 2021 - y1 # 21 - (2Quizy + 27 + 7))

V Qw1 Vyr Z0)Ax1 Z0A (y1 =0

Val +xy oy (201 + ) # 2wiat)

Ve =0A201 411 #0Ay Z0)A=(x; =0Ay =0))
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Table A.2: Simplification impact on solution size.

Benchmark % Solution Size Reduction
ETCS Train 62%
Sled 41%
Intersection 38%
Curvebot 00
Parachute 5%
Coolant 92%
Corridor 85%
Power Station 55%

But with simplification applied regularly, instead the corresponding call to QE is

Yoy, wy, 21, v (02 + w? = 0] + w? Avw + vz — wy — zy

= viwr + vz — wiys — wy) Aw?/2+ vy =y /2 = wi/2 4 vy - yi/2)
Av—y=v —y) Aw?/2 +wz +22/2 = wi/2 +wiz +22/2)
ANw+z=w +x3 — (r;=0Ay; =0))

which terminates in 70 milliseconds instead of timing out.

Finally, even on benchmark examples that would terminate without the use of eager sim-
plification, enabling this optimization often results in shorter solutions. Table[A.2] shows the
percentage reduction in size of solutions due to simplification, where size is measured in terms
of number of characters. A 0% reduction means no change and a 50% reduction means cutting

formula-size in half.
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Appendix B

Generalized Hybrid Game Synthesis
(Appendix)

B.1 Naive Ordering Counterexample

For game «:«v, let S’ set the winning region for the overall game to be empty (S’(a) = L), mean-
ing that Angel is never allowed to play at all. Now the winning subregions for later subgames
are irrelevant because Angel cannot reach them, but S’ nevertheless sets them to the theoretical
optimal (for every subgame b # a, S(b) — (way.)¢). For any other inductive subvalue map
S, a good ordering should indicate that S 2 S’ since S cannot possibly be less permissive, but
the proposed naive ordering does not. When S sets the winning subregion for any of the later
subgames b # a to anything less than the optimal solution, the check = S’(b) — S(b) fails.

For a concrete visualization, consider the two inductive subvalue maps shown in Fig.[B.I}
S on the left and S’ on the right. Because S’ immediately blocks off all strategies at the root,
a good ordering should indicate S J S’, but the proposed naive ordering does not because
at the subgame «, S has a strictly stronger formula (y = 1 — T is false). The problem in
the naive, point wise definition (Def.[B.I) is it does not recognize that the T at subgame « is
vacuous: S’ permits no traces to reach subgame « in the first place, so the permissiveness of T
is unimpressive.

U U
r=1 1

o B ) g

Figure B.1: Inductive subvalue maps S and S’. Locally at subgame «, S’ seems more permissive,
but global analysis reveals S' is more permissive.
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B.2 Inductive Subvalue Map Loop Condition Discussion

We discuss the details of the definition of an inductive subvalue map (Def.[6.8)) for the case
a(gy)* | S, and correspondingly the synthesis framework (map (Algorithm for the case of

fmap(«(s7)", ¢)-

B.2.1 Counterexample for Projection Condition Weakening

Def.[6.8 and Algorithm[2| for the case (4y)* use the check = S(a) — (va3S)¢, i.e., winning
subregion S(a) should ensure that there is a finite strategy to exit while staying within the control
envelope. The subvalue map should ensure that Angel does not get stuck in a state where her
only option is playing the loop forever. It might seem that the more liberal, simpler condition =
S(a) — (a)¢ also ensures Angel has a finite exit strategy, but this condition is subtly incorrect.
Angel can get stuck in a state where there is theoretically a way to exit the loop but this requires
going outside the control envelope. Eq. shows a counterexample.

<(l:(/;t((':l‘ =x+1Udx =z — 1))*>{L’ Z 0
S={a—T,b—=T,c— L ,d— T}

For this game, if Def.[6.8| were modified such that (v:a.7.S)¢ is replaced by (a)®, the subvalue
map S would be inductive. However, it would also let Angel get stuck iterating the loop forever.
Consider starting state {z — —1}. This state belongs to the winning subregion S(a) of the
overall game, so Angel should be able to win. And indeed she can win the game by running
one iteration of the loop where she increments x. The new state would be {z — 0}, so Angel
would exit the loop and win since winning condition z > 0 holds. However, if Angel is forced
to actually respect the subvalue map (modeled by projection of S onto the game as shown in

Eq. (B.2))), she cannot win.
T, 0T (L z=2+1)UCRT;2:=2—1))" ;22 >0z >0 (B.2)

(B.1)

Starting at {x — —1}, Angel has to repeat the loop since she has not reached the winning
region x > (0. But inside the loop, the subvalue map says she can never choose to increment
x (subgame c). So she is forced to decrement z, reaching new state {x +— —2}. In principle,
if she were allowed to ignore the subvalue map, she could still exit with finite iterations by
incrementing = twice. But with subgame c blocked off, she is only ever allowed to decrement x

and is stuck in the loop forever. To prevent such subvalue maps from counting as inductive, the
check = S(a) — («a?S)¢ is necessary.

B.2.2 Counterexample for Recursive Condition Weakening

Def.|6.8/and Algorithm for the case (4y)* also use the check ¢y |= S, i.e., the subvalue map for

the loop body ensures that after playing the loop body, either there is still a finite exit strategy or

Angel can already exit the loop. Eq. (B.3)) shows a counterexample where using ¢y |= S instead

is not sound, since the inner subvalue map permit reaching a state without a finite exit strategy.
<(1:(]):(<':£L’ =rx+1Udx =2 — 1))*>$ >0

B.3
S={a—z>-1b—z>-l,c»x>-1,d— T} (B-3)
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Starting at {x — —1}, it is possible for Angel to choose subgame d and decrement z. The new
state is {x — —2}, from which there is now no finite exit strategy because to increment x, per
the guard of subgame ¢, x must be at least —1. Angel is now stuck decrementing = forever.

B.3 Example of Subvalue Map Shortfall for Runtime Moni-
toring

We show how for a (non-inductive) subvalue map, the property = S(a) — (ca%S¢)¢$ does not
always hold. Consider the subvalue map of Fig.[6.1] but with ¢ set to the empty subregion L
instead of x > 0 A (v > 0V a > 0). As before, let the overall game be «:«r, and subgame labels
be the numbers indexing the winning subregions. The new map is still a subvalue map since
= L — (was.)x > 0. The untrusted controller monitoring correctness property is Eq. with
¢ replaced by _L. The result has shape

>0Aw>0Va>0)— ((2(LV(z>0Av>1)); - Neee); ---)X>x>0.

This formula is not valid. Consider the starting state {x — 1,v +— 0}. Demon first chooses
to run the loop, then Angel must pass the test x > 0 A v > 1, which fails. The inductive
subvalue map prevents this situation by requiring that ¢g implies ¢¢ V @5, thus disqualifying this
counterexample where Angel gets stuck.

B.4 Benchmarks

This appendix discusses the benchmarks, provides their full listings, and discusses the rewrite
heuristics used to solve them.

B.4.1 New Examples Discussion

We discuss the examples representing diverse control challenges introduced in this chapter to
demonstrate the flexibility of our dGL control envelope synthesis approach.

Event-triggered ETCS (Model[9) models a train from a case study modeling the European
Train Control System (ETCS) [126], but with a key modification: the train is modeled event
triggered instead of time triggered. The control envelope computed by our implementation finds
the winning subregion for the overall loop to be p < e A (24e + v < 2ApV v < 0) A (A <
0Vo > 0)Vp < eA(2(=B)e+v? < 2(—=B)pVv < 0)A (=B < 0Vv > 0). After simplification,
the key term ends up being e — p + v?/2B > 0, i.e., there is still enough time for the train to
come to a stop before the end of motion authority e if it starts braking now. Hence, the control
envelope has a strategy to keep the train safe whenever it is possible for the train to be safe by
braking.

Surgical Robot (Model[I9) is based on a case study from the literature [83] modeling force
feedback in surgical robots. The control envelope computed by our implementation finds the
winning subregion for the overall loop to be (g, — p,)n, + (¢, — py)ny, >= 0, i.e., so long as the
robot is not already outside the fixture, the subvalue map has a strategy for safe control.
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Infinite Track (Model[20) is an example of infinite horizon switching. A vehicle in a looping
track can choose to move in any of the four coordinate directions, but must remain moving at
all times. To remain safe for arbitrarily long time, this vehicle must keep switching directions
at the right moments, and make infinitely many switches. Our approach synthesizes a control
envelope that indicates when it is safe to switch to any given direction. CESAR does not solve
this problem as it does not handle infinite control strategies. The control envelope computed
by our implementation finds the winning subregion for the overall loop to be 2R > = ANz >
—2RA2R>yANy > —-2RAN(x>RVz<—-RVy>RVy< —R),i.e., the subvalue map
has a safe strategy for the vehicle at every point in the track.

Reach-avoid Robot (Model[21)) demonstrates an example of envelope synthesis for reach-
avoid problems, where an agent must reach an objective while avoiding unsafe situations. Such
problems can model the simultaneous requirement of safety and liveness. In this example, the
robot is safe in the square [-2R, 2R] x [—2R, 2R] (enforced in domain constraint of Line[3]) and
must reach the target region [R, 2R] x [R,2R] (on Line[d). The robot can either travel upward
(vz = 0,vy, = V) or leftward (v, = —V, v, = 0). The synthesized subvalue map identifies that it
is safely possible to reach the target region starting in [R, 2R]| X [—2R, 2R].

Highway Driving (Model[22)) is a time-triggered problem based on the core control challenge
from a case study on highway driving [94]. Two cars, are driving on a highway. The lead car, with
velocity v; and acceleration q; is driven by some external agent with the physical limitation that
the car’s accelerates is bounded above by A and its braking is bounded below by —B (Line[2).
The following car, with velocity v; and acceleration ay, is driven by a controller that must follow
the lead car while avoiding collisions (Line[3). The controllers revise decisions in a time triggered
fashion, with maximum latency 7'. Regardless of the lead car’s behavior, the following car must
always be able to stop in time to avoid collision (Line[S). This problem does not fit CESAR’s
template, which does not support an adversarial agent like the lead car. In the computed control
envelope, the winning region for the overall game is py < p; Avy < vy, i.e. the subvalue map has
a strategy to avoid the collisions whenever that velocity of the controlled car is less than that of
the lead car and hasn’t already collided with it.

The descriptions of the CESAR benchmarks can be found in Appendix[A.3][70]. The en-
velopes that we synthesize for these benchmarks are the same as those computed by CESAR.

B.4.2 Quadcopter

The procedurally generated Quadcopter benchmark suite is based on the following template with
the addition of randomly generated values for velocity and obstacles.

The Quadcopter chooses whether to go up or down and runs continuous dynamics. The catch
is that the quadcopter has a slow processor and cannot make a new choice in less than 1 second
(Line[). However, it can choose to run the dynamics for any time of its choice that is greater
than 1 second (Line[3|has an Angel ODE). It can repeat this process of choosing and then sticking
with a choice any number of times (Angel loop in Line[). While it flies, it must avoid obstacles
at all times. It must also not crash into the floor at y > 0. It must eventually reach the target
region x > 20. CESAR cannot solve this problem since it lies outside the template. NYCS
solves all instances.

An example of the formula that can be generated for <avoid obstacles> obstacles is
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Model 18 Quadcopter Suite Template

assume|1 z>0AV =<velocity> — (
direction | 2 ((vy = 1)U (v, = —1));
plant] 3 t:=0;{'=V,y =v,t' =1& <avoid obstacles> Ay >0} ;

safe|s+ 7t > 1>*>x>20

(x<2V2<zVy<0V3<y A(z<bVbe<zVy<0OV3<yA(z<bVvV8<zVy<
IVI<y)A(x <8VI10<xVy<T7VT<y). This formula has four obstacles. The first one
is a line segment from (2, 0) to (2, 3). The second is a rectangle from (5, 0) to (6, 3). The third
is a rectangle from (5, 9) to (8,9). The fourth is a rectangle from (8,7) to (10, 7). An example
of a generated number that fills <velocity> is 1. The procedural generation parameters allow
up to 5 obstacles with widths and heights of at most 3 distributed in the region [0, 10] x [0, 10].
Velocity is an integer between 1 and 5.

As expected, the implementation solves problems with fewer obstacles quickly, with the
fastest solutions for one obstacle completing in a couple of seconds. However, the time taken
increases with the number of obstacles, and more importantly, when obstacles are placed in such
a way that they interact to make the solution space more complex. Table[B.I| summarizes the
generated problems and their solving outcomes.

Table B.1: Quadcopter benchmark suite generated parameters and solving outcomes. In the
result column, v* indicates that a nonempty control envelope was computed, while X indicates
that algorithm timed out after 20 minutes, failing to compute an envelope.

No. | Velocity | Obstacles Result
5 r<9VvVil<zVy<lVvVid<y v
4 r<9VI<azVy<3V3<y v
1 (x <2V2<2a2Vy<0V3<y)A(x <5HV6<zVy<0V3<y) X
ANr<bV8<azVy<I9IVvVIiI<yA(z<8VI0o<zVyc<
TVT<vy)

r<3Vb<zrVy<9vio<y
r<0Vli<zxVy<2Vi<y

(x <T7V10 < 2zVy <8V8 < y)A(x < 3V5H < zVy < 8VI < y)
(x <7TV8<aVy<1lV3<y)A(x <bVh<zVy<6V8<y)
(x <3V3<azVy <8Il <y)A(z <0V0 < zVy <1Vl <y)
(x <1V3<azVy<TVI<y)A(x <4vd <zVy <0V3<y)
-

r<3V4d<xrVy<6V8<y

W N =

O 00 O LD &~
N — N = NN ==
SNENESENESENENEN

—_
— O
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No. | Velocity | Obstacles Result

12 2 (x <10VI3 <zVy<1OVII <y Az <5bVbh < X
rVYy<TV8<y Az <7VvVI0<zVy<1l0VI2<y)A
(x <3V4A<azVy<TV8<y)A(x<2V2<aVy<2V4<y)

13 3 (x <2V2<aVy <TVT <y)A(x <8VIl < zVy < 7V8 < y) X
ANz<lV2<zVy<9IVI2<y)

14 4 r<IVIl <aVy<4Vi<yAhr <3V3<azVy <8V8<yA v
r<IVIl <zVy <8VIl<yAzxz <8Vl <aVy <4V7i <y
ANr<TV8<xVy<9IVvio<y

15 3 (x <1V4d<zVy<9IVIO <y Az <7V10 < zV X
y<0V3<y A <8VI0<zVy<8VIlI<y A
(r<3Vb6<zVy<3Vi<y)

16 4 (r<1lVli<azVy<8VIl<yA(z<8VI0<zVyc< X
6VI<y)AN(x<bHV8<azVy<8VIl<y A(x<6V6<
rVy<3Vad<y Az <10VI13<zVy<1l0V13<y)

17 4 T v

18 3 (x <BVh<azVy<4vd<y)A(x <1V2<zVy <5V8<y) X
ANz <8VIl<zVy<9IVI2<yA(z<2V2<zazVy<
IV3<y)AN(z<b6VTi<zVy<lV2<y)

19 3 (x <4V6 < zVy < 0VO < y) A (z < 8V8 < zVy < 9V10 < y) v
ANz <2V2<zVy<2V2<yA(z<3V3i<azVyc<
OV2<y)A(zx<b6VI<zVy<8VIl<y)

20 2 (r<2V3<zVy<9Vil<yA(z<l0VI3<zVy< v
AVE<y)AN(z<9Vil<zVy<8VI1l<y)

21 3 (x <4V4 <zVy <dHVh <y)A(z <bV6 <aVy <T7VI <y) v
ANz<10V13<zVy<3V4a<y)

22 4 (x<6V8<zVy<3V4a<y) v

23 3 (x <bV8<aVy<8VI<y A(zr<0V3<zVy<3V6<y) v
ANz<b6V8<zVy<6VI<y)

24 4 (x <3V3<aVy<TVI0O <y)A(xr <9IV <aVy < 1Vi <y) v
ANz <3Vi<zVy<lOVI2<y A(z<4dVi<zVy<
6VI<y)

25 1 (r<6V6<zVy<9IVI10<y) v

As a demonstrative example, we discuss the control envelope computed for problem 23 in
the benchmark suite. Fig.[B.2]shows a Mathematica plot of the winning subregion for the overall
loop of this example. The problem has three obstacles, two of which overlap. It is naturally
unsafe to start at an obstacle. But it is further unsafe to start right before an obstacle because
collision with the obstacle becomes unavoidable. Notice a triangle of unsafe space right after
the lowest obstacle. This unsafe triangle is an example of how obstacles can interact to create
unsafe regions. In this triangle, it is neither safe to go upwards because of collision with the
upper obstacle, nor is it safe to go downwards because of collision with the floor. This envelope
is computed in 68 seconds.
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Figure B.2: Computed control envelope for quadcopter problem 23. Red regions are unsafe
(obstacles or floor). Green regions are safe starting points per the computed control envelope.
The x and y coordinates represent the quadcopter’s position.
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B.4.3 Full Benchmark Listings
We list the dGL formulas for all the new examples in Fig.[6.3a

Model 19 Surgical Robot example based on [83]]

assume|1 T >0AK>0An2+n=1—(
input| 2 (fop 1= ®@; fyp = ®;

damping]3 g:=x%x:79>0;
plant |+ t:=0:{q, = Kfo9.d, = Kf,9. f. = fops f2 = fypt' =1 &t <T}"
safe|s )*) (g — pr)na + () — py)ny > 0)

Model 20 Infinite Track

assume|1 T>0AV>0AR>0A2VT <R —
east/west | 2 (( (vy = V3v,:=0)U (v, :== =V, :=0)U
north/south | 3 (Vg =050y := =V ) U (v := 00, :=V) ) ;
plant|4 t::O;{x':vx,y’:th’:1&t§T}d>X

safe|s )(2R>xzAz>—-2RA2R>yAy>—2RA
|6 (xt>RVez<—-RVy>RVy<—R))

Fig.[6.3b] compares the performance of our approach to CESAR on the CESAR benchmark
suite. The performance is similar at most benchmarks with only a few seconds of overhead. An
exception is Intersection, where CESAR is significantly more expensive. The observed differ-
ences are likely a consequence of different simplification heuristics rather than any fundamen-
tal algorithmic reasons. Simplification is itself an expensive operation, but if done at the right
juncture, can make the even more expensive quantifier eliminations that occur later in symbolic
execution cheaper. Thus simplification has a large influence on performance. Further code tun-
ing and heuristics optimizations can likely reduce the overheads. LLM assistance was used to
generate some of the boilerplate code of the implementation.

B.4.4 Rewrite Heuristics

Our implementation uses rewriting heuristics to simplify problems into shapes where they can
either be symbolically executed or solved using other invariant generation heuristics. Table(B.2
lists the rewrite heuristics and which evaluation problem each is used in.

We discuss how the rewrite heuristics work.
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Model 21 Reach-avoid Robot

assume|1 V>0AR>0—(

direction | 2 (((vm = —V;v, = 0) U (v, := 00, :=V));
plant|3 {2 =vp,y =v,&(2R>2 N2z > -2RA2R>y ANy > —2R)})*>
safe|4 R<zANzx<2RAR<yAy<2R

Model 22 Highway Driving

assume |1 A>0AB>0AT>0Av>0Av >0

lead car| 2 (al = -B<agyNhag<A;
controlled car| 3 ap:=x7—B<arhay < A;

X
plant|4 t:=0; {p'f:vf,v}:af,p; =, v, = a;,t’ = 1&t§T}d> )

safe|s py <p

* Extremal assignment rewrite. This rewrite replaces a guarded assignment (e.g., © :=
®; 7z > 0) with an assignment to an extremal value identified from the guard (e.g., x := 0).
The rewritten program is now much easier to reason about, since a free assignment other-
wise requiring a quantifier to reason about has been replaced by a constant expression.

* Adversarial one-shot rewrite. This rewrite is similar in spirit to the one-shot unrolling of
CESAR [70]. It takes an Angel loop ending with an Angel ODE (e.g., the inner loop of
Model[9)) and replaces it with a single iteration of the loop but with the ODE changed to a
Demon ODE guarded at the end by an Angel test for the domain constraint of the original
ODE. The intuition is that the rewritten program emulates running any number of iterations
of the original loop with the ODE run for any amount of time, so a precondition for the
harder rewritten program is likely to also be a precondition for the original program.

* Loop unrolling. This heuristic unrolls loops a fixed number of times. For example, (a*)¢
is rewritten as ()¢ or («){a)¢ or {a)(a){a)¢ and so on.

Table B.2: Rewrite heuristics used in the evaluation problems.

Heuristic Problems
Extremal assignment rewrite | Surgical robot, Highway driving
Adversarial one-shot rewrite | Event-triggered ETCS
Loop unrolling Reach-avoid robot, Quadcopter
CESAR rewrite Highway driving, CESAR benchmarks
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* CESAR rewrite. This is the one-shot refinement and multi-shot unrolling from CESAR
(Chapter[3] [70]) where a time-triggered control loop is replaced by running the ODE for
an unbounded amount of time. Because of our framework’s retrospective checks, the re-
quirement that the original program should have an idempotence property (“action perma-
nence’) which was essential to the soundness of CESAR is relaxed.

B.4.5 Refinements

While synthesizing subvalue maps for loops, Algorithm[2|uses checks to test invariant candidates
before accepting them. It is possible to use refinements to perform these checks. A game [ is an
Angelic refinement of game o when for any formula ¢, = (5)1 — («)1). Some rewrites result in
refinements, making the invariant candidate generated correct by construction. For instance, for
the Angelic loop in Reach-avoid robot (Model[21)), let a be the loop body (Line[2]and Line[3), and
¢ the postcondition (Line[d). The inductiveness check is Inv — ((a :o*) 7S5)¢. If Inv is computed
by rewriting loop (a*)¢ as («)¢ (loop unrolling rewrite) and then setting Inv = simpl({a)¢)
while writing all the intermediate symbolic execution steps of Simpl into the subvalue map S,
then Inv will pass the check by construction. The reason is that («:«v7.5)¢ is a refinement of
((a :@)*75)¢. Since = Inv — (w:a:7S) ¢ by construction, it follows that = Inv — ((a :«)*35)¢.
We exploit such refinement properties in our implementation to soundly reduce the number of
expensive checks performed.

B.5 Proofs

We prove the correctness of the auxiliary theorems and lemmas in the chapter. The proofs for
the theorems and lemmas that appear in the main text are in Appendix|D} Notation S| is the
restriction of the subvalue map S to the set of subgames U U {end}.

Definition B.1 (Weak ordering). We define a weaker ordering relation 2~ on inductive subvalue
maps that compares formulas at each subgame separately. For two inductive subvalue maps S
and Sy for the game «.«, S is at least as good as Sy, written Sy 27 Ss, iff for each subgame b in

~Y

subgames(ua), = So(b) — S1(b) and |= Sy(end) — S;(end).
Lemma B.1 (Ordering subsumption). If .S = S, then S O §'.

Proof. By definition of 7, for each subgame b € subgames(a) U {end}, = S'(b) — S(b).
Using the dGL Godel generalization rule [Gl we infer = ((a:ap) Y S7)(S(b) — S’(b)) showing
that S O S’ when interpreted as an Angelic strategy. When interpreted as a Demonic strat-
egy, the same argument holds: using the dGL Godel generalization rule [Gl we can infer that

= [(wa)[IY S1(5°(0) = S(b)). O

Lemma B.2 (Subvalue Map Projection is a Refinement). The projection of an Angelic subvalue
map onto a game « is an Angelic refinement of the game, i.e.,

= (a3S) — (a).

Dually, the projection of a Demonic subvalue map is a Demonic refinement.
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Proof. We show this for Angelic subvalue maps, the proof for Demonic subvalue maps is sym-
metric. Intuitively this lemma is true because the projection of an Angelic subvalue map only
adds Angelic tests, which make the game monotonically harder. The proof uses structural induc-
tion based on the shape of «:a. When «.«v is:

* Atomic and not controlled by Angel, ie., o € {z = e,z = %7Q,!Q, {2 =
f(x) & Q}4}, the result is immediate since v:a3S = a.

* Atomic and controlled by Angel, i.e., & € {z := ®, {2’ = f(z) & Q}}, then vaIS =
a; 7S(end). By the dGL axioms and[(;)] = (a; ?S(end))y < (a)(¢ A S(end)).
By the dGL axiom M| = (a)(» A S(end)) — {(«a)v. By transitivity of implication,
): </1:CK?S>¢ — <Oé>’¢

* gy U d:0, then (IZOC%S = ((?S((]> ; v(/:’Y?S)U(?S(d) ; (/:(S%S).

By the dGL axiom

= ((75(g)5 9y 3S)U(CS(d) ;5 d635)Y <> (75(9)5 o3 S)Y v (15(d) ; d:635)e. By the
dGL axioms|[(;)| and [{U}]

= (25(9); 13S0V {25(d); 4838) & (S(9) A (v 3SYD) V (S(d) A (:638)).
By conjunction elimination,

= (S(9) A (7 38)0) V (S(d) A (163S)) = (r3S)6 V (1635}

By the inductive hypothesis,

= (0735) = (y)¢ and |= (1035)) — (6)1).

By the transitivity of implication, = (¢y3S)¢ V (¢:63S)) — () V (0)9.

By the dGL axiom [(U)]

= MYV« (YU

* gy N dd, then (1:04%'5 = 4(/:”)/%'5 N (/:5%'5. By the dGL axiom ): <vr/:’y%|S N (/:5%'S>77D s
(973S)p A (4:07S)p. By the inductive hypothesis, = (sy3S) — (y)¢ and =
(2:63S) —> < )¢ Thus, = (4673S)Y A (263S)) — ()1 A (0)1. By the dGL ax-
iom[[U]] = Nh < (yN o).

* g, a0, then ua?S = ,w%S(end — S( )) ; (/:(5?5.

Using the dGL axiom [(;}]

= (¢y3S(end — S(d)); ¢635)¢Y «» (¢y3S(end — S(d)))(4:07S5)1. By the inductive
hypothesis, = (2:07S)y) — (5)1#

Thus, = (¢y7S(end — S(d))){(¢63S)» — (4yFS(end — S(d))) (). Further, by the
inductive hypothesis, = (s73S(end — S(d))) ()1 — (7)(6)1. By the dGL axiom|[(;)]
= (D{0)¢ < (1;0)¢.

* w(gy)*, then a3 S = (‘.’S(q)' gv3S(end — S(s)))*; 75 (end). By dGL axioms [(;)] [(7)]
and Ml |= («a3S) — ((7S(g); gy3S(end — S(a)))*) «. By the dGL proof rule [FP,
YV A{(?5(9); oy3S(end = S(a))) ()Y — (1)

((?5(9); 9y7S(end = S(a)))") v — (y*)dh
Now, ((75(g); ¢y3S(end — (a)))> (v*)1, per the inductive hypothesis, implies
(7){(v*)1. Per dGL ax1om., () (7)Y <> (y*)1. This allows us to show the premise,

since = ¢V (7)1 = (v)¢.
® (IZ(V(/Z'}/)X, then (lZOf%S = ((/:’Y%S) X. By the dGL pI‘OOf rule
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((1739) Vo J JET TEY
(6738)) o {y) e
Setting invariant .J to {(;y3S) ") ¢, the first premise is immediate.
The second premise is now
((:738) Y = () ((:735) ) v
By[C9} ((#775) ") ¥ = (57789) ((5775) ) v
By the inductive hypothesis, = (4735) ( ({/’VHS> Yoo = () {((4735) *) 1, thus proving
the second premise.
The third premise is proved as follows.

- *
W (R .
_ YA (73S) ((673S) Yo o
((!/17?5)X>1/1|_¢

]

Lemma B.3 (MPC Subvalue Map Projection Equivalence). The projection game («:a3S)¢ of
the MPC Angelic subvalue map (Def. is equivalent to the original game («)¢. Dually, the
projection game [a (]} S]¢ of the MPC Demonic subvalue map (Def:[6.9) is equivalent to the
original game /).

Proof. We show this for Angelic subvalue maps, the proof for Demonic subvalue maps is sym-
metric. Intuitively this lemma is true because the projection of an Angelic subvalue map only
adds Angelic tests, which make the game monotonically harder. The proof uses structural induc-
tion based on the shape of «:v. Note that for the MPC solution, end is ¢. When .« is:

* Atomic and not controlled by Angel, ie., o € {z = e,z = *7Q,!Q,{r =
f(x) & Q}4}, the result is immediate since v:a3S = a.
* Atomic and controlled by Angel, ie., a € {z = ®, {2’ = f(z) & Q}}, then vaIS =
a; 7¢. By the dGL axioms [(7)|and[(;)] (= (av; 7¢)¢ > (@) (¢ A ¢) <+ ().
* gy U d:0, then (IZOK%S = (PS(g) ; ,(/:”)/%S)U(?S(d) ; (/:5%5).
((75(g) 5 oy3S)U(?5(d) 5 4635))¢
(?S(g); gy3SYp Vv (?5(d); a:63S)p (dGL axiom [{U)))
(S(g) A (gy3S)P) V (S(d) A (d:635)9) (dGL axioms|[(;)|[(U))
(S(g) A (7)) V (S(d) A (5)o) (inductive hypothesis)
(MoA (o) v ((0)¢ A(6)¢)  (MPC definition)
< (1) V (9)¢.
* gy N d:0, then u:Ot%S = ,(/:’7?5 N (/:5%'5.
<(/:’}/%S N (/:(5%5)(}5
= (¢73S)Pp N (1:07S)¢ (dGL axiom [U])
— (VoA (0)p (inductive hypothesis)
< (yNéd)¢  (dGL axiom[U]).

$$$$
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* g7 ¢80, then (/IQ{%S = ,(,:ﬂS(end — S(d)) ; (/:5%5.
<;;:7§S(end — S(d)) ; (/:5%S>¢
S (g;ﬂS(end = S(d))> <(/(5%S>¢ (dGL axiom
< (¢y3S(end — S(d)))(0)p (inductive hypothesis)
< (7)(6) ¢ (inductive hypothesis)
< (7;0)¢  (dGL axiom[[;])).
® (1:((/:")/)*
By Lemma[B.2} = (va3S) ¢ — (7v*) .
We now show the opposite direction, i.e., = (v*) ¢ — («aS) ¢.
Since S(a) = (v*) ¢, we have = (v*) ¢ — S(a). From ca = S, we get = S(a) —
<(IZOC%S> ¢
Thus, by transitivity of implication, = (7*) ¢ — («a3S) ¢.
° u:(v(/:’y)><
By Lemma[B.2} = («a3S)¢ — (y*)#. We now show the opposite direction, i.e., =
()& = (:a35) ¢.
Since S(a) = (v*) ¢, we have = (v*)¢ — S(a). We now show that = S(a) —
(e S) ¢, so that by transitivity of implication, = (7*) ¢ — («a3S) ¢.
By the dGL proof rule
S(a)FJ JF {(gyiS(end— S(a)))J JE ¢
S(a) ~ <((/:’y%|5(end —> S((l))) X> (ﬁ
Setting invariant J to S(a), the first premise is immediate. The last premise is S(a) - ¢
which follows from S(a) <> ¢ A () (v*) ¢ per dGL axiom Only the middle premise
remains. Itis S(a) - (¢y7S(end — S(a))) S(a).
Per the inductive hypothesis, = (4y7.5(end — S(a))) S(a) <> (7)S(a). Thus, the middle
premise can be rewritten as S(a) - (y)S(a). Recall that S(a) = (™) ¢, so that the middle

premise is (y*) ¢ b (v)(y*) ¢. By the dGL axiom[(X)] (v*) ¢ — (7)(y*) &, thus proving
the middle premise.

]

Lemma B.4 (MPC Valid). The MPC solution (Def. S for a game «« for Angel winning
condition ¢ is an inductive subvalue map compatible with ¢: «:cw = S. Dually, the MPC solution
S for a game «:« for Demon winning condition ¢ is an inductive subvalue map: «f|l= S.

Proof. Proved by induction on the structure of the game «:«. We show this for the Angel MPC
solution; the proof for the Demonic MPC solution is analogous. Firstly, for the MPC solution,
S(end) = ¢, so ¢ is a compatible winning condition. The base case is when «:« is atomic, i.e.,
a € {z = ez = x7f1f {2/ = f(x) & Q}, {2’ = f(z) & Q}¢}. In this case the MPC
subvalue map consists of the mapping from a to («)¢ (along with end — ¢), which matches the
corresponding condition for v |= S in Def. In the recursive case, if «:« has the structure:

1. gy U ¢4: by the inductive hypothesis, as S |Subgames(_(m) is the MPC solution for game
v and S|subgames(c:s) is the MPC solution for game 0§, ¢y = S|subgames(s) and &0 |=
S|subgames(i6)- S0, gy |= S and ¢:0 = S. It remains to show that S(a) — S(g) V S(d). By
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the definition of the MPC solution, S(a) = {4y U dd)p, S(g) = (47)¢ and S(d) = (4:0)¢.
By the dGL rule <,'/3’7 U (i:(S)qb = <,(/:’y>¢ V <(/:(5>¢. Thus, S(a) — S(g) V S(d)

2. g7y N dd: by the inductive hypothesis, as S|supgames(y) 1S the MPC solution for game
v and S|subgames(cs) is the MPC solution for game §, ¢y = S|subgames(s+) and &0 |=
S |subgames(6)- S0, 97y =S and ¢:0 |= S. It remains to show that S(a) — S(g) A S(d). By
the definition of the MPC solution, S(a) = (¢y N d:0)¢, S(g) = (47)¢ and S(d) = (4:0)¢.
By the dGL rule <(/:")/ N (/:(5>¢ = <‘(/:")/>¢ A <(/:(5>¢. Thus, S(a) — S(g) A S(d)

3. ¢7y; dd: by the inductive hypothesis, as S |subgames(d;5) is the MPC solution for game § and
Angel winning condition ¢, ¢:0 = S|subgames(i:s)- S0 @6 |= S. Further, as S|supgames(s) 15
the MPC solution for game  and Angel winning condition (Z:6)¢ = S(J), by the inductive
hypothesis, ¢y = S(end — S(5))|subgames(sy)- SO oy = S(end — S(4)). It remains to
show that S(a) — S(g) which is immediate from the definition of the MPC solution since
1:0tq; = a:(tg: 1n this case.

4. gy*: observe that S|subgames(y) 1S the MPC solution for game y and Angel winning con-
dition (v*)¢. S(a) = (v*)¢ and S(a) — ¢, so (Y )¢ = S(a) V ¢, 50 S|subgames(s-) is the
MPC solution for game v and Angel winning condition S(a) V ¢. Then, by the inductive
hypothesis, ;v = S(end — S(a))|subgames(sy)- SO ¢y = S(end — S(a)). The remaining
condition is S(a) — (va3S)¢. For MPC solution S, (va?S) ¢ = (7*)¢ (Lemma[B.3).
Since S(a) = (v*)¢, the condition is satisfied.

5. g7y*: observe that S|subgames(s) is the MPC solution for game  and Angel winning con-
dition (y*)¢.

By definition, S(a) = (y*)¢.

So, by the inductive hypothesis, ¢y = S(end — S(a))|subgames(s)-

Thus g7y ): S(end — S(a))

Next we show that |= S(a) — S(g) A¢. Using the dGL axiom[(*)] ()¢ = (7) (v*)pAo.
Substituting back the MPC definitions of S(a) = (7*)¢ and S(g) = ()S(a), this means
S(a) = S(g) A ¢. So, = S(a) = S(g) A ¢.

]

Lemma B.5 (Subvalue maps win). For any game «.«, Angelic subvalue map S, and compatible
Angel winning condition ¢, (a) ¢ |= (ca Y S) ¢.

Proof. The proof follows from structural induction along with the application of the usual dGL
axioms and proof rules.

* If w«v is atomic and not controlled by Angel, ie., « € {z = e,z = ®,7Q,!Q, {2’ =
f(z) & Q}4}, then (o) ¢ = (v ¥ S) ¢ and the result is immediate.
* Ifua =2 :=*,thenaa ¥ Sisz := ®; !S(end). Thus we must show that

()6 b (2= : 15(end)) 6.
By the dGL axioms|(;)|and[[7]} this is
(@) ¢ = (z:=®) (S(end) = o).
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Since ¢ is a compatible Angel winning condition, S(end) — ¢ holds. Thus, we need to
show

(@)= (r=0)T.

By the semantics of nondeterministic assignments in dGL, the succedent is T, completing
the proof.

If cais {' = f(x) & Q}, then the argument is similar to the previous case. «a Y S is
{2/ = f(x) & Q}¢; !S(end). Thus we must show that

(a) ¢ E ({2" = f(=) & Q}"; 1S(end)) ¢.
Applying the dGL axioms[(;)} [()] and [7]} this is
(@) ¢ k= ({2’ = f(z) & Q}7) (S(end) — ¢).

Since ¢ is a compatible Angel winning condition, S(end) — ¢ holds. Thus, we need to
show

(@) ({2 = f(2) & Q}) T.
By the semantics of differential games in dGL, the succedent is T, completing the proof.
If cov = gy U (/:5, then «a Y S is ('S(g) s 0y Y S) N ('S(d) ; d:0 Y S) Thus we must show
that

() o = ((15(g); o7 ¥ S) N (1S(d) 5 26 Y 5)) ¢.
By the dGL axioms|(;)|and [[U]] this is

(@) ¢ |= (S(9) = {67 ¥ 5) @) A (S(d) = (107 5) ¢).

But by the inductive hypothesis, we have (v) ¢ = (477 S) ¢ and (0) ¢ = (407 S) ¢.
S(g) E (v)¢ and S(d) = (J) ¢ by the definition of a subvalue map. By the proof
rules [=Rl and WL the following two formulas hold: S(g) — (4vY S) ¢ and S(d) —
<(/:(5 Y S> ¢. Thus, we have <Oé> [0) }: (S(g) — <f/:’y Y S) ¢) A (S(d) — <r/:(5 Y S> (b), com-
pleting the proof for this case.

If va = 4(/:’7*, then <(r:O./ Y S> gb = (('S(g) ; gy Y S(end — S(a)))x ; 'S(end)) qb

Applying axioms|(;)|and[[7] this is

((1S(g); oY S(end = S(a)))*) (S(end) — ¢)

Since ¢ is a compatible Angel winning condition, = S(end) — ¢.
Thus, we need to show

(@) ¢ = ((15(9); o7 ¥ S(end = 5(a)))”) (T)

This we do using the loop rule with invariant («) ¢. The inductive stop is shown using
the inductive hypothesis, i.e., (y) ¢ = (477 S(end — S(a))) («a) . Here, () ¢ is a
compatible winning condition because S(a) — (a) ¢ holds by the definition of a subvalue
map.
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If cao = gy N dd, then aar Y S'is (g7 Y S) N (0 Y S). We must show that

(186 b (077 ) 1 (05 Y S)) o
By the dGL axiom this is

(MNEN) P 1= (Y S)d A {107 S5)o.

Applying the proof rules[ARland [WL] the goals to show are

(Mo (7 1S)¢and (5) ¢ = (167 S) ¢.

Both of these follow from the inductive hypotheses.
If cao = g ; 40, then «:«v Y S is (‘(/:")/ Y S(end — S(d))) ; ((/:(5 Y S) ‘We must show that

(75 0) ¢ = (o7 Y S(end = S(d))); (46 Y 5)) o
By the dGL axiom[[;] this is

(1) (0) ¢ = (477 S(end = 5(d))) (43 Y 5) ¢.

By the inductive hypothesis, we know that () (0) ¢ — (47 Y S(end — S(d))) S(d)
holds because (§) ¢ is compatible with S(end — S(d)), since by the definition of a
subvalue map, we have S(d) — (0)¢. Per inductive hypothesis, we also know that
(0) ¢ = (407 S) ¢. Thus by the transitivity of implication along with the monotonicity
rule, we complete the proof.

If ca = ¢y, then v« Y S is (vr/:’y Y S(end — S(CL))X) We must show that

(Y) o b= (oY S(end = 5(a)))*) ¢.

We show this by using the dGL loop rule with invariant (7*) ¢. The inductive stop is
shown using the inductive hypothesis, i.e.,

(V) (7)o = (¢ 7 Send — S(a))) (v) ¢,

where (7*) ¢ is a compatible winning condition because S(a) — (7*) ¢ holds by the def-
inition of a subvalue map. The invariant holds initially by id and implies the postcondition

by the dGL axiom|[{*)]
]

Lemma B.6 (Inductive subvalue maps have some strategy). For any game «:«,, Angelic inductive
subvalue map S, and compatible Angel winning condition ¢, S(a) = («a3S) ¢.

Proof. This follows from structural induction, unwrapping the inductive subvalue map definition,
and applying the usual dGL axioms and proof rules.
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If «:cv is atomic and not controlled by Angel, i.e., a € {z = e,z := ®,7Q,!Q, {2’ =
f(z) & Q}¢}, then w:a3S = wa. In these cases, by the definition of an inductive sub-
value map, = S(a) — (««)end. Further since ¢ is a compatible winning condition,
= S(end) — ¢. By the monotonicity rule, S(a) = («a) ¢. This allows us to conclude
that S(CL) ): <(IIOZ?S> qb

If o = aw := %, then wa S = x := x; 7S(end). Thus we must show that

S(a) | (z :==; 725(end)) ¢.

By the dGL axioms ;)] and[(7)] this is
S(a) E (z := %) S(end) A ¢.

Since ¢ is a compatible Angel winning condition, S(end) — ¢ holds. Applying the
monotonicity rule, we must show that

S(a) E (z := %) S(end).

By the definition of an inductive subvalue map for Angelic free assignments along with
the =Rlrule, we conclude that S(a) = (x := *) S(end).
If vca = o{2’ = f(x) & Q}, the proof follows exactly the same steps as the previous case.
If ca = ¢y U @9, then (/:O./?S = (7S(g) ; (/:’Y%S) U (?S(d) ; (/:5%8). Thus we must show
that
S(a) EA{(?5(g); ov3S) U (75(d) ; 4075)) ¢.

By the dGL axioms|(;)|and [(U}] this is

S(a) = (S(g) = (1775) @) V (S(d) — (1635) ¢).

By the definition of an inductive subvalue map, we have = S(a) — S(g) vV S(d). Thus by
proof rules [cufl VT VR and it suffices to show the following two goals:

S(9) = S(g) = (1:735) ¢ and S(d) = S(d) — (4675) ¢.

Applying the rule [=R] the remaining goals hold per the inductive hypotheses, S(g) =
<(/:’7§|S> ¢ and S(d) ): <(/:(5%S> 0.

We show the case of Angel loop, which follows directly from the definition of an inductive
subvalue map. If wov = ¢~*, then by the definition of an inductive subvalue map, S(a) =
(e S) S(end). Since ¢ a compatible winning condition, we have S(end) = ¢. Using
dGL rule[M], we can conclude that S(a) = («a3S) ¢.

If oo = g7y 49, then w3 S = gy3S(end — S(d)); ¢:67S. Thus we must show that

S(a) }: <4(/:’7%|S(end — S(d)) ; (/:(5%'5) gb
By the dGL axioms|[(;)] this is
S(a) ): <(/:’)/%S(end — S(d))) <(/:5?S> qb
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By the inductive hypothesis along with the fact that = S(a) — S(g) from the definition
of inductive subvalue maps,

S(a) = (sy75(end = 5(d))) S(d).
Additionally, by the inductive hypothesis,
S(d) = (163S) o.
Applying the Mlrule, we can conclude that
S(a) = (s775(end = 5(d))) (1075) o,

completing the proof for this case.
If o = gy N -0, then (IZOC?S = _r/:’)/%S N (/:(5?5. Thus we must show that

S(a) = <(/:’7%|S N (/:5%S> 0.
By the dGL axiom[(N)] this is
S(a) ): <V(/:’}/?S> o N <(/:(5%S> 0.

By the definition of an inductive subvalue map, we have S(a) = S(g) A S(d). Applying
the proof rules [AR] [cufl, [ALl and W1 the goals to show are

S(g) = (4735) 6 and S(d) = (163S) ¢

Both of these follow from the inductive hypotheses, completing the proof for this case.
If o = g%, then ca3S = (477 (S(end — S(a))))*. Thus we must show that

S(a) = (473 (S(end = S(a))))*) S(end).

We use the rule with invariant S(a). S(a) holds initially by assumption. We show
that is holds inductively, i.e., that

S(a) = {s77(S(end = S(a)))) S(a).

By the definition of an inductive subvalue map, = S(a) — S(g). Thus, after applying [cuf,
we must show

S(g9) = {sy7(S(end = S(a)))) S(a).
This holds by the inductive hypothesis. Finally, the invariant implies the postcondition by
the definition of an inductive subvalue map, which requires that = S(a) — S(end).

]

Lemma B.7 (Inductive subvalue maps win). For any game «.«, Angelic inductive subvalue map
S, and compatible Angel winning condition ¢, S(a) | (ca Y S) ¢.

Proof. Follows from Lemma[B.5| because an inductive subvalue map is a subvalue map (Theo-
rem[6.3) and S(a) — () ¢ holds per the definition of a subvalue map. O
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B.6 Additional Definitions

This appendix provides additional definitions and constructions including the Demonic version
for definitions whose Angelic subvalue map version is already defined in the main text, and dGL
operational semantics concepts.

B.6.1 dGL Action Semantics

dGL actions can be interpreted as transformations from old state to new state. The definition
of the functions is a part of dGL operational semantics [121][Appendix C], but we recall the
definitions in Eq. (B.4)), extended to labels and the extra action for sequence that this chapter
uses in its presentation.

[(z:=¢)|, = |[(x:=¢e)', =0c(xrre) |act], =cforactc {g,s, [t c g% s ¢ label}

_Jo ifo € [Q] Jo ifo € [Q]
Q) = not defined otherwise L0@)]o = {not defined otherwise
[({z" = f(2)&QQt})], = [({2' = f(x)&Q@t}")], =

¢(t) for the unique (differentiable) ¢ : [0,¢] — States, p(0) = o,

forall s € 0,1 (W@ — Jo(8)(@) A ols) b @) |

Not defined if no such ¢ exists.
(B.4)

B.6.2 Labeled Game Trees

We construct the labeled game tree, extending the operational game tree of dGL [121][Appendix
C] with labels. The operator ~ denotes concatenation under prefix closure. That is:

1. For two actions/labels act; and act,, {act; “act,} is the set {act;, act; - act,}.

2. For an action act and a sequence of actions b, {act"b} is the set {act, act - b}.

3. For two actions/labels act; and act,, and sequence b, {act; “act, "b} is the set {act;, act; -
acty, act; - act, - b}.

4. For an action act and a set of sequences {a, b}, {act™{a, b}} is the set {act, act-a, act-b}.

Thus, ~ is overloaded to denote the concatenation of actions, sequences, and sets of sequences
under prefix closure.

Definition B.2 (Labeled Semantics). For any game «« and state o, the labeled semantics
g(aa)(o) is defined as follows, where ~ denotes concatenation under prefix closure (Ap-
pendix|B.6.2).

T(x:=0,0) = {a" v :=06}
T(z:=®,0) = {az:=60": § cR}
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T : 0 e R}
( ( )&Q@r) : reR,r > 0,9(0) = o for some

(differentiable) ¢ : [0, 7] — S such that %(C ) = [f(@)]e

and ¢(¢) € [Q] forall ¢ < r}

T(?Q,0) = {a"7Q}
T(Q.0) = {1Q)

{o”
{a

T(gyUdd,s) = {a"l’b : be g(yy)(o)}U
{a"t"b : be g(ad)(o)}

T(oynds, o) = {a"14b = be gyy)(o)}U
{a"t""b = b e g(d)(0)}

T(_(/:”}/ ) (/:(5, O') = a ACAT(_(/:”}/, O’) U U IfMT((/:d7 LtJU)
teleaf(a” ¢ T (gy,0))
|t | »7#undefined

((977)" U "{(a"s),(a"g)})

n<w

where f" is the n-fold composition of the function
1(2)% zu U te
t"geleaf(2),v, €T (o, [t 0] o)
Uy if [t"g v, |, = undefined
{ v, {(a"s),(a"g)} otherwise }

T o) = | {08, (a"g")})

n<w

where f" is the n-fold composition of the function

1(2)% zu U "
t"gicleaf(Z),v,€T (o, |t 9% o)
{ Uy if [t"g% v, |, = undefined }

v, {(a" 5%, (a"g?)} otherwise

Leaves are the nodes of a tree with no children, i.e., any sequence [ such that there is no
sequence [ - s where s is a single action/label in the tree.

B.6.3 Label-free Game Trees

To get back unlabeled dGL games operational semantics, we erase labels from the labeled se-
mantics.

Definition B.3 (Erasing Labels). The function 7, takes in a node or game tree and returns it

with all subgame labels removed. First we define erasing labels for a single node. Here, mac
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accepts a node s (which is a sequence) and returns a label-free node (the sequence with labels
dropped).
Tact(s) = (a; : a; € s, a; ¢ subgame labels)

Erasing labels for a game tree ¢ proceeds by erasing labels for every node, producing a label-free
tree.

Tact(t) = {mact(s) : s € t and maet(s) # ()}

If erasing labels results in an empty sequence (), it is discarded.
Definition B.4 (Label-free Semantics). The label-free game tree of a dGL game «:« results from
erasing labels in the labeled semantics, i.e., Tact (7 (c:a, 0)).

B.6.4 Demonic Subvalue Projection

Definition B.5 (Demonic subvalue projection). The projection of Demonic subvalue map .S onto
dGL game «:a with Demon winning condition ¢, written « :«[]7.5, is generated recursively per
the structure of «:«v as follows. If «:cv has structure:

ax = X then x := X ; ¢.

' = F(@) & Q) then {a' = f(z) & Q) 16

a:(gry N dd) then (1S(g) 5 ¢y3S)N(LS(d) 5 :635)

() then (15(g) 5 g 7[28)% 10
a:(gy; :0) then g y[RS; d S[FS
a:(gy U dd) then g y[[FSUdS[FS  a(9y)* then g []7 5"
atomic and not controlled by Demon, i.e.,
ac{r:=ez:=®,70Q,'Q,{2' = f(r) & Q}?}, then o

B.6.5 Universal Projection of Demonic Subvalue Maps

Definition B.6 (Universal Projection). The universal projection of Demonic subvalue map S
onto dGL game «:v with Demon winning condition ¢, written «:«[]Y S, is generated recursively
per the structure of «:«v as follows. If «: has structure:

ax = @ then [(Jz @) ; x := *; 7¢.

o' = f(@) & QY then ) {a' = f(x) & Q}; 76,

u:((/:’y N r/:5), then '(S(g) V S(d)) ; ((75(9) ; (/:’7[]Y S)U(7S(d> ; 4115[]Y S)) .
(l:((/:”)/)x, then !(S((j) V (,)’) ) (?S({]) ) ’)/Y S; ?S(CL) V (ﬁ)* ) 7.

(l:(,(/:")/; (/:(5), then ,(/:")/HY S; r/:(SHY S.

u:((/:’y N (/:(5), then 4(/:’7[]Y SN (/:(5[]Y S.

(/:(;/:ﬁ/)x, then 4(/:’7[]Y S*.

atomic and not controlled by Demon, i.e.,

acf{r:=cx:=x%70,'Q,{2' = f(z) & Q}}, then a.
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B.6.6 Strategy Set Generation

Def.[6.4] shows how an agent’s Subvalue map lets it decide what actions to take at a given state.
This section shows how to generate a set of strategies (as defined in dGL operational semantics)
given a subvalue map by tracing through the game while keeping track of which strategy leads
to what state, and using the policy to predict what actions to take at decision points.

Definition B.7 (Transformation to Strategy Set). The function S, (5)(b, o) produces the set of
Angel strategies to play game «« following subvalue map S starting at subgame b, where o
represents the current state, where ~ is prefix-closed concatenation as shown in Appendix[B.6.2]
If the structure of b is:

ba = ethen {{(z :=¢)}}
b :=xthen{p : p € Ra(S)(b,o)}
pr = @ then {{(z :=e%) : e € R}}
{a" = f(x) & Q} then {{p} : P.a(S5)(b,0)}
w{2' = f(x) & Q}* then
{(2' = f(2)&Q*@Qt) : t € R,t > 0 where
©(0) = o, ¢ follows 2’ = f(x),and Vs € [0,t] ¢(s) E Q}}

7Q then {{(7Q)}}
p1@Q then {{(!Q)}}
b(gy U ) then
({} if Pa(S)(0) = {}
{0t} teSn(8)(g,0)} it (9)(b) = {1}
 Het) st e Sus(9)(d o)} if P.a(5)(b) = {r}
{re} - teS,4(9)(g9,0)} U otherwise if P, (S)(b) = {I, ¢}
| {{e7t) € 8i,6(9)(d)}

/’:(,(/3’)/ N (/:5) then {[dAtl U tdAtr e 8,1;7(S> (g, 0') and ¢, € S(/;(;(S)(d, 0')}
b(g7y; ¢6) then {t U U (v'u) : teS,,(Send— S(d)))(g,0) and

veleaf(t)

u € Su5(5)(d)([v]o)}

where if |v], is undefined, then u is empty.

b(07)" then | J{t 1 t € f(Pal(S)(b,0)) and Bu(ug € leaf(t))}

nw
where f" is n-fold composition of the function :
f(2) = J{w

tez
U { {u"g"v,} if |[u"g v, |, = undefined } _

wgeleat(t) {u"g v, 0up} otherwise
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vy € Syq(S(end = S(a)))(g)([u)s) and
Ous € Pua(S)(b, [u" g vu]o)}
b(gy)” then mgax{UC’ . CC U f({{s% g?}}) is a nonempty C-chain}

nw

where f" is n-fold composition of the function :

~Ueo U

tez u”gleleaf(t),
|u] o defined

{{UAgdA”A{ﬁd’gd} 0 €SS ([ula)} [ugh ], defined
{wg? v : veS,,(S.)(9)(|luls)} |u"g¢" v |, undefined
where S, = S(end — S(a))

with implicit closure under prefixes.

To reason only about the states reachable by playing the game trees, we should introduce a
version of the game trees free of actions that do nothing.
Definition B.8 (Erasing skip Actions). Let the set of skip actions G be

S ={g,s,L,t,c, g% 5% 1% v}

. The function 7_g takes in a node or game tree and returns it with all labels and skip actions
removed. First we define m_g for a single node. Here, m_g accepts a node s (which is a sequence)
and returns a node (the sequence with labels dropped).

m-s(s) = (a; : a; € s, a; ¢ subgame labels and a; ¢ &)

Erasing labels and skip actions for a game tree ¢ proceeds by erasing these for every node,
producing a new tree.

Ts(t) = {m-s(s) : s€tand m_g(s) # ()}.

B.6.7 Inductive Demonic Subvalue Maps

Definition B.9 (Inductive Demonic subvalue maps). Let .S be a map from the subgames of ««
to winning subregions. S is an inductive Demonic subvalue map for game ., written c:.af]l= S,
when the following holds. If «:cv has structure:

atomic, i.e., o €{z = e, 1 := %, 1 := ®,70Q,1Q, {2’ = f(z) & Q},
{2/ = f(2) & Q}"} then = S(a) — [a]S(end).

a(gyUdd) then = S(a) — S(g) A S(d) and gy[]l= S and ¢[|= S.

a(gy N dd) then = S(a) = S(g) vV S(d) and ¢y[|]= S and ¢d[]}= S.

a(gry; ¢0) then = S(a) — S(g) and oy[]|= S(end — S(d)) and &0[]= S.

a(gy)* then = S(a) = S(end) A S(g) and ¢[]l= S(end — S(a)).

a(gy)” then = S(a) — [a a7 S]S(end) and ¢[|= S(end — S(a)).
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B.6.8 Game Prefix

This definition uses the empty game SKip which can be treated like the game ?¢rue in terms of
effect on plays, except with no corresponding action in the operational semantics.

Definition B.10 (Game Prefix). The game suffix «:«v,;, of subgame /5 in subgames(««) is con-
structed as below. If «:cv is -5 and « is not a loop, then «.av,;, is the empty game, skip. If b = a
and «« is a loop, then w:avy is w:a. If b is end then vy is the entire game . Otherwise, if .«
has structure:

(/:(4(/:")/)* or (l:(_{/:’)/)>< then @y = @y (_(/:’}/:b)
Q= gY.p be subgames(,q:fy)

(z:((/:")/ U //:(5) or (IZ(‘(/Zf)/ N (7:5) then .
aoy, = d0y — otherwise

= gy, b € subgames(y:
(IZ(‘(/I'.)/; (/:5) then wxb = IV . 9 (J 7)
@y = g7y d:0., otherwise

B.6.9 Solving Function for Inductive Demonic Subvalue Maps

[Imap(««, ¢), defined below, computes an inductive Demonic subvalue map for game «« and
Demon winning condition ¢. Operator & denotes the disjoint union of two subvalue maps.

Jmap(«a, ¢) := {a — simpl([a]¢),end — ¢} where o € {z := e,z 1= *, 2 := ®,
2Q,1Q, {2 = f(2)&Q}, {' = f(2)&Q}"}
[fmap(a(gy N dd),d) := Sy WSy {a— Si(g) V Sa(d)}
where 51 := [[map(s, ¢), Ss := [Jmap(4d, ¢) \ end
[map(a:(sy U d6),¢) == S1 WSy W {a > Si(g) A Sa2(d)}
where S, := [[map(s7, ¢), S2 := [Jmap(d, ¢) \ end
[map((sy; 16), 6) = S & S {a s Sa(g)}
where S := [Jmap(#d, ¢), Ss := [Jmap(s-y, Si(d)) \ end
[map(«(:9)*,8) == S {a ~ Inv,end = ¢} if (xa 7S¢
where S := [[map(s,InvV ¢) \ end
Jmap(«(gy)*, ¢) := SwW{a— Inv,end — ¢} if =Inv — S(g) Ao
where S := [[map(s-, Inv) \ end
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Appendix C

Automatic Verification and Synthesis
(Appendix)

C.1 Tactic for Model6/

The tactic that the LLM discovers to prove Modell6|is as follows:

unfold;
loop("x <= g/d & y <= a/b & g/d >= xmin &
a/b > ymin & x > 0 &y >0 & a >0 &
b>0&d>06&g >0 & x > xmin &
y >= ymin", 1);
<
QE ("zZ3"),
unfold;
existsR("g/d-x", 1);
unfold;
<
QE ("z3"),
existsR("a/b-y", 1);
unfold;
<
QE ("z3"),
unfold;
print ("State before ODE cut after
choosing xadd and yadd");
dC (" ((d*x—qg) "2+ (bxy-a) "2)=0", 1);
<(
dw(l); QE("z3"),
dbx ("2x (d*x—qg) * (b*y—a) * (b*xy—d*x) /
((dxx—g) "2+ (bxy-a)"2)", 1)
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)

),
QE ("ZB")

Here, the print statements help the LLM to track progress and get information about the
proof state in case of failure. The use of QE ("Z3") indicates that the Z3 SMT solver is used
to discharge the corresponding proof obligation. In the prompt, the LLM is encouraged to break
down the proof rather than using auto so that the proof remains stable despite changes to the
automation and quicker to check.

C.2 Other Case Studies

This sections lists the case studies used in the LLM-powered verification chapter (Chapterfd) and
synthesis chapter (Chapter|/)).

Case Study: Train.

A train must stop before its end of motion authority e, beyond which may lie other trains. The
train can brake using two mechanisms: a normal brake that decelerates at most at rate by, and
an air brake that ramps up deceleration gradually, as pressure leaks from brake pipes, at rate p
until it reaches maximum deceleration A,,. This case study is inspired by a previous case study
on verification of trains with air brakes [101], but with the addition of rolling resistance and
adversarial game dynamics.

Model 23 Explanation. Model23] shows the dGL formula modeling the train control problem
via a game between Angel (the train controller) and Demon (environmental uncertainties). Angel
chooses between the control modes of normal operation and air brake application (Line[§). In
normal operation, she may choose any acceleration between —b, and ag. Then, Demon chooses
how long the train will run before Angel gets to re-evaluate her decision, bounded by a maximum
time latency 7' (Line[I3] and [14). The physical dynamics operate in two modes, depending on
whether the air brakes are ramping up (Line[I3) or have stabilized at their maximum (Line[T4])).
This is modeled by ODEs for each mode within an inner loop that allows switching between
them. Demon controls the number of iterations of the outer control loop (Line[f] to [I4), forcing
Angel to maintain safety for arbitrarily long. The overall modal formula of form («)¢ is true
in states where Angel has a strategy to play so that regardless of how Demon plays, she will
win, that is, the train controller has a way to maintain safety (Line[I5)). To reason correctly about
this problem we must again reason over the nonlinear dynamics of the train, and ensure safety
over unbounded time horizons. The mode switching inner-loop structure adds a further layer of
complexity.
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Model 23 Case study: Train Control. Gray parts are not included in the synthesis variant of the
problem, and must be computed. Brown text is not a part of the verification problem, but added
to the synthesis problem.

vel?
2 - by
2 agp > 0Abyg >0Aa; <O0A
3 as < OANT > 0A
4 Ap <OAp<O0Avel >0

A

Amp =0A airBrake =0 —

6 ((t:=0;

((trainAcc = x;

1 e—trainPos — > 0A

assume

=

8 ? —byg < trainAcc < ap;
ctrl | o my = 0;
10 airBrake :=0)U

11 (trainAcc := —by;
12 my = 1p))%;

(trainPos’ = vel,
vel’ = trainAcc+
a -vel +ay - vel?
+airBrake,
airBrake’ = my,
#=1&t<T
Avel >0
NairBrake > Ay

13

\

plant x
(trainPos’ = vel, ) ¢
vel’ = trainAcc+
a;-vel 4+ as - vel?
+airBrake,
airBrake' =0,
t'=1&t<T
Avel >0
NairBrake < Ay, )

14 N

\

safe |15 )*)(e — trainpPos > 0)
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Model 24 Case study: Chemical Reaction Control. Gray parts are not included in the synthesis
variant of the problem, and must be computed.

1 ka>0Akg>0Ako>0Akr > 0A
2 T>0ANA>0AB>0AC >0

3 ATemp > 0OA (kg -A < ka-BA

4 kg-Temp+kr-A<kyg Tho

5 Vk4-B<kpg-AA

6 kp-Temp + kr-B < kp - Thhas) =
ctrl [7 (((1isOn:=0 N isOn:=1);0:=0;

(

assume

A'=—A-B-Temp- isOn - ky,
B =—A-B:-Temp:-isOn- kg,
C'=A-B-Temp-isOn - kg,
Temp' = A-B- Temp - 1isO0n -k,
0 =1&0<TAA>0AB>0
AC>0ATemp >0

plant | s

\

safe |9 )*)(Temp < Thpaz)

Case Study: Chemical Reaction.

An exothermic chemical reaction A + B — (' is taking place. The reaction rates depend on the
temperature of the reactor Temp, which increases in proportion to the reaction rate. The reaction
rate also depends on the concentrations of the reactants A and B. The safety requirement is that
the temperature never exceeds a maximum safe temperature 7,,,,,. A time-triggered controller
can turn the reaction on and off, getting to revise its decision in at most every 7' time units.
However, we do not have direct access to the controller, and instead conservatively safeguard the
system by not putting in too much reactant to begin with. The verification challenge is to check
whether regardless of what the controller does, safety is always ensured. The physical reactor
setup in this case study is similar to one from the literature [19], but with an important change
in setup: the controller is not directly accessible, and we want to verify safety for all possible
controller actions.

Model[24] shows the full control formula. We make some initial assumptions about the quan-
tities of reactant and signs of the rate constants at Line[l] and Line2] Then Demon chooses
whether to turn the reaction on or off at Line[7)in a time-triggered control loop, also controlled
by Demon. In the end, Angel wins if the temperature never exceeds 7}, (Line[d). This system
again requires reasoning about complex dynamics over different, arbitrarily alternating control
modes over unbounded iterations. The solution to the dynamics lies outside the decidable (poly-
nomial) fragment of real arithmetic, requiring non-trivial deductive reasoning about differential
equations via invariants.
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Model 25 Case study: Coolant System. @i, is a long formula listed in Fig.[C.1] It is not provided
in the synthesis variant of the problem, and must be computed.

1 Ot AT >0ANF >0A ap, > 0A
assume
2 gz > 0ANCc1 > 0N >0—
il 3 {(((?absbd < a’,, ; flow := F)N
Ctr
4 (absbd > a?, ; flow:=0));
5 ¢ :=0;
( absbd’ = flow - c;- )¢
temp diff,
6 temp_diff’ = —flow-
Ccy-temp.diff + g,
¢ =1,
| deadline’'=-1&¢<T |
7)) (disch < dpaa/
safe ,
8 (deadline > 0V absbd > amn))

Case Study: Coolant

Consider a coolant system in a nuclear power plant that must achieve the control objective of
absorbing at least a,,;, units of heat while expending at most d,,,, units of coolant in a given
time frame. The coolant system controller chooses how much coolant to send through the system,
and then goes to sleep for some amount of time bounded by maximum latency 7', repeatedly
polling in a control loop. Model[25]shows the formula modeling this system, that we must prove
valid. We must reason directly in terms of symbolic parameters such as required absorption
Gmin, and maximum flow rate F'. The system has different control modes, can run for arbitrarily
long (because of loop iterations), and dynamical behavior qualitatively changes depending on
the initial temperature, all of which our reasoning will precisely account for.

Model25|Explanation. We provide an explanation of the dGL model for this case study. Lines
[IJand 2]show initial assumptions expressing physical constraints, e.g., that the maximum flow rate
F is positive. Formula ¢jnit is a complex formula listed in Fig.[C.I|representing initial conditions
that make safe control possible: the discharge limit should not already have been exceeded, and
if the heat absorption quota is not already met, then there is enough time and discharge capacity
left to still meet it. At lines[3and [} the control loop begins.

The controller assigns a coolant flow rate. The choice f1ow := F'is chosen in states where
the absorption quota has not yet been met (absbd < a,,,;,), and the choice £1ow := 0 is chosen
otherwise. At Line[f] the controller goes to sleep and the state evolves per the physical dynamics,
where the heat absorbed is proportional to temperature difference between the coolant and the
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discharge within limit physics constraints

Gy = disch < dpae AF >0Ac > 0Ac >0AT > 0A (

already absorbed enough there’s time left
e - ™~ - Jlk
absbd > G V(deadline > 0A (
Current temp_diff only increases can absorb enough - - -
7\ 7\

7 N N
temp diff |(temp.diff < g/(F-c2)Acy-temp diff - (dpas—
lower - - - without exceeding discharge budget

o

7 ™~

bounds disch — F-T) > ayin — absbd A
. C.1)
an absorb h before deadl ( :

all future can absorl enou& efore deadline

temp_diff deadline - c1-temp diff - F > apin — absb&)\/

temp-_diff bound can absorb enough - - -
g 7 R S N - N
F-cy (temp diff > g/(F-c) Aev- (9/(F - c2))-
- - - without exceeding discharge budget
lower - N ~
Amae — disch — F - T) > ayin — absbd A
bounds
. can absorb enough before deadline
temp diff N

deadline - ¢ - g/ca > Qmin — absb&))))

Figure C.1: Formula ¢,j; for the Coolant case study.

system, total coolant discharged is tracked by variable di sch, the system generates heat at rate
g, and the auxiliary deadline variable counts down to when the system must have met its
absorption obligations. The controller stays asleep for at most 7" time units, though it may wake
up earlier, with variable ¢ tracking time elapsed. Finally, at lines[7]and[§] the control loop closes,
with the syntax («)*. The control loop repeats arbitrarily many times, and we must verify that all
possible numbers of iterations are safe. The modal formula («)¢ is true when all possible runs
result in a state satisfying postcondition ¢. Therefore, the overall formula of Model[25]is valid
when, given the assumptions of lines (1| and [2 all executions lead to a state where the control
objective is satisfied, that is, disch < dj4: A (deadline < 0 — absbd > ) holds. This
case study is an example of a hybrid system, since there is no adversarial game play.

Case Study: Van der Pol.

A pair of coupled Van der Pol oscillators must be set so that the sum of their positions x1 and x2
never exceeds a given bound x,,,,. The system dynamics are governed by parameters m and b.
The oscillators can run arbitrarily long, and safety must be ensured throughout. This case study
requires reasoning about nonlinear dynamics over unbounded time horizons. Model[26|shows the
full control formula. Angel sets initial conditions at Line[2]and Line[3] then Demon chooses how
long the oscillators run at Line[d] after which safety is checked at Line[5] Then Demon chooses
how long to run the oscillators at Line[d] and whether to repeatedly further run them in the loop
at Line[5] Angel wins in the end if the sum of the positions never exceeds x,q, (Line[5). This
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Model 26 Case study: Coupled Van der Pol Oscillators. Gray parts are not included in the
synthesis variant of the problem, and must be computed.

assume |1 7, > 0 —
2 <X12:*;X22I*;y122*;y2::*;
ctrl J
3 tm>0Ab0>0% (
((x1' =vy1, )¢
yl’=m-(1-x1?)-y1
b (x2 —x1)—x1
plant | 4 +b- (22 = x1) — x1,

x2'=y2,
y2'=m-(1—-x22).y2
—b-(x2 —x1) —x2

\
safe | 5 )X>(Xl +x2 < xmax)

Vs

case study is inspired by one appearing in ARCH-COMP [535]], but is modified to add adversarial
game dynamics and a loop structure that makes formal reasoning more challenging.

Note In the synthesis variants of the problems, assumptions are written not in the form
assumptions — («)postcondition,

but rather as
(7assumptions (excluding gray parts)?; o)postcondition.

This does not make a semantic difference, but allows subvalue map computation to account for
these assumptions as it passes over the assumptions subgame, and produce a subvalue for the
overall game that does not redundantly include the assumptions.

C.2.1 Synthesis Guidelines

In the synthesis variants of the problems, the following guidelines are used:
* For Lotka-Volterra: Set the system to its equilibrium point as soon as possible, and assume
what you must so that the equilibrium point is good enough to maintain the post condition.

* For train: Find the control solution for when the train can stop by braking continuously,
even conservatively ignoring rolling resistance and air brakes.

* For chemical reaction: Find the control solution for the situation where the reactant runs
out before temperature can become too large.

* For coolant: Find the solution where initially enough heat has not been absorbed, but
over time, enough is absorbed before the timer requirement or discharge capacity can be
exceeded.
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* For Van der Pol: Keep the two oscillators in antiphase, maintaining the postcondition this
way.

C.3 Verification Prompts

This section lists all the prompts used for the verification case studies. The prompts use the
OpenAl api format with system and user queries, and sometimes include few-shot prompts.
Here we have shown the queries for the chemical reaction case study as an example. Some
Unicode characters have been replaced with LaTeX commands and line breaks have been added
for compilation. Prompts are listed in the order in which they are called in the verification
progress, and have a one-to-one correspondence with the LLM queries depicted in Fig.[4.2]

1. AnalyzeGame is the first query in the pipeline that produces an analysis of the game used as
context in later prompts. One example is shown as a few-shot example.

role: system

content: "Your task is to analyze a game and identify which
actions are taken by the Angel (controllable player) versus
the Demon (adversarial player).

## Background Information

In differential game logic (dGL), there are two players:
— *«xAngelxx: The controllable player who makes choices we can
control. Angel constructs include:
— Angel choices: ‘a ++ b' (we choose between a and b)
— Angel loops: ‘{a}*' (we choose how many iterations)
— Angel tests: ‘?P' (we can proceed if P holds, otherwise we
immediately lose)
— Angel ODEs: ‘{x'=f(x) & Q}' (we control the duration)
— Angel nondeterministic assignments: ‘x := %' (we choose the
value)

There is the dual operator '"@' that switches Angel and Demon
roles in a game construct.

Duals can be nested arbitrarily, so carefully check nesting
levels to determine which player controls each action.

Being within an odd number of ‘"@' operators indicates Demon
control, while an even number (including zero) indicates Angel
control.

For example, in the game ‘{(a ++ b) " @Q; (c++d)} @', the choice
between ‘a' and ‘b‘' is controlled by Angel, being within two
‘@' operators, while the choice between ‘c' and ‘d' is
controlled by Demon.

Using this notation, we go over the Demon constructs below,

\
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indicating that they are Demon-controlled by wrapping them in a
single ‘"@' operator.

— x*xDemonx*+*: The adversarial player who makes choices we cannot
control. Demon has all the same constructs as Angel.

— Demon choices: ‘{a ++ b} @' (adversary chooses between a and
b)

- Demon loops: ‘{ax}~ @‘

(adversary chooses how many iterations)

— Demon tests: ‘{?P} @ (adversary can proceed i1if P holds, and
immediately loses otherwise. So Angel can *assumex* in
subsequent game play that P held at this point; otherwise
she would already have won.)

— Demon ODEs: ‘{x'=f(x) & Q} @' (adversary controls the
duration)

— Demon nondeterministic assignments: ‘{x := %x}"@‘ (adversary
chooses the wvalue)

Additionally, the non-controlled operations are:

— Assignment: ‘x := e' (deterministic assignment like in regular
programs)

- Sequential composition: ‘a; b' (first play a, then b)

## Notes

— ODEs can sometimes introduce unmatched single quotes, so
account for that when parsing.

- In syntax such as { a++b; x:=+ }*"@,
the '"@"' applies to the entire loop including its body.
In this example, Demon controls the choice within the loop
between a and b, as well as the assignment to x,
because both are inside one ‘"@‘.

Some subgames are labeled with unique identifiers with the
following syntax:

<subgame_id>: <subgame>
These subgame ids will help make your answers more specific.
## Input

You will be provided a dGL game.

## Output
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Your analysis should identify:

1. What actions or decisions are under Angel’s control in the
game.

2. What actions or decisions are under Demon’s control in the
game.

3. The control modes in the game, that is, regions of different
qualitative behavior (e.g. growth vs. oscillation vs. decay
vs. equilibrium) .

The modes are typically defined by two things: (1) initial

conditions inducing different qualitative behavior in the

dynamics, and (2) control actions leading to different possible
values of variables. Comment about the asymptotes or polynomial
invariants of each mode, when relevant.

4. The overall control pattern in the game.

## Further Instructions

Provide your analysis as clear, readable text describing the
Angel and Demon actions, and control modes. Be specific about
what choices each player makes and how they might interact.
Structure it into the sections corresponding to the points
above.

Be as concise as possible while still being clear, with no
superfluous or filler text or hedging.

— Carefully consider the differential equation. There can be
coupling between variables that affects your reasoning.

— Based on the dynamics, you may some times need to come up with
upper/lower bounds of quantities and use that to derive sound
preconditions. It’s best to use simplistic, polynomial bounds
so that they verify more easily.

You will now be provided with 0 or more examples of games and
their analysis, followed by a new game that you must analyze."
- role: user
content: |-
Game to analyze:
{2 x> 06& g>0 & air > 0 & parachute > air &
T >0 & m>0;"Q};

{{subgame_c: {{{{{r := air;} ++ {r := parachute;}}"Q};
{t := 0;}}; {subgame_j:
{x!' =v, v. =T v =~ 2 - g, t' =1 &

x> 0 & v <0 &t <=T}
B CE:
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Please analyze this game and identify the requested
items (Angel vs. Demon control actions, control modes,
overall control pattern).

- role: assistant

answer:
mode: null
content: |
1) Angel-controlled actions
— Choice {{{r := air;} ++ {r := parachute;}}"Q@
| Angel chooses drag coefficient r each iteration,
either r := air (low
drag) or r := parachute (high drag).

2) Demon—-controlled actions
- Initial test
{? x> 06& g>0 & air > 0 & parachute > air &

T >0 & m> 0}"Q@ | Demon test. Angel can assume these
preconditions hold initially; otherwise, play won’t
proceed.

- Looping subgame_c
| Demon chooses how many iterations of subgame_c
to perform (including possibly zero; finite but
unbounded) .
He chooses whether to repeat for one more cycle
or stop at the end of each iteration.

— ODE duration: subgame_j
— Demon controls how long to flow
along the ODE x’ =v, v/ = r v'2 - g, t/ =1
within the evolution domain x >= 0, v < 0, t <= T.
He may stop at any time before the domain boundary
is reached, including zero time; he cannot continue
past any boundary (for example x cannot go below 0).
Since t is reset to 0 at the start of each iteration,
the duration is always capped by T
(though the other boundary conditions may force
an earlier stop).

3) Control modes (qualitative behaviors)
- Mode AIR HIGH VEL
(Angel chose r = air, low drag,
v<-(g/air) " (1/2)):
- air » v'2 > g, so v’ > 0.
Velocity increases (becomes less negative)
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over time, approaching terminal velocity
-((g / air)”~(1/2)) from below. Will not cross it.
— Mode PARACHUTE HIGH VEL
(Angel chose r = parachute, high drag,
v<—-(g/parachute) " (1/2)):
- parachute * v°2 > g, so v/ > 0.
Velocity increases (becomes less negative)
over time, approaching terminal velocity
-((g / parachute) " (1/2)) from below,
which is a higher (less negative) terminal
velocity than in AIR mode.
— Mode AIR EQU VEL

(Angel chose r = air, low drag,
and v is terminal velocity —-((g / air)”~(1/2))):
- v/ = air » v'2 - g =0,

so velocity remains constant at terminal velocity.
— Mode PARACHUTE EQU VEL
(Angel chose r = parachute, high drag,
and v is terminal velocity - ((g / parachute) ™ (1/2))):
- v’ = parachute x v'2 - g = 0,
so velocity remains constant at terminal velocity,
slower than in AIR mode.
— Mode AIR LOW VEL
(Angel chose r = air, low drag,
and 0 > v > —((g / air) " (1/2))):
- air » v'2 < g, so v’ < 0.
Velocity decreases (becomes more negative)
over time. It approaches terminal velocity
-((g / air)”(1/2)) from above but will not cross it.
- Mode PARACHUTE LOW VEL
(Angel chose r = parachute, high drag,
and 0 > v > —((g / parachute)”~(1/2))):
- parachute * v°2 < g, so v/ < 0.
Velocity decreases (becomes more negative)
over time, approaching terminal velocity
-((g / parachute)”(1/2)) from above,
but will not cross it.

4) Overall control pattern
— Some global preconditions hold initially (x >= 0, g > 0,
air > 0, parachute > air, T > 0, m > 0).
- Per iteration:
1) Demon decides whether to continue for another
iteration or stop (Demon loop).
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2) Angel picks drag coefficient r \in {air, parachute}
(Angel choice).

3) Reset timer t := 0 (deterministic assignment).

4) Demon chooses ODE flow duration
within domain (Demon ODE) .

— Across iterations: Demon decides how many iterations to
perform and length of evolution per iteration.
Angel’s control lever is her binary choice of drag

coefficient.
— role: user
content: |-

Game to analyze:

(kA > 0 & kB > 0 & kC > 0 & KT >=0 & T > 0 &
A>06&B>0&C >0 & Temp >= 0 &

(kBx¥A <= kAxB & kAxTemp + kT*xA <= kAxTmax |

kA*xB <= kB*A & kBxTemp + kTxB <= kBxTmax)) —>
< { { { 1s0On:=0; ++ 1isOn:=1; }; t:=0;
{ A = — A+«BxTemp*xisOnxkA,
B’ = - AxBxTemp*1sOnxkB,

C’ = AxBxTempxisOn=*kC,
Temp’ = AxBxTempxisOn=*kT,
t’ =1 & t<=T & A>=0 & B>=0 & C>=0 & Temp>=0
bi
}x }7@ > Temp<=Tmax

Please analyze this game and identify the requested
items

(Angel vs. Demon control actions, control modes, overall
control pattern).

2. GetTactic is the second prompt in the pipeline (first in the proof loop). It gets a Bellerophon
proof tactic from the LLM.

— role: system
content: |
You are trying to prove a differential game logic (dGL)
theorem in KeYmaera X.

You must provide a Bellerophon tactic to complete the
proof.

## Background Information

Here is some information about dGL.
In differential game logic (dGL), there are two players:
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— *xAngel*x: The controllable player who makes choices we
can control. Angel constructs include:
— Angel choices: ‘a ++ b' (we choose between a and b)
— Angel loops: ‘{a}*' (we choose how many iterations)
- Angel tests: ‘?P' (we can proceed if P holds,
otherwise we immediately lose)
— Angel ODEs: “{x'=f(x) & Q}' (we control the duration)
A (we

\

— Angel nondeterministic assignments:
choose the value)

X = %

There is the dual operator ‘'"@' that switches Angel and
Demon roles in a game construct.

Duals can be nested arbitrarily, so carefully check
nesting levels to determine which player controls each
action.

Being within an odd number of '"@' operators indicates
Demon control, while an even number (including zero)
indicates Angel control.

For example, in the game ‘{(a ++ b) @; (c++d)} @', the
choice between ‘a‘ and ‘b' is controlled by Angel, being
within two ‘"@‘ operators, while the choice between ‘c‘
and ‘d' is controlled by Demon.

Using this notation, we go over the Demon constructs
below, indicating that they are Demon-controlled by
wrapping them in a single ‘"@‘' operator.

— *xxDemonx**x: The adversarial player who makes choices we
cannot control. Demon has all the same constructs as
Angel.

— Demon choices: ‘{a ++ b} @' (adversary chooses
between a and b)

- Demon loops: ‘{ax}~"@‘

(adversary chooses how many iterations)

- Demon tests: ‘{?P} @' (adversary can proceed 1if P
holds, and immediately loses otherwise. So Angel can
*assume* in subsequent game play that P held at this
point; otherwise she would already have won.)

— Demon ODEs: ‘{x'=f(x) & Q} @' (adversary controls the
duration)

— Demon nondeterministic assignments:
(adversary chooses the value)

\

{x := x}7@"

Additionally, the non-controlled operations are:
— Assignment: ‘x := e' (deterministic assignment like in
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regular programs)
- Sequential composition: ‘a; b' (first play a, then Db)

## Notes

— ODEs can sometimes introduce unmatched single quotes,
so account for that when parsing.

- In syntax such as { a++b; x:=* }*"Q, the ‘"@" applies
to the entire loop including its body. In this
example, Demon controls the choice within the loop
between a and b, as well as the assignment to x,
because both are inside one ‘"@"'.

Here is some information about Bellerophon, the tactic
language in which you must output.
# Bellerophon Tactic Guide (KeYmaera X 5.1)

## 1. Overview

x**KeYmaera Xx+* proves properties of hybrid systems using
differential dynamic logic (dL) or hybrid games using
differential game logic (dGL).

A *xtacticxx 1is a small program that automatically applies
proof rules.

x**Bellerophon** is the language for writing these tactics.
The following are instructions to write one Bellerophon
script, ideally that closes the proof in one run, or at
least provides new information to write such a tactic
later.

## 2. Proof State Basics

To write good tactics, you should internally keep track
of proof state. A tactic maps one proof state to another.
A proof state consists of zero or more goals (subgoals).
Each goal is a sequent consisting of an antecedent
(assumptions) and a succedent (formulas to prove).

### 2.1 Sequents and Antecedents in the KeYmaera X CLI

A x+sequentx*x in the CLI is written as:
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-1: x>=0 GreaterEqual
-2: vy=0 Equal
==> 1: x>=0 GreaterEqual

AN

which corresponds to the following sequent in
mathematical notation:

AN NAY

x>=0, y=0 |- x>=0

AN

Formulas are indexed.
Negative indices indicate antecedent formulas, and
positive indices indicate succedent formulas.

The antecedent lists assumptions.
The succedent lists formulas to prove.

We can assume all antecedent formulas are true and must
use them to prove at least one succedent formula.

You just need to prove one succedent formula to close the
goal.

### 2.2 Goals and Subgoals

Tactics transform the current goal into zero or more
subgoals.

You apply tactics until no subgoals remain, which would
indicate the theorem is proved.

### 2.3 Formula Indexing
Many tactics require a formula index.
A common failure mode is using the wrong index.

Use printing (Section 3.2) to inspect the state and
indices while debugging.

## 3. Proving Interactions
### 3.1 Branches (Multiple Goals)
When a tactic creates multiple goals (e.g., from orL), the
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proof state has separate branches inside one printed
block.

Example pattern:

===== State of Hard Cases ==== ElidingProvable (Provable(
-1: <formula for case 1> Or
—-2: <assumption> Greater
==> 1: <modal or post-condition> Box
from
-1: <formula for first disjunct> And
==> 1: <some goal 1> Box
with
-1: <formula for remaining disjuncts> Or
==> 1: <some goal 2> Box}) =====
print done (no progress, 1ls)
Done
Here:

«+ The from part shows the first branch (e.g., first
disjunct, such as a>=0 & ...).

+ The with part shows the other branch.

« Each branch has its own sequent (==> line) with
indexed formulas.

Fach branch is a separate goal that must be closed.

You should check if a subgoal is closed by printing it.

the subgoal is proved, you should see something like:

===== subgoal state ==== ElidingProvable (Provable{
-1: x>0 Greater
==> 1: x>=0 GreaterEqual proved}) =====

print done (proved, 1s)

### 3.2 Running and Rerunning Tactics; Printing State

If

If you know of a tactic that you want to slightly modify,

simply reuse the same text, and edit it as needed.

To inspect the current proof state at any point, use the
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tactic:
print ("State of Hard Cases")

This prints the current provable state (all goals and
their indexed formulas) at the point where the tactic is
invoked.

Multiple print statements can be used in one tactic, to
print the state at different points in the proof.

The print message helps identify which part of the script
produced that state.

### 3.3 Printing for Debugging

For debugging, when the proof state has been reduced to
one or more purely arithmetic subgoals, you can:

1. Use print to display the current arithmetic
constraints.

2. Copy these constraints into an external tool such as
Z3 to search for counterexamples by checking if the
formula (AND of all antecedent constraints) -> (OR of
all succedent constraints) is valid (i.e., its
negation is unsatisfiable).

## 4. Bellerophon Essentials
« A script is a sequence of tactic expressions.
« tl ; t2 runs tl then t2.
<(tl, t2) applies tl to the first branch and t2 to
the second branch. Note the absence of a closing angle
bracket.
A tactic either:
+ succeeds and may produce subgoals,
. fails, or
+ closes the current goal.

## 5. Primitive Tactics
### 5.1 Logical Tactics
Common examples (indices refer to formulas in the sequent):
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Implication: implyR (1)
This transforms a goal of
A |- B.
Conjunction: andR (1),
This transforms a goal of
subgoals: |- A and |- B.
- andL (1)
This transforms a goal of
A & B, \Gamma |- \Delta
A, B, \Gamma |- \Delta,

where the i-th antecedent
subgoal was A & B.
Disjunction: orR

form |- A —> B into
form |- A & B into two
form

into

formula in the original

This transforms a goal of form |- A | B into two
subgoals: |- A and |- B.
- orL (i)
This transforms a goal of form
A | B, \Gamma |- \Delta into
two subgoals:
A, \Gamma |- \Delta and B, \Gamma |- \Delta,
where the i-th antecedent formula in the original
subgoal was A | B.
Universal: allR

This transforms a goal of form

|- \forallx. P (x)

into |- P(y) for a fresh variable y.
- allL(i):

This transforms a goal of form

\forallx. P(x), \Gamma |- \Delta
into P(t),

\Gamma |- \Delta for a term t, where the i-th
antecedent formula in the original subgoal was
\forallx. P (x).

- allL2R (1)
This transforms a goal of form
x=e, \Gamma |- \Delta, \forallx.
P(x) into \Gamma |- \Delta, P (e),

where the i-th antecedent

original subgoal was x=e.
cut (formula)

This introduces formula a

to prove.

It transforms a goal of £

into two subgoals:
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(1) Use subgoal: formula, \Gamma |- \Delta
(2) Show subgoal: \Gamma |- formula.

### 5.2 Program / Modal Tactics

For modal formulas like [\alpha]l\varphi and
{(\alpha)\varphi,

tactics handle:

- assignments,

— tests,

— nondeterministic choice,

— sequential composition,

— duals.

These reduce program structure to simpler logical or
arithmetic goals. You will almost never need to use these
low—level tactics directly, as they are all handled by the
high-level ‘unfold' tactic.

A structure not handled by unfold, that you will need to
handle directly is loops. Usually this needs the loop

\

rule, ‘loop ("invariant™, i)', which transforms a goal of

form \Gamma |- [\alphax]\varphi, \Delta where
[\alpha=*]\varphi is at index 1 into three
subgoals:
1. init subgoal: \Gamma |- invariant, \Delta
2. step subgoal: invariant |- [\alpha]invariant
3. post subgoal: invariant |- \varphi

Here, invariant is the (literal) formula you provide as a
loop invariant.

There is a second class of modality tactics used to
simplify not the program inside the modality, but the
postcondition after the modality or otherwise modify the
modality. The most common are:
— boxAnd (1)
Transforms a goal of form [a] (P&Q) to [a]lP & [a]lQ.
Usually followed by andR(i) to split into two

subgoals.
- GV (i)
Transforms a goal of form
\Gamma |- [a]P, \Delta to \Gammaconst |- P,

\Deltaconst, where \Gammaconst and \Deltaconst are the
subsets of \Gamma and \Delta that contain only formulas
with constants (no variables).
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— discreteGhost ("x", "x0", 1)
Adds a new variable x0 and the antecedent formula
x = x0. The position, i, should be that of the
modality formula (usually 1).

### 5.3 Differential Equation Tactics

For goals involving differential equations of the form:

AN

[{x" = f(x) & Q}] P

AN

you can use the following high-level ODE tactics:
— dIRule (i) (Differential Invariant)
Applies a differential invariant rule to the ODE
formula at index 1i.
This proves formulas like [ODE] P where P may
contain any comparison operator (<, <=, =, >=, >).
The rule generates two proof obligations:
1. The postcondition P holds initially, and
2. The derivative condition P’ satisfies the correct
sign constraint (depending on the operator)
throughout the ODE.
For example, if in ‘[{x’ = f(x) & Q}] P', P is
p <= 0, the check is
Q = [x':=f(x)] p" <=0%
if P is p > 0, the check is
‘0 |= [x':=f(x)] p’ > 0Y;
and similarly for the other operators.
Along with Q, any assumptions from the
antecedents that had only constants (no
variables) are also kept.
Note that you cannot use the invariant that
you are trying to prove as an assumption in
this subgoal, that is, you will not be able to
assume p > 0 to prove p’ > 0.
If these obligations are proved, the ODE 1is
handled without solving it explicitly.
Note how to be able to prove subgoal 2, we may
want to strengthen the domain constraint Q using
dC first before applying dIRule.

- dC (\\varphi", i) (Differential Cut)
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Adds an additional domain constraint \varphi to the ODE at
index 1i.
This transforms a goal with ‘[{x'=f(x) & Q}] P' at
position i into two subgoals:

1. Use:

The formula at position i becomes

‘[{x'=f(x) & Q & \varphi}] P

2. Show:

The formula at position i becomes

‘[{x'=f(x) & Q}] \varphi®

- dW (i) (Differential Weakening)

Applies weakening to an ODE goal at index 1.

If the formula at index i was ‘[{x'=f(x) & Q}] P', the
new goal becomes ‘'Q |- P', which removes the ODE
entirely. Along with Q, any assumptions from the
antecedents that had only constants (no variables) are
also kept.

It makes sense to apply dW only after sufficiently
strengthening the domain constraint Q using dC first.

These tactics reduce ODE proof obligations to simpler
goals.

A common pattern is to cut in *solutionsx or =xboundsx
of the variables involved in the ODE and postcondition
using dcC.

In the branch where we need to show that the bound
holds, it is common to use dIRule.

In the other, "use" branch, we typically apply further
dC cuts to accumulate more bounds.

Then after accumulating sufficiently many such cuts, we
apply dWw followed by QE to finish the proof.

Sometimes the order of cuts really matters, as earlier
cuts may become important to closing the dIRule
obligations of later cuts.

Often, bounds are best expressed in terms of the
initial values of variables before the ODE starts, e.g.,
X <= x0 + v+t for a variable x with initial value x0
and constant velocity v over time t.

In this case, i1if x0 does not already exist, a useful
tactic 1s ‘discreteGhost ("x", "xO0", i)', which adds a
new variable x0 and the antecedent formula x = x0. The
position, i, should be that of the ODE formula (usually
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1).

Besides dIRule, another useful tactic that is
especially useful for ODEs with exponential solutions,
is the Darboux tactic:

‘dbx ("g", 1)'. Given a goal of form

‘A |- [x'=f(x) & Q] p>=0", this tactic generates two
subgoals: ‘A |- p>=0"' and ‘Q |- p’ >= gxp', where p’ 1is
the Lie derivative of p along the ODE x’'=f(x). Here,

>= can be replaced by any comparison operator. dbx is
usually the way to go when we want to prove something
about a variable whose derivative is dependent on
itself.

In cases where you are trying to prove, e.g., p’>=0 and
it is not immediate that p’>0, but it is true that p’
>= g*xp, you should use Darboux and not dIRule (here >=
and > can be replaced by the other comparison
operators) .

Unlike dIRule, dbx does not create further subgoals,
and is itself a terminal tactic.

### 5.4 Arithmetic Tactics

When there are no modalities left, the goal is purely
arithmetic.

Then, it is possible to use the 'QE' tactic to close
the goal.

It is recommended to use ‘QE ("Z3") ' which runs QE with
the Z3 SMT solver backend, as it i1s generally most
effective.

If QE times out, try hiding irrelevant formulas using
‘hide (i) ' to remove formula with index i from the
subgoal permanently.

It can also sometimes help to use the ‘fullSimplify®
tactic to make expressions simpler.

If QE fails, there is likely an error in the proof or

the theorem is not wvalid. It can help to look for a
counterexample as described in Section 3.3.
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## 6. Working With Indices
### 6.1 Index Semantics

Indices refer to the current goal only:
« 1 is the first succedent formula.
«+ 2 is the second succedent formula, etc.
« =1 is the first antecedent formula.
« —2 1s the second antecedent formula, etc.

After some tactics, the sequent may change, so indices
may point to different formulas.

### 6.2 Common Failure: Incorrect Positions

A common reason for tactic failure is incorrect indices,
e.g.:
+ the index no longer refers to the formula you expect,
or
« the selected formula does not match the rule (e.g.,
andL on a non—& formula).

Debugging pattern:
1. Insert print before the failing step.
2. Check the exact index and formula.
3. Update the index or tactic accordingly.

## 7. Combinators

Useful control constructs:
« Sequential composition: ‘tl ; t2‘
Run tl then t2 on the resulting goals.
« Branching ‘< (tl1, t2)*?
Apply tl to the first branch and t2 to the second,
after a rule that splits the goal.

Combining these is generally enough to express proofs.

## 8. High-Level Tactics
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High-level tactics:
+ perform several logical steps at once,
+ handle common patterns in hybrid programs,
+ push the proof toward arithmetic goals.

The two most common ones are:

- unfold
Unfolds simpler constructs (assignments, tests,
choices, sequences, antecedent conjunctions, dual,
implication). Often changes sequent structure and
might create multiple branches.

— auto
Applies a library of rules to try to automatically
prove the goal. Generally succeeds on simpler goals.

You can use these to make the tactic shorter, but the
tradeoff is less control and harder debugging.

## 9. Debugging

Common debugging workflows:

1. Insert print between suspicious steps to see the
goal after each one. This can help identify where
the proof diverges from expectations.

2. Remove steps until the error disappears. Once
behavior is as expected, add more steps.

## 10. Additional Tips:
### 10.1 Syntactic:

— Comments in Bellerophon are written using the syntax
‘/* This is a comment =/‘.

— Do not use a concluding semicolon after the last
tactic in your script. The semicolon is only a
separator, not a terminator. Write ‘tl ; t2%, not
‘tl ; t2 ;.

— The branching combinator '<( ... ) does not have a
closing angle bracket. Write ‘< (tl, t2)‘, not

175



‘<(tl, t2)>1.
— When using branching tactics like dC or cut, further
development should be nested inside the branches using

‘W( ..., ... )" syntax. Write ‘dC("formula", pos);
<(tl; dC("formula", pos); <(t2, t3), t4)', not
‘dC("formula", pos); <(tl, t4) ; dC("formula", pos);

<(t2 ; t3)'. Here, the first dC splits the goal into
two branches. On the first branch we apply tl followed
by dC that further splits into two branches where we
apply t2 and t3 respectively. On the second branch of
the first dC, we apply t4.

— Output along the lines of "Exception in thread "main"
6:2 Lexer 6:2 Lexer does not recognize input at .
indicates that there is a syntax error in the
Bellerophon tactic. There can still be syntax errors
that do not get caught by the lexer, though.

— The Bellerophon parser supports only ASCII characters.

— You can apply tactics like andL and orL only to
formulas that have the corresponding logical
connective at the top level. For example, andL would
not apply to a | b & c because the top-level connective
is |, since & binds more tightly. A good pattern is to
use unfold to split up all top-level conjunctions at
once, and then apply orl as needed.

### 10.2 Common Proof Patterns:

— Sometimes, it is helpful to split out disjunctive cases
in the antecedent using orl, because the disjuncts
correspond to different control modes requiring
different reasoning.

— When there are top-level conjunctions in the
antecedent, you can either split them one-by-one using
andL, or use unfold to split all at once. The latter
is often more concise, while the former gives more
control. It is often necessary to split conjunctions
to expose individual underlying assumptions to which
further rules apply, e.g., disjunctions for orL case
splitting, or equations on which to apply alllZ2R.

— When you see errors about inapplicability of a tactic
due to formula shape mismatch, try to work around by
using a different tactic or by introducing cuts to
reshape the goal into a more convenient form.

— For time-triggered controllers, ‘t>=0" is often a
useful invariant to cut in using dC, as it ensures we
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only have to reason about ODE properties after
nonnegative time durations.

### 10.3 Other Advice:

Do not assume a branch is closed until you print and
verify that it shows "proved". Therefore, after
applying a terminal tactic like auto or QE, it is good
practice to print the state right after to check that
the tactic indeed closed the goal.

‘unfold' steps are important and should not be
forgotten. They often change the shape of the subgoal,
and their can lead subsequent tactics to fail because
the positions of sequents they expect are no longer
present. It is a good idea to start tactic scripts
with ‘unfold' to normalize the formula first.

For the full list of tactics, see https://github.com

/LS-Lab/KeYmaeraX-release/tree/master/keymaerax—-webui
/src/main/resources/help/axiomsrules.

Duals are usually handled by ‘unfold', which generally
eliminates the outermost dual by flipping the modality
(box to diamond or vice versa). Otherwise the
individual tactics are ‘duald(i) ' that handles diamond
modality containing a dual game at position i and
similarly and ‘dualb (i) ‘' for box modality.

unfold generally handles implications, so implyR(1l) is
usually not necessary after unfold.

dbx is strict about the shape it allows: the
postcondition formula after the box must be a single
inequality or equation with 0 on the RHS. Rewrite the
goal using a differential cut if needed to get it into
this shape.

When you have two subsequent formulas, e.g., \Gamma |-
[\alphal*]\varphi, [\alpha2+]\varphi,

(i.e., [\alphal=*]\varphi at position 1 and
[\alpha2+]\varphi at position 2), remember that you
only need to prove one of the subsequents.

You can think carefully about which one is more
promising to prove, and get

rid of the other using hide(2) or hide(l) as
appropriate. But don’t eliminate options too early: if
you have a disjunction ‘fl1 | £2' in your assumptions,
it may be that [\alphalsx]\varphi is provable when fl
holds, and [\alpha2*]\varphi is provable when f2
holds, so you need to keep
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both options until you have split on the disjunction
using orL.

— If an arithmetic proof obligation times out on auto or
QE, it is a good idea ot check if the goal is even
valid by internally checking if a solver like Z3 can
find a counterexample within some small timeout.

### 10.4 On Loop Invariants:

identifying the right loop invariant for proving
properties of loops (using tactic ‘loop("invariant"™, 1i)%')
can be tricky, yet critical to allowing the subsequent
proof branches succeed. A common pattern is to start with
an invariant, and then strengthen or weaken it as
required as one encounters counterexamples or
difficulties in closing the subgoals, init, step and
post, out of which step is usually the hardest to close.

The invariant can be no stronger than the initial
assumptions, that is, ‘\Gammal & \Gamma2' in

‘“\Gammal, \Gamma2 |- [\alphax]\varphi‘.

Anything stronger than ‘\Gammal & \Gamma2' would not
allow the init subgoal to close.

The invariant cannot be weaker than \varphi, the
postcondition. Anything weaker than \varphi would

not allow the post subgoal to close.

The challenge is then to weaken the assumptions enough,
or strengthen the postcondition enough, that the
resulting invariant is *inductivex, allowing the step
subgoal to close.

For example, consider the simple loop goal

‘x=1 |- [{?x>=1;"7@; {x'=1}}*]1x>=0".

x=1 is too strong as an invariant because as time
elapses, x becomes larger than 1, so it is not true that
x=1 |- [?x>=1;"@; {x'=1}]lx=1.

x>=0 1s too weak as an invariant because Demon loses
within the loop at the test when, e.g., x=0, so it is
not true that x>=0 |- [?x>=1;7Q; {x'=1}]1x>=0.

A suitable invariant is x>=1, which is weaker than the
assumptions, stronger than the postcondition, and
inductive in that if it holds initially, after running
one iteration of the loop, it will continue to hold.

Other advice for identifying an invariant:
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— A good heuristic is to start with the initial
assumptions as the invariant, and then weaken them as
needed, or start with the postcondition \varphi and
strengthen it. Ask yourself: do the initial
assumptions already look inductive? Does the
postcondition already look inductive?

— It is usually a good idea to retain all assumptions on
signs of constants. These often end up being critical
to inductiveness. You lose nothing by including
assumptions in the invariant, unless they are
non—-inductive and stop holding after some time.

— It is easy to get the invariant subtly wrong because
of small inaccuracies or missing edge cases. But in
the course of doing the proof, if you carefully
analyze proof failures, you will discover the missing
requirements, so do not hesitate to modify the
invariant accordingly.

— Finding the right invariant is the only way to do
proofs about Angel loops in Demon modality games or
Dually, Demon loops in Angel games
(i.e. “[\alpha=*]\varphi' or ‘<\alphax*>\varphi?').

The only way to prove the latter is to first
convert to ‘[\alpha*]\varphi‘ form, e.g. using
unfold, and then apply the loop tactic.

### 10.5 On proving Angel choices in Angel games:
This section applies dually also to Demon choices in

Demon games.
Consider an Angel choice in an Angel game, e.g.,

‘=1 | x=-1 |- <{ {v:=1; ++ v:=-1;1}"@;
{x"=v}}"@>(x>=1 | x<=-1)".

After applying ‘unfold', we get a two subsequents:
‘x =1 | x=-1 |- [{x'=1}](x>=1 | x <= -1),
[{x'=-1}](x >=1 | x <= -1)"

This reflects how we can choose which subsequent to prove
based on which choice Angel would have strategically
made.

In this case, Angel would choose the first branch if x=1
initially, and the second branch if x=-1 initially.

Thus we could apply the following tactic to complete the
proof, with the orL splitting on initial conditions and
hideR choosing the right subsequent to then prove:

AN
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unfold; orL(-1); <(
hideR(2); dC("x>=1", 1); <(
dw(l); OE,
dIRule (1l); <(
QEI
unfold; QE

) 14
hideR(1); dC("x<=-1", 1); <(
dw(l); OQE,
dIRule(1l); <(
QE,
unfold; QE

### 10.6 Common Error Messages:

###+# Subgoal mismatch.
Error messages of the form "<(e) (v) 1s only defined when

len(e) = len(v), but 2!=0 subgoals (v)" indicates a
branching combinator ‘<( ... ) ‘' has the wrong number of
branches.

In this example, a branching combinator for two branches
was used, but the goal was actually already closed (0
subgoals), and the fix is to remove the branching
combinator since the subgoal is already proved.

Sometimes, this error message is also reached by auto.
This is a bug in the implementation of auto that is
triggered on some formula shapes. If this happens, since
you cannot control auto, Jjust try to work around by using
a different tactic or breaking down the proof into smaller
steps.

#### dW Bug.
Sometimes, dW fails with an error message like

AN NAY

Not found: locator ’'R=="a&b->c" of position tactic
does not match anywhere in succedent of ... from ==>
1: a —> ¢
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where typically a is the domain constraint of the ODE to
which we are applying dW, c¢c is the postcondition, and b
consists of some formulas from the antecedent with only
constants.

This is a bug in KeYmaera X.

A trick that often works around this bug is cutting in
"1=1". Replace ‘dW(i); =*subsequent tacticx' with

‘cut ("1=1"); <(dW(i); =subsequent tacticx, QE("Z3") using
"1:1") \.

The syntax "using "1=1"" tells QE to ignore all antecedent
and consequent formulas in this subgoal except "1=1".

If the error persists, you can try first removing
antecedent formulas with only constants that are
appearing in the error message, and only then apply dw.
Use hide (i) to hide the formula at position 1i.

End of Bellerophon Tactic Guide

## Output Instructions
### Output Format

In your response, first briefly summarize you reasoning.
Then write a newline.

Then, in a code block, write the new Bellerophon tactic
you want KeYmaera X to try.

### Advice

If you are not sure what to how to complete the proof, you
can provide some initial steps.

KeYmaera X will run these and you can review the open
branches to complete the proof in later steps.

Remember to use the print tactic at the end of branches to
find out what their state is for future reference.

Tactics can be sequentially combined using semicolons
(e.g., ‘unfold; auto‘'. Note that there is no semicolon
after the last tactic in a sequence).

If the proof branches, e.g., after dC, then use the
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combinator ‘<(,)', e.g., ‘dC; <( print("this is branch
one."); print("this is a second print still in branch
one."), print("this is branch two.™) ).

Common mistakes to avoid:

— When expanding on a previous tactic script, do not
forget the initial ‘unfold' tactic because this can
lead to subsequent tactic failing. You should retain
the entire previous tactic and expand on it, unless
there is an error requiring you to backtrack.

— Do not modify the old tactic any more than strictly
necessary. Tactics can be fragile and a single
misplaced andL can break the proof.

— Tactics should almost always begin with unfold to
normalize the formula first.

— Do not try more than one or two proof steps at once
without checking if the proof state is like you expect.
Do not try to solve more than one branch at a time
because the complexity can quickly become unmanageable.

— Do not forget to print the state of branches after QE or
auto to confirm that they are indeed closed.

— No unicode. Only ascii characters are allowed.

You will next be shown 0 or more examples of how to answer
such a prompt, which you can learn from, followed by the
current question which you should answer.

role: user

content: |-
The formula that you are trying to prove is:
(t <=T&v=0¢&w=02%& !(x=0¢&&y=20)) —>
<{x' =v, y/ =w, v.=o0om x w, w' = - om x v, t/ =1 &
t <= T} 7@>(!'(x =0 & v =0) & (!x+xw — y*xv =0 | (v = 0 &
w = 0)))

Now, please provide a Bellerophon tactic to try next.

You should retain the entire previous tactic and expand

on it, unless there is an error requiring you to
backtrack.

In your response, first briefly summarize your reasoning.
Then write a newline.

Then, in a code block, write the entire Bellerophon tactic
you want KeYmaera X to try.

role: assistant
answer:
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mode: null

content: |
Intuitively we expect this formula to be valid because
if initially v=w=0, then v and w remain 0, so x and y
remain constant, so if we start not at the origin we
stay not at the origin. In this way, it should in the
end hold that !(x =0 & y =0) & (v=0 & w = 0) which
implies the postcondition.
First lets unfold and differential-cut in the invariant
v=0 & w=0.
We can then print the state of the second branch to
check that things look right so far.

AN NAY

unfold;

dC("v = 0 & w = 0", 1) <(
label ("Use cut"),
label ("Show cut");
print ("Show branch state.")

)

AN NAY

- role: user

content: |-
The formula that you are trying to prove is:
(t <=T&v=0¢&w=02%& !(x=0¢&&y=20)) —>
<{x' =v, y/ =w, v.=om x» w, w' = - om x v, t/ =1 &
t <= T} @>(!'(x =0 & v =0) & (!x+xw — y*xv =0 | (v = 0 &
w = 0)))

This is what you have been trying so far and the results.
Pay careful attention to not repeat past mistakes and make
progress based on what you have learned.

We expect this formula to be valid because if initially
v=w=0, then v and w remain 0, so x and y remain constant,
so if we start not at the origin we stay not at the
origin. In this way, it should in the end hold that

'(x =0 & vy =0) & (v=0 & w = 0) which implies the
postcondition.

We have differential-cut in the invariant v=0 & w=0 and
shown that is holds using the tactic below. We have
printed the proof state of the "Show cut" branch and it
was successfully closed.
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unfold;
dC ("w=0&v=0", 1); <(
label ("Use cut"); print ("Use branch state."),
label ("Show cut");
dC("v " 2+w™2=0", 1); <(
label ("Use second cut"); dw(l) ; OFE,
label ("Show second cut"); dIRule(1l),; <(
unfold; QE("Z3");
print ("Show branch of dC, dI init. State after QE."),
unfold; QE("Z3");
print ("Show branch of dC, dI inductiveness subgoal.
State after QE.")

Both dIRule branches are proved.
The proof state corresponding to the "Use cut" branch is:

-1: t<=T LessEqual

-2: v=0 Equal

-3: w=0 Equal

-4 ! (x=0&y=0) Not

==> 1: [{x'=v,y’ =w, Vv =om*w, w =—om*Vv,t’ =1&t<=T&w=06&v=01}]

('(x=0&y=0) & (!x*xw—yxv=0|v=0&w=0)) Box})
So it remains to prove this goal.

Now, please provide a Bellerophon tactic to try next.
You should retain the entire previous tactic and expand
on it, unless there is an error requiring you to
backtrack.
In your response, first briefly summarize your reasoning.
Then write a newline.
Then, in a code block, write the entire Bellerophon tactic
you want KeYmaera X to try.

- role: assistant

answer:
mode: null
content: |
We want to show that after the ODE, !(x = 0 & y = 0) &
(v =0 & w = 0) and already have v=0&w=0 in the domain
constraint. Intuitively, !(x = 0 & y = 0) because this

is true initially neither x nor y changes. To cut in
the fact that x and y do not change, lets dC in
(x=x0 & y=y0) where x0 and y0 are the initial wvalues of
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x and y, which we can introduce via discreteGhost
(which should also automatically change the initial
assumption !(x = 0 & y = 0) into !'(x0 = 0 & y0 = 0)).
Later, we can then show the "show" branch by dIRule
because x and y do not change, and the "use" branch by
dWw followed by QE because x=x0, y=y0 and v=0 & w=0
should be in the antecedents from the domain constraint
and ! (x0=0 & y0=0) should be in the antecedents because
it has only free variables x0 and y0 which are not
changed by the ODE.

But first, lets print to make sure the subgoals look as
expected.

AN NAY

unfold;
dC ("w=0&v=0", 1); <(
"Use":
discreteGhost ("x", "x0", 1);
discreteGhost ("y", "y0", 1);
dC ("x=x0&y=y0", 1); <(
"Use—-use":
print ("State of the use-use branch dw."),
"Use—Show":
print ("State of use-show branch.")

)

"Show":
dC("v " 2+w"2=0", 1),; <(
"Use":
dw(l) ; QE,
"Show":

dIRule(1),; <(
unfold; QE("Z3"),
unfold; QE("Z3")

- role: user

content: |-
The formula that you are trying to prove is:
(((a > 0 & a > (-v)/T & end - (p + v+ (T - t) + 1/2*a*
(T — t)"2 + (v + a*(T - t))"2/(2+xB)) >= 0) | (a < 0 &
a > (-B) & end - (p — v'2/(2*a)) >= 0) | (a < (-B) &
end - (p + v'2/(2+B)) >=0)) & A >0 & B >0 & T >0 &
v >=0) > <{p’ =v, v/ =a, t/! =1 6& t <=T & v >= 0}7@>
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(end - (p + v'2/(2+B)) >= 0 & A >0 & B >0&T>0 &
v >= 0)

This is what you have been trying so far and the results.
Pay careful attention to not repeat past mistakes and make
progress based on what you have learned.

Proposed Tactic:
unfold;

boxAnd (1l); andR(1l);
print ("State")

Outcome: ===== State ==== ElidingProvable (Provable({
==> 1: (a>=0&a>=(-v) /T&end- (p+v* (T-t)+1/2xax (T-t) "2+
(v+a* (T-t)) "2/ (2+«B))>=0]a < 0&a>=-B&end- (p-v~"2/
(2xa))>=0la < -B&end- (p+v~"2/(2xB))>=0) &A>0&B>0&
T>0&v>=0-><{{p'=v,v’ =a,t’'=1l&t<=T&v>=0}}"@>
(end—(p+v~"2/ (2%B) ) >=0&A>0&B>0&T>0&v>=0) Imply
from
-1: a>=0&a>=(-v)/T&end- (p+v* (T-t)+1/2+a* (T-t) "2+
(v+ax (T-t)) "2/ (2+«B))>=0]a < 0&a>=-B&end- (p-v~2/
(2+«a))>=0]la < -B&end-(p+v"2/(2%B))>=0 Or
-2: A>0 Greater
-3: B>0 Greater
-4: T>0 Greater
-5: v>=0 GreaterEqual
==> 1: [{p’'=v,v =a,t’=1l&t<=T&v>=0}]end- (p+v"2/ (2%B))>=0
Box

-1: a>=0&a>=(-v)/T&end- (p+tv* (T-t)+1/2+a* (T-t) "2+
(v+a* (T-t)) "2/ (2+«B))>=0]a < 0&a>=-B&end- (p-v"2/
(2+xa))>=0la < -B&end-(p+v~"2/(2+B))>=0 Or

-2: A>0 Greater

-3: B>0 Greater

-4: T>0 Greater

-5: v>=0 GreaterEqual

==> 1: [{p’'=v,v =a,t’'=1l&t<=T&v>=0}] (A>0&B>0&T>08&Vv>=0)
Box}) =====

print done (no progress, 1s)

Done

Now, please provide a Bellerophon tactic to try next.
You should retain the entire previous tactic and expand
on it, unless there is an error requiring you to
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backtrack.
In your response, first briefly summarize your reasoning.
Then write a newline.
Then, in a code block, write the entire Bellerophon tactic
you want KeYmaera X to try.

— role: assistant

answer:
mode: null
content: |

- rol

We see the proof has split into two goals, the first
with consequent ‘[{p’=v,v’=a,t’=1&t<=T&v>=0}]end- (pt+v"2/
(2xB))>=0" and the second with consequent

‘[ {p'=v,vi=a,t’=1&t<=T&v>=0}] (A>0&B>0&T>0&v>=0) ‘. The
second one should be easy to prove, so we will try that
first with the auto tactic.

We will print the state after trying auto to see if it
was successful, or if more work is required. We should
also print the state of the harder branch so that we

can plan our next steps there.

Our tactic will carefully retain the initial

‘unfold; boxAnd(l); andR (1) ‘' to ensure we don’t lose the
progress we have already made.

AV NAY

unfold; boxAnd(l); andR(1l) <(
label ("harder");
print ("State in harder branch"),
label ("easier");
auto; print ("State after auto on easier branch")

)

AT

e:! user

content: |-

T

(
A

(

<

he formula that you are trying to prove is:
kA > 0 & kB > 0 & kC > 0 & kT >= 0 & T > 0 &

> 0 & B> 0 & C > 0 & Temp >= 0 &
kBxA <= kA*B & kAxTemp + kTxA <= kAxTmax |
kA*xB <= kB*A & kBxTemp + kTxB <= kBxTmax)) —>
{ { { 1isOn:=0; ++ 1sOn:=1; }; t:=0;
{ A7 = — AxBxTempxisOnxkA,
B’ = - AxBxTempxisOnx*kB,

C’ = AxB+«TempxisOnx*kC,
Temp’ = AxBxTempxisOnx*kT,
t/ =1 & t<=T & A>=0 & B>=0 & C>=0 & Temp>=0
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bi
}* }7@ > Temp<=Tmax

Now, please provide a Bellerophon tactic to try next.

You should retain the entire previous tactic and expand

on it, unless there is an error requiring you to
backtrack.

In your response, first briefly summarize your reasoning.
Then write a newline.

Then, in a code block, write the entire Bellerophon tactic
you want KeYmaera X to try.

3. Summarize summarizes the proof state in preparation for the next iteration of the verification
loop. It is only used for the Qwen model evaluation.

role: system

content: |

You are given a step in an attempt to prove a
differential game logic (dGL) formula in KeYmaera X,
along with context about the previous state of the proof
before the step, including the global plan and the
things we have tried so far.

Your task is to provide a new summary of the current
state of the proof that now accounts for the latest step
towards completing the proof and its outcome.

Your proof summary will be used to then decide what the
next step in the proof should be (if you decide to
continue the proof) or how to change the formula (if you
choose to revise the formula). Therefore it should
remember all relevant information: previous mistakes and
how you resolved them, location of sequents in subgoals
that currently remain open, counterexamples discovered at
the end of previous proof directions, etc. Expect that
after many steps, the summary will be long. Be sure to
include all relevant information.

## Input:

1. The dGL formula that you are trying to prove.

2. The summary of the proof state before this step.

3. The proof tactic that you then ran this time to get
one step closer to completing the proof.

4. The outcome of running that tactic.
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Here, "step" means not a literal single step in the
proof, but rather a new tactic that you applied that
modifies the last one that was applied, either resolving
errors or making progress towards completing the proof.

## More information:

Here is more information about dGL:
[This section is the same as in the GetTactic query.]

Here is more information about KeYmaera X tactics:
[This section is that same as in the Bellerophon Tactic
guide in the GetTactic query.]

## Output Shape:

You should return a detailed summary of the proof state.
In the summary, you should include the following
sections, many of which should carry over from the
previous summary provided to you.

1. The global proof plan so far.

Mostly carries over from previous summary unless the
latest step surfaced an issue or new insight.

2. (New) Previous Tactic (that is, the currently applied
tactic in the latest step).

Just copies over from input item 3. Do not make any
changes or omissions.

3. The current open subgoals with exact sequent locations
if we know them.

Copies over from input item 4.

4. Any mistakes made so far and how we fixed them. This
is important to avoid repeating the same mistakes in
future steps. Guide the reader so they know what they
must do to avoid repeating these mistakes.

Partly carries over from previous summary. Might need to
add new information if the latest step surfaced a new
mistake or insight on how to fix a mistake.

Remember to include all relevant context, such as the
tactic leading up to the issue, the reason for the
problem, and how to avoid it in the future.

5. Previous proof directions that failed, if any, along
with details such as the counterexamples discovered at
the end of those directions.
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Mostly carries over from previous summary unless the
latest step surfaced a new issue or insight.
6. Any other relevant information about the proof state
that will let a reader work on the proof from here
assuming no other information besides the original
formula to prove is provided to them.
Partly carries over from previous summary. Might need to
add new information if the latest step surfaced new
relevant information. Remember that your summary and the
original formula will be all the reader has to work from
to proceed with the proof, so do not omit useful details.
Some of these sections may be empty if the proof is still
in early stages, but you should still include the
section headers for completeness."

- role: user

content: |
The formula that you are trying to prove is:
(kA > 0 & kB> 0 &« kC > 0 & kT >0 & T > 0 & A >= 0 &
B> 0 & C > 0 & Temp >= 0 & (kBxA <= kAxB & kAxTemp +
kTxA <= kAxTmax | kA*xB <= kBxA & kBxTemp + kT*xB <= kBx
Tmax)) —> < { { { 1isOn:=0; ++ 1isOn:=1; }; t:=0;
{ A" = — AxBxTempxisOnxkA, B’ = - AxBxTempxisOn=*kB,
C’ = AxB*TempxisOn*kC, Temp’ = AxBxTemp*isOnxkT,
t’ =1 & t<=T & A>=0 & B>=0 & C>=0 & Temp>=0 }; }* }°@ >
Temp<=Tmax

Remember that nested duals alternate control back. For
example, in the game ‘{(a ++ b) @; (c++d);}" @', the
choice between ‘a‘ and ‘b‘' is controlled by Angel, while
the choice between ‘c' and ‘d' is controlled by Demon.

Here is an analysis of the formula, discussing what Angel
vs. Demon controls and the game’s control modes.
1) Angel-controlled actions
— None within the game body. The entire loop is dualized,
so all otherwise-Angel constructs inside it are under
Demon control.

2) Demon-controlled actions

- Looping: { ... }*"@
| Demon chooses how many iterations
to execute (including zero; any finite number).

— Discrete choice each iteration: { isOn := 0; ++
isOn := 1; } | Within the single “@, Demon chooses
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whether to set isOn to 0O (OFF) or 1 (ON) for that
iteration.

— ODE duration each iteration: { A’ = -A B Temp isOn kA,
B’ = -A B Temp 1isOn kB, C’ = A B Temp 1sOn kC,
Temp’ = A B Temp isOn kT, t/ =1 & t <= T & A >= 0 &
B> 0 & C > 0 & Temp >= 0 }
| Demon controls how long
to flow, subject to the evolution domain. He may stop
immediately or at any time before hitting t = T or a
state-constraint boundary (he cannot cross
A,B,C,Temp < 0 or t > T).

— Non-controlled deterministic assignments

-t := 0 at the start of each iteration (resets the
per—iteration clock; not a choice).
— The chosen isOn := 0 or 1 is a deterministic assignment

after Demon picks the branch.

3) Control modes (qualitative behaviors)

The per-iteration discrete choice creates two qualitative
modes; Demon may switch modes between iterations by
choosing isOn.

— OFF mode (isOn = 0)

— Dynamics: A’ = B’ = C’ = Temp’ =0, t/ = 1.

- Behavior: State (A,B,C,Temp) is frozen; only the timer
t increases up to T. This 1is an equilibrium for the
chemistry/temperature.

— Invariants: All polynomial combinations below remain
constant (trivially, since derivatives are zero).

— ON mode (isOn = 1)
— Dynamics: A’ = -kA A B Temp <= 0, B’ = -kB A B Temp <= 0,
C’ = kC A B Temp >= 0, Temp’ = kT A B Temp >= 0, with
t’ = 1 and domain t <= T, A,B,C,Temp >= 0.
— Monotonicity:
A(t), B(t) are nonincreasing; C(t), Temp(t)
are nondecreasing. If any of A, B, or Temp is zero, all
chemical rates are zero (equilibrium subset).
— Polynomial invariants (valid in both modes because every
derivative carries the common factor A B Temp 1isOn) :
- Stoichiometry: kB A - kA B = const
(so the sign of kB A - kA B never changes; the
"limiting reagent"
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relation stays fixed).
— Thermal-reagent invariants:
— kA Temp + kT A = const
— kB Temp + kT B = const
- Yield invariants (optional but useful):
kC A + kA C = const and kC B + kB C = const.
— Bounds from invariants (safety envelopes chosen by initial
branch) :
— If initially kB A <= kA B and
kA Temp + kT A <= kA Tmax,
then for all future time Temp <= Tmax
because A >= 0 and
kA Temp + kT A stays constant.
— If initially kA B <= kB A and
kB Temp + kT B <= kB Tmax,
then likewise Temp <= Tmax from the second invariant.
— These two cases are disjoint branches selected by the
initial stoichiometric ordering; the ordering is
preserved by kB A - kA B = const.
- Asymptotes/equilibria: Trajectories move along
invariant manifolds until one reagent depletes
(A —> 0 or B —> 0), then
all rates drop to zero. Temperature approaches a finite
limit bounded by the corresponding invariant, never
exceeding Tmax under the given initial branch. If kT = 0,
Temp is constant.

4) Overall control pattern
— Preconditions (outside the game) ensure positivity
and pick
one of two invariant safety envelopes: either
kA Temp + kT A <= kA Tmax when kB A <= kA B, or
kB Temp + kT B <= kB Tmax when kA B <= kB A. The
stoichiometric ordering is invariant, so the chosen
envelope remains applicable.
— Iteration (repeats a Demon-chosen finite number of times) :
1) Demon picks isOn \in {0, 1}
(OFF or ON for this iteration).
2) Deterministic reset t := 0.
3) Demon chooses how long to flow within the ODE domain
(0 <= duration <= T).
- OFF: no state change except t.
- ON: A,B decay; C,Temp grow; all along the invariant
manifolds keeping Temp within the selected bound.

192



— Demon controls both switching (isOn) and dwell time
(ODE duration) as well as the number of repetitions;
Angel has
no in-game choices. The qualitative modes are OFF
(equilibrium) and ON (reaction with monotone decay/growth
along invariant manifolds), with safety enforced by the
polynomial invariants regardless of Demon’s switching and
timing.

Carefully account for who controls which choice while
constructing any counterexamples.

The counterexample cannot,

e.g., require Demon to make a choice that Angel controls.

Then you performed the following proof attempt:

We need an inductive invariant for the Demon loop. A
natural invariant is the conserved linear bounds: either
kAxTemp+kTxA<=kAxTmax when kBxA<=kAxB, or
kBxTemp+tkT+B<=kBxTmax when kAxB<=kBxA. Together with sign
assumptions kA>0,kB>0,kT>=0 and A>=0,B>=0, this invariant
implies Temp<=Tmax for the post branch. We set up the loop
with this invariant, automatically discharge the init and
post branches (splitting the disjunction in the post), and
print the step branch after unfolding so we can handle ODE
preservation next.

AN

unfold;
loop ("kA>0 & kB>0 & kT>=0 & A>=0 & B>=0 &
( (kBxA <= kAxB & kAxTemp + kTxA <= kAxTmax) |
(kAxB <= kBxA & kBxTemp + kT=xB
<= kB+xTmax) )", 1); <(
/* 1nit: assumptions imply invariant =*/
unfold; auto; print ("Init branch after auto."
)
/* step: unfold body, we will handle preservation next =/
unfold; print ("
Step branch after unfolding body."),
/* post: invariant implies Temp<=Tmax x/
andL (-1); andL(-1); andL(-1); andL(-1); andL(-1);
orL (-1),; <(
andL (-1); QE ("
Z3"); print ("Post branch case 1 closed (from kAxTemp +
kTxA <= kA+xTmax)."),
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andL (=1); QE("Z3"); print ("Post branch case 2 closed
(from kBxTemp + kT*B <= kB*Tmax) ."
)

The outcome was:

Tactic andlL applied at -1 on a non-matching expression in
ElidingProvable (Provable({

-1: kA>0&kB>0&kT>=0&A>=0&B>=06& (kB*xA<=kAxB&kAxTemp+kT+A<=
kA*Tmax | kA*B<=kBxA&kB*Temp+kT+*B<=kBxTmax)

And

-2: kA>0 Greater

-3: kB>0 Greater

-4: kC>0 Greater

-5: kT>=0

GreaterEqual

-6: T>0 Greater

==> 1: [{isOn:=0;++1isOn:=1; }t:=0; {A’'=—A*«BxTemp*isOnxkA,
B’ =—AxB*Tempx1isOn*kB, C' =AxBxTemp*1sOn+kC, Temp’ =AxBxTempx*
1sOn*kT,t’=1&t<=T&A>=0&B>=0&C>=0&Temp>=0}] (kA>0&kB>06&kT
>=0&A>=0&B>=06&%28kB+xA<=kA+B&kA+Tempt+kT+xA<=kAxTmax | kKA*B
<=kB*A&kB*Temp+kT+B<=kB*Tmax%29)

Box

from

-1: kA>0 Greater

-2: kB>0 Greater

-3: kC>0 Greater

—-4: kT>=0 GreaterEqual

-5: T>0 Greater

-6: kA>0 Greater

-7 kB>0&kT>=0&A>=06B>=0& (kB*A<=kAxB&kA*xTemp+kTxA<=kAx
Tmax | kKAx*B<=kBxA&kBxTemp+kT+xB<=kBxTmax)

And

==> 1: [{isOn:=0;++1is0On:=1; }t:=0; {A’=—A*«BxTemp*isOnxkA,
B’ =—AxB*xTempx1isOn*kB, C’'=AxBxTemp*1sOnxkC, Temp’ =A*BxTemp
*1s0n*kT,t’=1&t<=T&A>=0&B>=0&C>=0&Temp>=0}] (kA>0&kB>0&
kT>=0&A>=0&B>=0&%28kB*xA<=kA*xB&kArxTemp+kT+A<=kAxTmax | kAx*
B<=kBxA&kBxTemp+kT+B<=kB*Tmax%$29)

Box})
in <( (unfold;auto;print ("Init branch after auto.")),
(unfold;print ("Step branch after unfolding body.")),
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>> << )

(Failed on branch (andL(-1);andL(-1);andL(-1);andL(-1);
andL (-1);orL(-1);<( (andL(=1);QE("Z3");

print ("Post branch case 1 closed (from kA*xTemp + kTxA <=
kA*Tmax) ."

)), (andL(-1);QE("Z23");

print ("Post branch case 2 closed (from kBxTemp + kT*B <=
kB*Tmax) ."

)) )))

in <( (unfold;auto;print ("Init branch after auto.")),
(unfold;print ("Step branch after unfolding body.")),
>> << )

[Full trace elided]

at edu.cmu.cs.ls.keymaerax.bellerophon.CorelLeftTactic.
computeResult (BellerophonSyntax.scala:623)

t... 40 more

[launcher] Restarting KeYmaera X with sufficient stack
space

/usr/lib/jvm/java-17-openjdk—-amd64/bin/java —-Xss20M -da
-jar /home/.../keymaerax.jar

—-launch -prove /home/.../keymaerax_conjectures/kA0.kyx
—-tactic unfold;

loop ("kA>0 & kB>0 & kT>=0 & A>=0 & B>=0 & ( (kB*xA <= kAxB &
kAxTemp + kT+xA <= kAxTmax) | (kAxB <= kBxA & kBxTemp + kT=xB
<= kB*Tmax) )", 1); <(

/* 1nit: assumptions imply invariant =*/

unfold; auto; print ("Init branch after auto."

) 14

/* step: unfold body, we will handle preservation next =/
unfold; print ("

Step branch after unfolding body."),

/* post: invariant implies Temp<=Tmax */

andL (-1); andL(-1); andL(-1); andL(-1); andL(-1);

orL (-1),; <(

andL (-1); QE("

Z3"); print ("Post branch case 1 closed (from kAxTemp + kT=*A
<= kA*Tmax)."),

andL(-1); QE("Z3"); print ("Post branch case 2 closed (from
kBxTemp + kTxB <= kB*xTmax) ."

)

)

)
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—-verbose —-timeout 30

KeYmaera X Prover 5.1.2

Use option —-help for usage and license information

Proving entries from 1 files

Proving /home/.../keymaerax_conjectures/kAO0.kyx#Delphyne/kAOQ

unfold... unfold done (transformed goal(s), 44ms)

loop ("kA>0&kB>0&kT>=0&A>=0&B>=0&
(kBxA<=kA*xB&kAxTemp+tkTxA<=kAxTmax |
kAxB<=kBxA&kBxTemp+kT+ B<=kB*Tmax) "

, 1)... loop done (added 2 goal(s), 60ms)

unfold... unfold done (no progress, 2ms)

auto... auto done (proved, 16ms)

print ("Init branch after auto.")... INFO ===== Init branch
after auto. ==== ElidingProvable (Provable{ -1: kA>0
Greater

—-2: kB>0 Greater

-3: kC>0 Greater

-4: kT>=0 GreaterEqual

-5: T>0 Greater

-6: A>=0 GreaterEqual

-7: B>=0 GreaterEqual

-8: C>=0 GreaterEqual

-9: Temp>=0 GreaterEqual

-10: kBxA<=kAxB&kAxTemp+kT+*A<=kA*Tmax |
kAxB<=kBxA&kBxTemp+kT*B

<=kBxTmax

Or

==> 1: kA>0&kB>0&kT>=0&A>=06&B>=0& (kB*xA<=kAxB&kA*xTempt+kT+A

<=kAxTmax | kAxB<=kB*A&kBxTemp+kT+B<=kB*Tmax)

And proved}) =====

print done (proved, 4ms)

INFO ===== Step branch after unfolding body. ====

ElidingProvable (Provable{

-1: kA>0&kB>0&kT>=0&A>=0&B>=0& (kB*xA<=kAxB&kAxTemp+kT*A

<=kAxTmax | kA*B<=kBxA&kB*xTempt+kT+B<=kBxTmax)

And

—-2: kA>0 Greater

-3: kB>0 Greater

-4: kC>0 Greater

-5: kT>=0

GreaterEqual

-6: T>0 Greater

==> 1: Temp<=Tmax LessEqual
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from

-1: kA>O0

Greater

-2: kB>0 Greater

-3: kC>0 Greater

-4: kT>=0 GreaterEqual

-5: T>0 Greater

-6: kA>0 Greater

-7: kB>0 Greater

-8: kT>=0

GreaterEqual

-9: A>=0 GreaterEqual

-10: B>=0 GreaterEqual

—-11: kBxA<=kAxB&kAxTemp+kT*A<=kAxTmax|
kAxB<=kBxA&kBxTemp+kT+B<=kB*xTmax

Or

==> 1: Temp<=Tmax LessEqual}) =====

Done /home/.../keymaerax_conjectures/kA0.kyx#Delphyne/kAQ
(failed)

FAILED Delphyne/kAQO: tactic=user,tacticsize=-1,budget=30[s],
duration=-1[ms],ge=-1[ms],rcf=-1, steps=-1

Now please provide your summary.

This ends the listing of the Verification Prompts.

C.4 Synthesis Prompts

Similarly to Appendix|C.3] this section lists the synthesis prompts. Again prompts are listed in
the order in which they are called during the synthesis process.
1. AnalyzeGameLoop is the same as in Appendix|[C.3]
2. PlanControlStrategy uses the analysis so far and the provided informal guideline to come upw
ith a strategy that Angel should play.
— role: system
content: |

You are given a differential game logic (dGL) loop

and a desired postcondition that Angel (the controller)

aims to maintain.

Your task is to propose a succinct plan describing the
Angel’s control strategy to guarantee the postcondition.
You just need to find one control strategy that works,
not necessarily the optimal or most general one. You may
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be provided guidelines about what kind of control
solution to find. If so, the chose strategy should be in
accordance with those guidelines.

Background on dGL:

[Identical to the dGL syntax guide of AnalyzeGameLoop
followed

by the Bellerophon Tactic guide of GetTactic.]

You are given:

— The full loop.

— The postcondition that Angel aims to maintain.

— A prior analysis of Angel vs. Demon controls and
control modes.

— Optionally, guidelines about what kind of control
solution to find.

Goal:

Produce a strategy that maintains safety. If the control
involves a Demon controlled loop, carefully account for
infinite iterations.

Keep the strategy simple and minimalist. Avoid
unnecessarily long or involved control strategies.

It is OK if your strategy requires special initial
conditions or assumptions to work, such as starting at
specific equilibrium point or assuming the sign of some
constants. Just be clear about what these assumptions
are.

Reguirements for the plan:

- State any initial conditions/assumptions the plan
relies on, and what control mode it starts in. You
must choose exactly one control mode to start in so as
to make subsequent analysis easier. If the control
mode requires specific initial conditions, this should
be part of your assumptions.

- After this, list Angel’s strategy as a sequence of
steps, corresponding to control modes.

* Each step should start with an action word (e.g.,
"Choose", "Set", "Switch to"), possibly with a
conditional clause (e.g., "When X holds"). End
with a temporal indicator (e.g., "repeatedly",
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"until Y", "forever").

* Each step should focus on Angel’s actions. Mention

Demon only when necessary to motivate Angel’
tactics, or when he forces a mode change.

S

* Expect to transition between modes mainly by using

Angel’s controllable actions and choices.

* Use clear English, no mathematical notation unless

necessary for clarity. This will later be
translated into formal constraints.
* Produce a numbered list of Angel’s decisions
* Be as concise as possible without superfluou
words. Aim for no more than 7120 words.

S

* Avoid hedging or verbose meta-commentary; write

only Angel’s action steps.

The input includes the game and a prior analysis

identifying Angel vs. Demon controls. Use that analysis

to ensure that the plan accounts for any possible
adversarial behavior.

— Carefully consider the differential equation. There
can be coupling between variables that affects your

reasoning.

— Based on the dynamics, you may some times need to come
up with upper/lower bounds of quantities and use that

to derive sound preconditions. It’s best to use

simplistic, polynomial bounds so that they verify more

easily.

Output Structure:

- Start with a one-line comment on what new region the

strategy is trying to cover.

— Then write section per the requirements listed above.

* Write a description of initial
conditions/assumptions, and mode.
* Then proceed with the plan steps.

You will be shown zero or more examples of how to
answer, followed by a new gquestion to answer.
- role: user

content: |-
Full Game:
{2 A>0&B>08& kA >048& kB >0 & kC >0 & kKT >
T > 0;°@}; {subgame_c: {{{{{isOn := 0;} ++ {isOn
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{t := 0;1}}; {subgame_j: {A’ = — A * B x Temp * 1isOn * kA,
B’ = — A x B x Temp * isOn * kB, C’ = A « B » Temp * 1sOn *
kC, Temp’ = A * B x Temp % 1isOn % kT, t/ =1 & t <= T &
A>06& B> 06&C >0 & Temp >= 0}

PrxT@}

Postcondition Angel aims to maintain after the loop:
Temp <= Tmax

Prior control analysis:

1) Angel-controlled actions

— None. The only potentially Angelic constructs (the
choice isOn := 0 ++ isOn := 1 and the ODE duration) are
inside a loop that is wrapped by a single dual "@, so
they are Demon-controlled.

2) Demon-controlled actions

— Initial test {? A > 0 & B >0 & kA > 0 & kB > 0 & kC > 0 &
kT >= 0 & T > 0}7@ (subsequent play assumes these hold;
otherwise Demon would have lost).

— Loop count {subgame_c: {...}*}"@: Demon chooses how many
iterations (including zero).

— Inside each iteration (because the whole loop is under
one ~@):

- Branch choice {{{isOn := 0;} ++ {isOn := 1;}}: Demon
chooses whether the reaction is Off or On for that
iteration’s flow.

— ODE duration in subgame_j: Demon controls how long to
flow along

A’ = — A B Temp 1isOn kA,
B’ = - A B Temp isOn kB,
cr = A B Temp 1isOn kC,
Temp’ = A B Temp isOn kT,
tr =1

subject to the evolution domain t <= T, A >= 0, B >= 0,
C >= 0, Temp >= 0. He may stop anytime before hitting
the domain boundary; he cannot exceed it.
— Deterministic assignment t := 0 is not a choice (it
always executes).

3) Control modes (qualitative behaviors and invariants)

— OFF mode (isOn = 0, or equivalently any boundary where
A =0 or B= 0 or Temp = 0 makes the vector field zero):

- A =B’ =C" = Temp’ = 0, t" = 1. Chemical state
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(A,B,C,Temp) is frozen; only the timer t increases until
t = T.

— Equilibrium for the chemical variables.

- ON mode (isOn = 1, with A,B,Temp > 0):

- Monotonicity: A’ = -kA A B Temp <= 0, B’ = -kB A B Temp
<= 0, C" = kC A B Temp >= 0, Temp’ = kT A B Temp >= 0
(Temp’” = 0 when kT = 0). Thus A,B decrease; C increases;

Temp 1s nondecreasing.

— Domain bounds: A,B,C,Temp remain nonnegative; 0 <= t <= T
within each flow.

— Polynomial invariants (valid in both ON and OFF, hence
globally) :

- kB A - kA B = const.

- C + (kC/kA) A = const and C + (kC/kB) B = const.

- Temp + (kT/kA) A = const and Temp + (kT/kB) B = const
(these degenerate correctly when kT = 0).

— Equilibria within ON: if A = 0 or B = 0 or Temp = 0 is
reached, the system becomes stationary (same as OFF for
the chemical variables).

- Asymptotic/terminal behavior: Trajectories move along the
invariant line kB A - kA B = const toward the nonnegative
axes; one reactant may be exhausted (A=0 or B=0) while the
other remains positive. C accumulates according to the
invariants; Temp can only increase (if kT>0) or remain
constant (if kT=0).

Special parameter submode:
— Isothermal ON (kT = 0): Same as ON but Temp’ = 0, so Temp
is constant; other invariants and monotonicity still hold.

4) Overall control pattern

- Start with a Demon test ensuring A > 0, B > 0, kA,kB,kC
> 0, kT >> 0, T > 0 (Angel may assume these).

— Then repeat zero or more iterations (Demon loop):

1) Demon chooses 1sOn \in {0,1}.

2) Deterministically reset t := 0.

3) Demon evolves the ODE for any duration up to the domain
boundary (notably t <= T), stopping at will.

— By sequencing iterations, Demon effectively applies a
piecewise-constant ON/OFF control with segment durations
at most T, steering the monotone reaction dynamics
(consume A,B and produce C, increase Temp if kT>0) or
freezing them when OFF.
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More information from previous proof attempts:
Find the control solution for the situation where the
reactant runs out before temperature can become too large.

Provide the control strategy now.

3. The next query, which gets the LLLM to guess a subvalue for a subgame, has three variants,
one each for loops, nondeterministic assignments, and ODEs. We show the loop variant, Guess-
LoopInvControl, but the others are similar.

— role: system
content: |
Your task is to guess a loop invariant for a game loop
given the loop body and the postcondition.

A loop of the form {\alpha}*"@ executes the body \alpha

zero or more times (and we must account for every

possibility). A loop invariant I is a property that:

1. Holds before the loop starts (precondition implies T)

2. Is preserved by each iteration of the loop body (if I
holds before \alpha, then I holds after \alpha)

3. Combined with loop termination, implies the
postcondition

A loop of the form {\alpha}* executes the body \alpha
zero or more times, and how many times is our choice.

In this case, the invariant should be such i1f we run the
loop enough (finite) times, the postcondition will be
satisfied.

While choosing the precondition/invariant, you need to
consider the essential properties that remain true
throughout all possible iterations of the loop body,
considering both angel and demon choices.

The loop invariant should be typically involves bounds,
safety properties, or relationships between variables

Return your answer as a logical formula in KeYmaera X
syntax:

— Use & for logical AND

- Use | for logical OR

- Use ! for logical NOT

- Use = for equality

- Use <, <=, >, >= for comparisons
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— Use parentheses for grouping
Use only variables you see in the problem. For example,
if the problem has ‘

\

x', use

\ \

X', not ‘x(0) ‘.

Provide up to 4 lines describing your reasoning. Then
after a blank line, write a code block with the loop
invariant in KeYmaera X syntax.

Some syntax instructions to keep in mind are:
— Do not add comments to your code blocks, as this may
cause parsing issues.

Some information about dGL:
"@" is the dual symbol that flips who controls the action
between Angel and Demon.

For example:

In game "x := *", Angel gets to choose what wvalue is
assigned.

The weakest precondition for such an assignment with
postcondition P is the formula that holds xfor somex
value that could be assigned to x.

In game "{x := x;}7@", any real number can be assigned,
per Demon’s decision.

The weakest precondition for such an assignment with
postcondition P is the formula that holds xfor allx
possible values that could be assigned to x.

In game "{{ x:= %;}7Q@}"Q@" the control flips twice, so
Angel gets to choose the assignment to x.

— Carefully consider the differential equation. There
can be coupling between variables that affects your
reasoning.

— Based on the dynamics, you may some times need to come
up with upper/lower bounds of gquantities and use that
to derive sound preconditions. It’s best to use
simplistic, polynomial bounds so that they verify more
easily.

— role: user
content: |
Loop body:
{isOn := 0; ++ isOn

1;}17°@; t := 0; {A" = — A x B %
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Temp * 1sOn

* kA, B’ = — A x B x Temp * isOn x kB, C’ = A x B x Temp =
isOn % kC, Temp’ = A x*

B » Temp * isOn = kT, t/ =1 & t <=T & A > 0 & B >= 0 &
C > 0 & Temp >= 0}"°Q

Postcondition:
Temp <= Tmax

Overall game in which this loop appears (for context):
?7A>0&B>06&kA>06&kB>0¢&kC>0¢& kT > 0 &

T > 0;7°@; {{isOn := 0; ++
isOn := 1;}; t := 0; {A” = - A x B x Temp % isOn * kA,
B’ = - A x B » Temp * isOn

* kB, C’ = A « B » Temp » 1sOn x kC, Temp’ = A x B * Temp
* 1sOn = kT, t/ =1 & t
<= T & A > 06& B> 0&C>0 & Temp >= 0}}x"70

Here is an analysis of the game, the strategy that Angel
is trying to play, and a log of things that you have
already tried in the past.

Carefully consider this information.

Analysis of game:

1) Angel-controlled actions

— None. All controllable constructs in the body lie
inside a single "@ (the outer loop dual), so their
control is flipped to Demon. There are no remaining
Angel decisions.

2) Demon—-controlled actions

— Initial test {? A >0 & B >0 & kA > 0 & kB > 0 & kC > 0 &
KT > 0 & T > 0}"@: Demon test. Angel may assume these
hold initially; otherwise she already wins.

— Loop {subgame_c; subgame_7j}+"@: Demon loop. Demon
decides how many iterations to execute (including
zero) .

— Within each iteration:

— Choice isOn := 0 ++ isOn := 1: Demon chooses whether
the reaction is off or on during this iteration’s flow
(the ++ is inside the loop’s "Q).

— ODE duration in subgame_j: Demon controls how long to
flow subject to the evolution domain (t <= T,

A,B,C, Temp >= 0). He may stop immediately or any time
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before hitting the boundary. - Deterministic
assignments (no player control once chosen to execute):
-t := 0 each iteration (resets the local clock)
— The chosen assignment to isOn is deterministic once the
branch is selected.

3) Control modes (qualitative behavior)

— OFF mode (isOn = 0):

— Dynamics: A’ = B’ = C’ = Temp’ = 0, t’ = 1. State
(A,B,C, Temp) is constant while time advances to at most
T.

— Equilibria: Entire state subspace is an equilibrium for
the state variables.

— ON mode (i1sOn = 1):

— Dynamics: A’ = -kA A B Temp <= 0, B’ = -kB A B Temp <= 0,
C’ = kC A B Temp >= 0, Temp’ = kT A B Temp >= 0
(with kT >= 0). If any of A=0 or B=0 or Temp=0, then
A’ =B’=C’'=Temp’=0 (equilibrium).

— Monotonicity (when
A,B, Temp > 0): A and B strictly decrease; C and Temp
strictly increase (Temp is constant if kT = 0).

— Global linear invariants (valid in both ON and OFF,
since OFF has zero derivatives):

- kC A + kA C = const

- kC B + kB C = const

- Temp - (kT/kC) C = const
— Bounds and asymptotes:

- A(t), B(t) remain >= 0 and decrease to 0 at most.
- From invariants, C is bounded above by
C <= min(CO + (kC/kA) A0, CO + (kC/kB) BO).
- Temp follows Temp = TempO + (kT/kC) (C - CO0), hence
Temp <= min (TempO0 + (kT/kA) AO0, TempO + (kT/kB) BO).
— Reaction effectively ceases upon reaching any
equilibrium surface A=0 or B=0 or Temp=0; otherwise
Demon may stop earlier at t = T. There are no
oscillations; trajectories move toward these saturating
bounds.
— One-dimensional reduction:
Using the invariants, C’ becomes a cubic polynomial in
C with roots at the limiting
values where A or B hits zero (and a nonphysical root
at negative C from Temp - (kT/kC)C
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if kT>0), confirming growth of C to a finite
saturation.

Special sub-modes:

— Temperature-constant case (kT = 0): Temp’ = 0; Temp is
invariant. A,B decrease and C increases until A=0 or
B=0 or Demon stops at t=T.

4) Overall control pattern
— Initial Demon test enforces positive parameters and
T > 0.
— The game proceeds through Demon-controlled iterations:
1) Demon sets i1sOn \in {0,1}.
2) Reset t := 0.
3) Demon lets the ODE evolve for some duration up to T
within the nonnegativity domain (or stops immediately).
— Demon also decides how many such iterations occur.
— Angel has no direct control; Demon’s only lever is to
toggle the reaction ON/OFF and pick
durations/number of pulses. The state evolves along the
linear invariant manifolds,
with OFF holding the state and ON pushing it monotonically
toward reagent depletion
(A or B) with bounded increases in C and Temp.

Angel control strategy:
Covering the region where reactant depletion caps
temperature growth before hitting Tmax.

Initial conditions/assumptions and starting mode:
- Assume Demon’s test holds: A>0, B>0, kA,kB,kC>0, kT>=0,
T>0.
— Start in ON mode (isOn=1) for worst-case analysis of Temp
growth.
- Safety margin:
TempO + min((kT/kA).A0, (kT/kB).B0) <= Tmax.
(Special
case: 1f kT=0, it suffices that TempO0 <= Tmax.)

Angel’s strategy:

1) Do nothing;

permit any Demon choices of ON/OFF, durations, and
iterations, forever. The invariants

cap Temp by TempO + min ((kT/kA)AO0, (kT/kB)B0), and reagent
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depletion (A or B=0) stops
further increase, ensuring Temp <= Tmax throughout.

Starting precondition computation.

What is a suitable loop invariant for this loop?

4. GetNextActionCtrl is the query that decides what to do next: prove the current guess with the
verification pipeline, or backtrack, and if so, to where?

— role: system
content: |-

You are trying to assign the preconditions of a
differential game logic game.
You have been proposing preconditions using backwards
reasoning where you first proposed something for subgames
closest to the end and then worked backwards recursively.
Now you have reached a cross—-roads and must choose a next
action.
You are given the original program, a log of what you
were doing last, and the options of actions available to
you.
Reply with a brief explanation, followed by a newline,
followed by a code block containing only the word for the
action.

## Background information
Here is some information about dGL.

In differential game logic (dGL), there are two players:
— *«xAngel*x: The controllable player who makes choices we
can control. Angel constructs include:
— Angel choices: ‘a ++ b' (we choose between a and Db)
— Angel loops: ‘{a}*' (we choose how many iterations)
— Angel tests: '?P' (we can proceed if P holds,
otherwise we immediately lose)
— Angel ODEs: ‘{x'=f(x) & Q}' (we control the duration)
— Angel nondeterministic assignments: ‘x := %1
(we choose the value)

There is the dual operator '"@' that switches Angel and
Demon roles in a game construct.

Duals can be nested arbitrarily, so carefully check
nesting levels to determine which player controls each
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action.

Being within an odd number of ‘"@' operators indicates
Demon control, while an even number (including zero)
indicates Angel control.

For example, in the game ‘{(a ++ b) "@Q; (c++d)} @,

the choice between ‘a‘ and ‘b' is controlled by Angel,
being within two ‘"Q@‘ operators, while the choice
between ‘c' and ‘d‘ is controlled by Demon.

Using this notation, we go over the Demon constructs
below, indicating that they are Demon-controlled by
wrapping them in a single ‘"@‘' operator.

— *xDemonx**: The adversarial player who makes choices we
cannot control. Demon has all the same constructs as
Angel.

— Demon choices: ‘{a ++ b} @' (adversary chooses between
a and b)

— Demon loops: ‘{ax} @' (adversary chooses how many
iterations)

— Demon tests: ‘{?P} @' (adversary can proceed 1if P
holds, and immediately loses otherwise. So Angel can
*assume*x 1n subsequent game play that P held at this
point; otherwise she would already have won.)

— Demon ODEs: ‘{x'=f(x) & Q} @' (adversary controls the
duration)

— Demon nondeterministic assignments: ‘{x := x}7@"
(adversary chooses the wvalue)

Additionally, the non-controlled operations are:
X := e (deterministic assignment like in

\

— Assignment:
regular programs)
- Sequential composition: ‘a; b' (first play a, then b)

## Notes

— ODEs can sometimes introduce unmatched single quotes,
so account for that when parsing.

- In syntax such as { a++b; x:=+ }*"@, the ‘"@' applies to
the entire loop including its body. In this example,
Demon controls the choice within the loop between a and
b, as well as the assignment to x, because both are
inside one ‘"@°‘.

Some subgames are labeled with unique identifiers with

the following syntax:

<subgame_id>: <subgame>
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These subgame ids will help make your answers more
specific.

A xpreconditionx for a given game is a logical formula
that, when it is true before the game starts, there
exists a strategy for Angel to ensure that the
*postconditionx holds after the game ends, regardless of
how Demon plays.

## Input

1. The current subgame for which you were trying to
propose preconditions.

2. overall _game: The overall game in which the current
subgame appears.

3. Analysis of the game and the control strategy Angel is
trying to execute that the chosen preconditions should
support.

This is followed by a log of previous attempts at

identifying preconditions for subgames and verifying

whether they hold by stepping through the game and
checking if the preconditions compose to ensure the
postcondition is satisfied. Examine this history to
figure out what just happened. Did you propose a bad ODE
precondition? Did the precondition you proposed end up
not being compatible with an earlier chosen loop
invariant? Did you come up with a good invariant but you
think it can be improved upon?

4. The options you can choose for your next action.

## Possible Actions

The preconditions that you proposed most recently didn’t
check out.

Either it was not provably a precondition of the current
subgame, or if part of a loop, your provided
preconditions led to a precondition for the loop body
that was not implied by the loop invariant.

The error could lie in the most recent condition, or
earlier in the process where you may have made a choice
previously that backed you into a corner for this
subgame, or maybe the condition is correct but too
difficult for the automatic theorem prover to check. Now
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you must decide till what point to backtrack, or whether
to try harder to prove the current subgame result using a
tactic with KeYmaera X.

You are given the original program, in which some points

in the game are labeled as subgame_id.

— ‘backtrack-to:id‘: Backtrack to the subgame with the
given id and propose a new precondition there. If you
choose this option, in your reply, write
‘backtrack-to:id"' where id is the id of the subgame you
want to backtrack to. When backtracking, you can even
choose the current subgame to retry. Loops are
considered to occur "later" than their body, so if you
backtrack to a subgame inside a loop, you won’'t be
asked for a new loop invariant and the existing
invariant will be used.

- ‘“try-proof': Try to prove the current subgame using
KeYmaera X with the precondition you proposed most
recently. If you aren’t sure why the most recent
precondition was bad, this could be a good option
because the manual proof attempt can give you feedback
on what’s wrong with the precondition.

## Output

Write a few lines of explanation, followed by a newline,
and then a code block containing the action you choose.
For example, a valid code block is:

AN

try-proof

AN

I will now show you zero of more examples of how to
respond, followed by the current case.
- role: user

content: |-
The current subgame is:
subgame_p: {x’ = a * x — b * x x vy, yV =d *x x xy — g *
vi~e

The overall game with labels is:
{2 x>06&&y>06&a>08&b>0¢8&d>08&g>0 & x >=
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xmin & y >= ymin; "Q@}; {subgame_c: {{{{{{{subgame_7j:
xadd := *x; 7@

}; {? xadd >= 0;"°@}}; {subgame_1l: yadd := ;7@
}Y; {? yadd >= 0;°Q@}}; {x := x + xadd;}}; {y :=y +
yvadd; }}; {subgame_p: {x’ = a » x — b » x x y, y' =d %

X Yy — g * vy}
}rx"@}

Here is an analysis of the game followed by logs of

precondition computation and checking so far:

Analysis of game:

1) Angel-controlled actions

— ODE duration (subgame_p): In each iteration, Angel
controls how long to flow along x’ = a x - b x vy, y' =
d xy - gy (no evolution domain constraint, so any
nonnegative duration, including 0).

2) Demon-controlled actions

- Initial test: {? x>0 &y >0& a>02¢&b>0%8&d>20 &
g >0 & x > xmin & y >= ymin} @. Angel may assume these
hold initially; otherwise Demon would have already lost.

- Looping: {...}*"@. Demon chooses how many iterations to
perform (finite but unbounded, including zero).

— Nondeterministic increments with constraints:

— subgame_J: {xadd := x}"@ followed by {? xadd >= 0}"Q:
Demon chooses xadd and must satisfy xadd >= 0.

— subgame_1l: {yadd := *}"@ followed by {? yvadd >= 0}7@:
Demon chooses yadd and must satisfy yadd >= 0.

— Deterministic updates x := x + xadd; y := y + yadd then

apply each iteration.

3) Control modes (qualitative dynamics)
The hybrid iteration has two distinct phases per round:

A. Discrete jump (Demon): x := x + xadd, y := y + yadd

with xadd,yadd >= 0
— Monotone, upward-only resets of both coordinates. Demon
can make x,y arbitrarily large in a single iteration.

- Effect on the continuous invariant (see below): H(x,yVy)
=g lnx —dx + a lny - by has gradient

- \delta H/\delta x = g/x - d, positive if x < g/d
and negative if x > g/d.

- \delta H/\delta y = a/y - b, positive if y < a/b
and negative if y > a/b.
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So increasing a coordinate raises H when that coordinate
is below its nullcline threshold, and lowers H when
above. Demon’s nonnegative jumps can thus move the state
to higher or lower H-level sets depending on where (x,Vy)
is relative to (g/d, a/b).

B. Continuous Lotka{Volterra flow (Angel-controlled
duration):
— Nullclines:
- x’ = 0 when y = a/b (horizontal line).
-y’ = 0 when x = g/d (vertical line).
— Unique interior equilibrium: Ex = (g/d, a/b).
— First integral (conserved along the ODE): H(x,y) = g 1ln
x —dx+alny - by = constant. Orbits are closed,

encircling Ex; no asymptotic convergence or divergence
within the ODE phase.
Sign structure by regions (x>0,y>0 always preserved) :

-y < a/b, x > g/d: x'" > 0, y’ > 0 (both grow).
-y > a/b, x > g/d: x' <0, y" > 0.
-y > a/b, x < g/d: x' <0, y'" < 0 (both decay).
-y < a/b, x < g/d: x' >0, y'" < 0.

Angel can stop the flow at any point on the current
H-level set (including immediately with 0 time).
Simple bounds during any flow (using positivity and
a,b,d,g>0):

- x' = x(a - by) <= a x \implies x(t) <= x0 e"{a t}.
-y’ =y(dx - g) > —-g y \implies vy(t) >= y0 e {-g t}.
Positivity is invariant: x(t), y(t) stay > 0 for all

flow times.

Special submodes within the ODE:

4)

Exact equilibrium: If (x,y) = (g/d, a/b), then x’' =y’ =
0 (rest).

Oscillation: Otherwise, neutral cycles on H-level sets
around Ex; Angel chooses how far to traverse each cycle
segment by choosing the duration.

Overall control pattern
Start: Demon test establishes initial positivity and
parameter bounds.
Iteration (repeats a Demon-chosen number of times):
1) Demon picks xadd >= 0 (subgame_7j) and yadd >= 0
(subgame_1) and applies the discrete increases to x,Vy.
2) Angel chooses a duration to flow along the

212



Lotka{Volterra ODE (subgame_p), moving along the
current closed orbit (conserved H).
— Interaction:

— Demon’s lever: choose when to repeat and how large the
nonnegative Jjumps are, thereby reselecting the H-level
set before each flow.

— Angel’s lever: select the stopping point along the
chosen H-level set each iteration (including skipping
the flow by choosing zero duration).

— Because Demon can pick unbounded xadd,yadd in any
iteration, x and/or y can be made arbitrarily large;
the ODE phase then oscillates around Ex on the newly
determined level set until Angel stops.

Angel control strategy:
Covering the \freeze the flow" region so Demon’s
nonnegative Jjumps alone preserve safety.

Initial conditions/assumptions and start mode:

— Assume the initial test holds: x>0, y>0, a,b,d,g>0, and
x>=xmin, y>=ymin.

— Start and remain in Immediate-stop ODE mode (Angel always
ends the flow instantly).

Angel’s strategy:

1) Choose zero ODE duration immediately whenever the
Lotka{Volterra flow is offered, ending the continuous
phase instantly, repeatedly.

2) Repeat step 1 after every Demon discrete increment and
update, forever (or until Demon stops the loop).

Rationale: Discrete steps only increase x and y
(xadd,yadd >= 0). By never flowing, x and y never
decrease. Since the initial test ensures x>=xmin and
y>=ymin, these inequalities remain true throughout all
iterations.

Starting precondition computation.
Proposed the following loop invariant for loop

{xadd := x;"Q; ? xadd >= 0;"@; yadd := *;"@;
? yadd >= 0;7@; x := x + xadd; y := y + yadd;
{(x' =a«x -Db*xx*xvy, v/  =dxx*xy - g* yrx Q.

X >= xmin & y >= ymin
Attempting to check invariant by precondition computation
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on loop body.

Proposed precondition for subgame {x’ = a » x — b » x *x vy,
vy’ =d x x x y — g % y} @ and postcondition x >= xmin &

y >= ymin.

Precondition or invariant: x >= xmin & y >= ymin.

Check succeeded: False.

Feedback: The formula check failed, indicating it is
wrong, or too complex for the current level of

automation. Please revise your guess or try a more
detailed proof tactic.

The options you can choose are:
["try-proof’, ’'backtrack-to:p’, ’'backtrack-to:c’]
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Appendix D

Proofs

Lemma 5.1. 1°P* is a controllable invariant and it is optimal in the sense that = I — I1°P* for
any controllable invariant 1.

Proof. Let us first prove that [°P* = [((N; act;) ; plant)*] safe is a controllable invariant. First,
note that axiom [*] derives

F I°P' «+» safe A [(N; act;) ; plant] 7°P* (D.1)

because that is - °P* +» safe A [(N; act;) ; plant] [((N; act;) ; plant)*] safe.
Safety - I°P* — safe derives from Eq. (D.I)) propositionally.
Controllable invariance - 1°P* — \/. [act; ; plant] 1 °?* derives from Eq. (D.I):

*
id V, [act] [plant] I°P* - \/, [act;] [plant] I °P*
@ [N; act] [plant] 7°°* - \/, [act;] [plant] T °P!
Wtlklsafe A [(N; act;) ; plant] 7°P' - \/, [act; ; plant] TPt
[

|
I°P* = \/. [act; ; plant] I°P*

This concludes the proof that 7°P' is a controllable invariant. Let us now prove that [°P' is
optimal. That is, let us consider a controllable invariant I and derive + I — I°P*:

* I'+/,[act;; plant] I
Wr7 GO - (M, act); plant] I 1+ safe
B0l ™7+ [((n; act;) ; plant)*] safe
L — T

The two remaining premises are the two parts of the definition of / being a controllable invariant.
This concludes the proof. ] [

Lemma 5.2. If I is a controllable invariant, then (1, G(I)) is a solution (Def.[5.1).

Proof. Let us assume that / is a controllable invariant and prove that (I, G) is a solution with
G = G(I). We first need to prove that assum A [ is an invariant for prob(7, G). Since assum
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is already assumed to be an invariant, it is enough to prove that / is an invariant itself. I holds
initially since I — [ is valid and it implies safe by definition of a controllable invariant. Preser-
vation holds by the definition of G

%
I,G; F [act;; plant] I
LIEIEAR 1 7 — [U; (7G5 ; act) ; plant] T

where the axioms|[;[l|U]l[?]| are used to unpack and repack the games leading to one conjunct for
each action (treated separately via[AR]). We also need to prove that an action is always available,
which holds by virtue of I being a controllable invariant:

HI1—\,act;; plant] I

[l [l

Lemma 5.3. If (I, G) is a solution, then I' = (assum A I) is a controllable invariant. Moreover,
we have (I,G) C (I',G(I")).

Proof. Consider a solution (I, G). We prove that I’ = (assum A I) is a controllable invariant.
Per Def.[5.1] I’ is an invariant for prob(, G) and so = I’ — safe. Also, we have the following
derivation which repacks games via axioms [U[l[7]l[;]| using their equivalences:

I'+ U (7G5 act;) ; plant] I’

I' = A\, [7G;; act; ; plant] I’
™ I'+ [?G;; act; ; plant] I’
I' G; - [act;; plant] I
I'V,Gi I''\/,G; + V. [act; ; plant] I’
cut I'F V/,[act; ; plant] I’

where the open premises are part of the definition of (7, ) being a solution according to Def.
Let us now prove that (I, G) C (I’,G(I’)). Trivially, we have F assum — (I — (assumAI)).
Let us now derive F assum A I — A, (G; — G(I');):

assum A I+ [(U; (7G5 act;)) ; plant] (assum A 1)
I assum A 1 A, (G; — [act; ; plant] (assum A 1))
assum A T A(Gi — G(I'),)

where the remaining premise is part of the definition of (7, G) being a solution. This concludes
the proof. ]
O

Lemma 5.4. If [ and I' are controllable invariants, then (1,G(I)) T (I',G(I')) if and only if
Fassum — (I — I').
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Proof. Let us first assume that assum = [ — I’ and prove that (I,G(I)) C (I',G(I')). It
remains to show either assum F —(I" — I) or (assum A I) — A, (G; — G}) is valid. We
show that assum F I — (G(I); — G(I’);) for all i. To do so, we leverage the fact that assum
is an invariant.

*
assum, [+ I
[acti; plant] assum, [act;; plant] I - [act; ; plant] I’
] assum, [act; ; plant] 7 - [act; ; plant] I’

assumk I — (G(I); — G(I'),)

The reverse direction follows trivially from the definition of LC. ] ]
Theorem 5.1. S°P' is an optimal solution (i.e. a maximum w.r.t. C) of Def.

Proof. We have S°P* = (I°P*, G(I°P")). From Lemma[5.1]and Lemma[5.2] S°P* is a solution.
Let (I, G) be another solution. From Lemma[5.3] there exists a controllable invariant I’ such that
(I,G) C (I',G(I")). Then, from Lemmal[5.4] and from the optimality of /°P* (Lemma[5.1)), we
have (I',G(I')) C (I°P*, G(I°P")). By transitivity, (1, G) C S°P'. This concludes the proof. [

[l

Lemma 5.5. Ifact; is permanent, = [(act; ; plant)*] safe «+» [act; ; plant_ ] safe.

Proof. We first prove that (act; ; plant)” = (act;; plant”) by induction on n > 1. The base
case is trivial. Regarding the induction case, we have

(act; ; plant)"*! = (act; ; plant; (act;; plant)")

act;; plant; act; ; plant™)

From this, we get (act; ; plant)* = 7true U (act; ; plant™) from the semantics of loops in dGL.
Thus, we have F [(act; ; plant)”| safe « safe A [act; ; plant_ ] safe since ¢ does not appear
free in safe. From this, we prove our theorem by noting that safe A [act; ; plant, | safe <«
[act; ; plant_ ] safe since act; cannot write any variable that appears in safe. O O

Theorem 5.2. 1° is a controllable invariant.

Proof. Trivially, we have F I° — safe. More interestingly, let us prove that 1° — V; [a;] I°
where a; = (act;; plant). The proof crucially leverages the permanence assumption via the
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identity = 1% <+ V;cp [o;*] safe.

*
;] safe - [a] [o;*] safe
M [a;*] safe F o] (Vep [o;*] safe)
[o;*] safe - [a;] I°
VLIM] ] icP [O{Z*] safe - \/iEP [0{1] IO
= IOF Vi foy] I°
[ [

Theorem 5.3. [" is a controllable invariant for all n > 0.

Proof. We proceed by induction on n. The base case is covered by Theorem [5.2] Assume that
I"™ is a controllable invariant and prove that /™! is one also. Abbreviate a; = (act;; plant).
Without loss of generality, assume that all actions are permanent since non-permanent actions
play no role in computing I™. The hard part is in proving that = "™ — V; [o;] I™1.

1"V, o] I - Im — [t
I"F V; Jog] I [step] I™ F V; o] I
o 1"V [step] I" F V; [oy] I

[n+1 + \/2' [O{l] In—f—l

The first premise is a consequence of (™, G™) being a solution (our induction hypothesis) and
the second one is a trivial consequence of the definition of ™1, We can now focus on proving
the last premise.

To do so, it is useful to introduce the following predicate:

R(a,b) = [plant,] (safe A (t > a — I™))

Intuitively, R(a,b) is true if following the dynamics leads to reaching /™ within time interval
[a, b] while being safe the whole time. Using this predicate, we can reformulate [step] /™ as
follows:

[step] I" = Vv;30>0][act;| R(0,0+T). (D.2)
In addition, Lemma [5.6] gives us the following key property of R:
Fc¢<bA R(a,b) — [plant.] R(a — t,b—t). (D.3)
We can now complete the proof using Eq. (D.2)):

Thjo] (E<0— I TF o] (> 60 — 17
6>0,act,] R(A,0 +T)F [a;] I"
MRV ' 30 > 0 [act;] R(0, 9+T)I— Vi [og] I7F1
[step] I" F V; [o] I™!
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where we abbreviate I' = 6 > 0, [act;] R(,60 + T'). In the case where ¢ > 6 after a control
cycle, the agent has reached I™ and therefore 1™"!:

*
I'F [act] Ri(0,0 +T)
I'F [act;] [plant, ;] (safe A (t > 0 — I™))
L+ Jact; ; plant] (£ > 6 — 1)

In the case where ¢ < # after a control cycle, the agent must perform the same action again with
a timeout of  — .

act;; plantf R(0 —t,0 —t+ T

act;; plant; act,) R(60 —t,0 —t+ 1)
;) (t<0—lact|R(O—t,0 —t+1T))
;] (t <0 — (FIp<0fact] R(p,p+1T)))
;] (t <0 — I

This concludes the proof. ] [

Fk[act] R(0,0+T)
il
1
1
1
=

Lemma 5.6. Consider a property of the form R(a,b) = [ap] (S A (t > a — 1)) with ay, = (t :=
0; {2/ = f(z),t' =1&Q ANt < b}). Then this formula is valid:

c <bA R(a,b) = [a.] R(a —t,b—1t).

Proof. This follows from the semantics of dL since all involved differential equations are the
same and ¢ < ¢ < b is the duration that passes during «., and thus explaining the offset of —¢ on
the time interval arguments of R(a, b) . O

Lemma 5.7. If I™ < I is valid for some n > 0, then I™ < I™ is valid for all m > n and
I™ <> I¥ is valid where I = [step™ ; forever] safe.

Proof. The first part is simply a case of a recursive sequence I"*! = F(I") reaching a fixpoint
(F(I) = IV [step]I). Let us then prove the F I" <+ I equivalence, or rather the nontrivial
direction F 1% — "™, From F [" <> "' we get = [" <> [V [step] " and so = [step] [ —
I"™. In addition, by the monotonicity of (I"),,, we have E % — I™. The rest follows from the

[EPX] rule:
I+ 1n [step] [" + I™
MIT0 [step] I F 1™
[step*] IO+ ™
“FI"

] []

Theorem 5.4. Consider a finite number of discrete dL programs «; such that = («;) true for all
iandp = {2’ = f(x) & g > 0}. Then, provided that best;((c);, p, m) and best;((«;):, p, —q)
(no other action stops earlier because of the domain constraint), we have:

E(((Na);p))m <0 ((ay;p))m <0 .
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Proof. The nontrivial implication to prove is:
F{(a;j;p))m <0 — ((Na); p)*)m <0.
We do so by proving:
DE (05 p0))m® <0 = () p2)) m <0, (D.4)

where I' = A (¢ = 2®) and V = BV(p) U |J, BV(a;). To prove Eq. (D-4), we chain
together three implications:

L TE (W5 p0)y)ym <0 = ((a;M5 (M) 5 p2)7) m® <o

(a) To prove the implication above, we consider a sequence of states s; ... s, such that
s1 € [T, sn € [m™ < 0] and (s, si11 € [o; M ; pM]) for all i. We must prove that
s1€ (o5 (Mies®)) 5 pb2)*) mM < 0.

(b) We say that two states s and s’ are /-equivalent (written s ~ (1) s') if they only differ
on variables tagged with 2. Using this definition, it is enough to prove the following
fact: for all © < n and any state s such that s ~(;) s; and s € [[q(l) < q(z)]], we have
s € (M5 (Miey®); p2))7) mt < 0.

(c) We prove the fact above by descending induction on ¢. The base case for ¢« = n
follows from our assumption on s,,. The inductive case considers a state s such that
s~ si—1 and s € [¢M) < ¢?]. By assumption, (s;_1,s;) € [o;V; pV]. Thus,
there exists s such that (s, s') € Jo; V5 (M @) 5 p12], 8"~y s;and s’ € [¢V) <
¢?]. Note that the assumption that best;((«;);, p, —q) is critical in establishing the
existence of s’, by ensuring that p"?) can be run for at least as long as p(). We
conclude by using the induction hypothesis on s’.

2. TE (y)mM <0 — (y)m® <0 withy = (o; Y ; (M, ) ; p1:2))*:

(a) The key fact we are using here is that for any game ( and formulas P, (), we have
F [ (P — Q) — (8) P — (B)Q where 579 is obtained from 3 by removing
all applications of the dual operator. Intuitively, this is true since [379] (P — Q)
ensures that P — () is true in every reachable game state, independently of both
players’ strategies.

(b) Per the theorem assumption, we have I' & [y~9] (mY) > m(?)). Using the monotonic-
ity rule Ml we obtain I' E [y~ (P — Q) with P = m® < 0and Q = mV) < 0.
We can then conclude using the previous point.

3.5 (a5 (Miai®) 5 p ) ) m® <0 = ((Mie®) 5 p)*) m® < o:

(a) This last implication can be proved in a similar way than (1.), although the
best;((c):, p, —q) assumption is not needed since we are removing ODE domain
constraints instead of adding them.

By chaining everything, we get:
LE (g pD))mD <0 = (M) p?)7) m® <0,
which closes the proof. [ [
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Lemma 6.1 (Game Suffixes are Operational Gameplay Suffixes). For subgame . in overall
game «q, let the game suffix be w:qy,.. Let o be some state. The states reachable from playing
a:ce such that o is reached at subgame 1:3 at some point during the gameplay are the same as the
states reachable from playing o, starting in o. That is,

{m-e(s) : p-b-s€T(ea,d),|ple =0 and 1-g(s) # ()} = 7s(T (vap., 7)),
where () is the empty path.

Proof. We prove

{m-s(s) : p-b-seT(u,d"),|plo =0 and m-s(s) # ()} = m-s(T (¢, 7))

by induction on the structure of «:cr, and case analysis.

* When «« is atomic and not controlled by Angel, i.e., « € {z := ¢,z := ®,7Q,!Q, {2’ =
f(x) & Q}¢}, then the only subgame b in subgames(«a) is «« itself. Thus the only
possibility is b = a. aa, is the game a:a. T (w:ay,., o) is then T (aa, o).

The left-hand side, 7_g(7 («:cr,0)), is T (e, o), the label-free game tree of the original
game (see Def.[B.4). Per the definition of labeled game trees for any atomic subgame «
(Def.B.2), T(v,0)isa-t : t € T(a, o). Thus, the right-hand side is also 7 («, o).

* Extending the previous case to compositional subgames, when b = a and «:«v is not a loop,
then a similar argument holds.
The left-hand side is T_g(T (c:cr, 0)).
The right-hand side is {m-g(s) : p-a-s € T(wa,0'),m.s(s) # () and |p|], = o}.
Per the definition of (non-loop) labeled game trees, the only occurrence of label «a is at
the beginning of all plays and thus the right-hand side is equal to {7_g(s) : a-s €
T (e, 0),m-s(s) # ()}. This is just m—g (T (v, 0)).

* When ccvis a 100p, i.e., (1:(,(/:’7)* or (l:((/:’y)x, and b 7& a, then Ay, = ((/:’yb:) , @
The left-hand side is then 7_g(T (477, ; v, 0)).
Per the inductive hypothesis, 7_g(7 (4:7;.,0)) is equal to {m_g(s) : p-b-s € T(47,0)
and |p|, = o}
Thus, per the definition of labeled game trees for sequential composition games, the left-
hand side is {7—g(s) : p-b-s € T (4,0 )and |p|os = o} U{n-s(s-t) : p-b-s €
leaf(7 (4v,0")), |plo = 0, |s]c = 0" and t € T (e, 0”)}, where leaf returns the set of
leaf nodes in a tree as discussed in Appendix[B.6.2]
The right-hand side is {m-g(s) : p-b-s € T(ae,0'),m.s(s) # () and |p|,» = o}.
Per the definition of labeled game trees for loops, we can break this down by unrolling
the loop: {m-s(s) : p-b-s € T(¢9y,0')and |p|,» = o} U{m_s(s-t) : p-b-s €
leaf(T (4y,0")), |plor = 0, |8]s = 0" and t € T (v, 0”)}.

* Otherwise, when b = a and «:«v is a loop, i.e., «:(g7y)* or «:(47y)*, then w:ay,. = wav.
The left-hand side is 7-s(T (v:a, 0)).
The right-hand side is {n-g(s) : p-a-s € T(wa,0'),7m-e(s) # () and |p|,» = o}.
By the choice of ¢/ = o, p = () and the definition of labeled game trees, we can show
that this is a superset of 7_g(7 («:a, 0)). Moreover, by the definition of labeled game trees
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for loops, we know that any suffix s that follows label @ must be generated by the loop
fixed point function f from Def.[B.2] for initial state 0. So, a - s must be within the game
tree 7 («:r, o). Therefore, the right-hand side is also a subset of 7_g(7 («:cr, 0)). Thus, the
left-hand side and right-hand side must be equal.
* When «:«v is a choice, i.e., a:(g-y U d:0) or a:(gy N &), and b # a, then there are two cases.
1. If b € subgames(yy), then way. = ¢yy,..
The left-hand side is m_g(T (47,.,0)). Per the inductive hypothesis, this is
{m.s(s) : p-b-s€T(4y,0),m-e(s) # () and |p|, = o}.
The right-hand side is {m-g(s) : p-b-s € T (aa,0’),ms(s) # () and |p|, = 0}.
Per the definition of labeled game trees for choices, 7 («:c, ¢’) is the union of the
game trees of ¢y and 6. However, b does not appear in ¢:0. Thus the right-hand side
can be simplified to {m_g(s) : p-b-s & T (97,0'),m.s(s) # () and [p|, = o}
2. If b € subgames(4), then w:cy,. = ¢:dy., and a symmetric argument applies, with ¢y
and .0 swapped.
* When «:«v is a sequential composition, i.e., «:(¢7y; @), and b # a, then there are two cases.
1. If b € subgames(y-y), then a:cy, = (97y,,) ; ¢:0. The argument is similar to the loop
case.
The left-hand side is - (T ((97yy.) ; d:0,0)).
As per the inductive hypothesis, 7_g(7 (47, 0)) is equal to {m_g(s) : p-b-s €
T(-"ﬁ? OJ)? Wﬂ@(‘S) 7& () and LpJU’ = O-}'
Thus, per the definition of labeled game trees for sequential composition games, the
left-hand side is {m-g(s) : p-b-s € T(47,0),|plo = 0, m=s(s) # )} U{m_s(s-
t) : p-b-seleaf(T(s,0')),t € T(26,0"), |ple =0, 1-a(s-t) # () and |s], =
O-/I}.
The right-hand side is {r-s(s) : p-b-s € T(wa,0'),m-s(s) # () and |p|,» =
o}. Per the definition of labeled game trees for sequential composition, since b ¢
subgames(9), this is: {m-g(s) : p-b-s € T(4y,0),|ple = o,71-a(s) #
O} U{r—e(s-t) : p-b-seleaf(T(4y,0")),t € T(4d,0"),|plo = 0, m-s(s 1) #
()and [s], = 0"}.
2. Ifb e SUbgameS((/:§), then w:ayp, = d:0p,..
The left-hand side is 7 (T (1:0p.,0)).
Per the inductive hypothesis, this is {m_g(s) : p-b-s € T(dd,0"),7-a(s) #
() and [plo = o}.
The right-hand side is {m-g(s) : p-b-s € T(va,0’),ms(s) # () and |p| = c}.
Per the definition of labeled game trees for sequential composition, using the fact
that b ¢ subgames(yy), this can be simplified to {r_g(s) : p-b-s €
T (40,0") and |p|,r = o}

]

Lemma 6.2 (Execution Prefixes are Original Gameplay Prefixes). For subgame 1.3 in «q, for
any initial state o, the states reachable at 1.3 while playing «:« are equal to those reachable by
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playing game prefix a.ay,. That is, prefix set {m_g(p) : p-b-s € T(«c,0)} is equal, under
prefix closure, to prefix game tree g (T (a:vyp, 0))EI

Proof. We show that
7'(}6(7-((1:06;1,, O')) = {ﬂ'_‘g(t) L p- b-se T((::O{, O') andp =1 U}

Similar to Lemmal6.1], we perform induction on the structure of «:cv and case analysis.

* When b = a and «:« is not a loop, then «:cv., is the empty game SKip.
The left-hand side T-e (T (1:0e.q, 0)) is then (.
Indeed, on the right-hand side, all plays in T («:cv, o) are of the form a - p where p does not
contain a, so the condition of the theorem holds.

* When ««v is atomic and not controlled by Angel, i.e., & € {z := e,z := ®,7Q,!Q, {2’ =
f(z) & Q}?}, then the only subgame b in subgames(«q) is « itself. Thus the only
possibility is b = a, handled already by the first case.

* When «« is a choice, i.e., a:(¢7y U d:d) or a:(g-y N d:0), then we analyze cases depending on
the value of b # a.

1. If bis in gy, then vy, = IY.pe
The left-hand side is m-g(T (47y.4, 0)). Per the inductive hypothesis, this consists of

{re(t) : p-b-s€T(sy,0),p=t ung(t)#(}

The right-hand side is {r_g(t) : p-b-s € T(wa,0),p =t -u,m-s(t) # ()}. Per
the definition of game trees for choices, since 7 («:c, o) is the union of the game trees
for 4~y and ¢4, and b does not appear in ¢4, this simplifies to

{r-e(t) : p-b-s€T(sy,0),p=1t-umet)# (0}

2. If b is in 0, then the argument is symmetric to the previous case, but ¢y swapped
with 0.

* When «« is a sequential composition, i.e., a:(¢y ; ¢:0), then we analyze cases depending on
the value of b # a.
1. If bis in gy, then .y, = IY.pe
The left-hand side is - (T (47,4, 0)). Per the inductive hypothesis, this is

[rot) i p-bes€T(mo)p =t umelt) %}

The right-hand side is {n-g(t) : p-b-s € T(ea,0),p =t -u,m-s(t) # ()}
Since b ¢ subgames(0), using the definition of labeled game trees for sequential
composition, this can be simplified to

{rs(t) : p-b-s€T(s,0),p=1t umre(t)#(}

I'The prefix closure is required to recover tree structure. Unlike with the suffix construction, the prefix set builder
collects only parent subgames of -5 and not all predecessors. Expanding the prefix closure results in the condition:
{n_s(t) : p-b-se€T(ea,o)andp =1t -u} = 1-g(T (caup, o))
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2. If bis in ¢, then @Oty = g7y, 4/:(5:1).
The left-hand side is - (T (97y; d:0.p,0)).
As per the inductive hypothesis, (7 (¢0.,0)) is equal to {m_g(t) : p-b-s €
T(d:é, O'),p =1-u, 7T_.6<t) 7£ ()}
Thus, per the definition of labeled game trees for sequential composition games, the
left-hand side is

1s(T (47, 0) U{n_s(qg-t) : q € leaf(T(sv,0)),
lqlo=0",p-b-s€T(1d,0),p=1- u}

where leaf indicates a leaf node of a game tree, as indicated in Appendix[B.6.2
The right-hand side is {r-s(t) : p-b-s € T (ee,0)},p=1t-u,m-s(t) # ().
Per the definition of labeled game trees for sequential composition, since

b ¢ subgames(y-y), this can be written as

m6(T(s7,0)) U{ms(q-t) : q €leaf(T(s,0)),
lq]o =0",p-b-s€T(sd,0),p=1-u}.

* When «« is a loop, i.e., a:(¢7y)* or «:(4y)*, then we analyze cases depending on the value
of b.

1. If b = a, then w:av.y = a:cv.
The left-hand side is then 7_g(T (v, 0)).
The right-hand side is {n_s(t) : p-a-s € T(awa,0),p =1t -u,ms(t) # ()}. By the
definition of labeled game trees (Def. , all plays in 7 («:cr, o) end with a-s¢ or a-s.
Thus, from the elements where play s is s or 5%, {7_g(t) : p-a-s € T(ea,0),p=
t-u,mg(t) # ()} is a superset of 7_g (7 («:cv,0)). Moreover, as labeled game trees
are prefix-closed, {m_g(t) : p-a-s € T(ewa,0),p =1 -u,m-g(t) # ()} isalsoa
subset of 7_g (7T («:c, 0)). Thus, the left-hand side and right-hand side must be equal.

2. Ifb 7§ a, then a:ay, = ((/:Oz; 4(/:’7:1)).
The left-hand side is

T (T (was (674),0))-

As per the inductive hypothesis, m-g(7 (4774, 0)) is equal to {m_g(t) : p-b-s €
T(9v,0),p =1t u,mg(t) # ()}. Thus, per the definition of labeled game trees for
sequential composition games, the left-hand side is

Ta(T(va,0)) U{me(q-t) : q € leaf(T (va,0)),
LQJU = ‘7/729 “b-se T(,r/:’y,al),p =t u}

The right-hand side is {r-g(t) : p-b-s € T(vc,0),p =t -u,m-g(t) # ()}. Thisis
a subset of m_g (7T («:c, 0)), and therefore the left-hand side, because game trees are
prefix-closed. Next we show it is also a superset. Consider any play in the left-hand
side set. For Angelic loops, it must be a prefix of some play of the form ¢ - p where
q € leaf(f"(a"s,a"g)) for some n, |q|, = o’,andp-b-s € T(yy,0') where f
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and " are from Def.[B.2] Such a play and all its prefixes feature in the right-hand side
set because they are in f"*1(a"s, a"g) which is in 7 («:«r, o). For Demonic loops, the
same argument applies but for f"(a"s? a"g?) as defined in Def.[B.2]

]

Lemma 6.3 (Existential projection correspondence). For any Angelic subvalue map S for game
wav and compatible winning condition ¢, in initial state o |= («) ¢, Angel has a winning strategy
for the game «:a3S if and only if Angel can win («) ¢ while following the policy of S. That is,
o = (00?8) ¢ iff Sua(S)(0) # 0.

Proof. Like Lemmal[6.3] we prove a stronger lemma by induction over the structure of «:cv. The
induction proves the correspondence statement below for any subvalue map S. Let

Uss(o) =leaf(T(ca ¥ S,0))
that is, the set of leaves generated by the universal projection, and
P, s(0) =leaf(S,.(5)(0))

be the set of policy-compliant leaves generated by following the policy of .S from o.

Aleafu € U, s(o) has an inserted-guard deadlock when it represents Demon deadlocking on
an assertion |.S(c) introduced by «:« Y S to guard what was before projection an Angel-controlled
subgame. Inserted-guard deadlocks represent Demon attempting an action that the policy of S
does not permit. A deadlock is genuine when the first undefined action belongs to a subgame
inherited from the original game «:«v, rather than to such an inserted guard.

The strengthened lemma is: there is a relation R, s, C U, s(0) X P, s(o) such that:

1. If u Ry s, p and both |u], and |p|, are defined, then

lulo = [p]o-

2. If u Ry s, p and one of u, p genuinely deadlocks at an Angel-controlled subgame, then the
other also genuinely deadlocks at the corresponding Angel-controlled subgame.

3. If u R, s, p and one of u, p genuinely deadlocks at a Demon-controlled subgame, then the
other also genuinely deadlocks at the corresponding Demon-controlled subgame.

4. Every p € P, s(o) is related to some u € U, s(0).

5. Every u € U, s(0) is either related to some p € P, (o) or has an inserted-guard deadlock.

Thus the universal projection has exactly the same defined outcomes, the same genuine Angel-
deadlock outcomes, and the same genuine Demon-deadlock outcomes as the policy-compliant
leaves.

This stronger lemma implies the original lemma because:

() Ifo = (ea Y S) ¢, then every leaf in U, s(o) either reaches a state satisfying ¢, genuinely
deadlocks at a Demon-controlled subgame, or deadlocks at an inserted guard. By the stronger
lemma, there must be no Angelic deadlocks in Pa,s(a), nor any leafs reaching a state not satisfy-
ing ¢, because then there would be a related leaf in U,, s(c’) with the same property, contradicting
o = (e Y S) ¢. Thus, every way to pursue S, (5)(o) is winning for Angel.
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(2) If o £ (e Y S) ¢, then some leaf in U, s(o) either reaches a defined state not satisfying
¢, or genuinely deadlocks at an Angel-controlled subgame. By the stronger lemma, this leaf is
related to a leaf in P, g(0) with the same defined state or the same genuine Angel-deadlock.
Thus there is a play in S, (S5) (o) that is not winning for Angel.

We now prove the stronger lemma by induction over the structure of «:. In the case analysis
below, we sometimes omit no-op labels and sequence markers for readability. The relation R, s »
relates the corresponding concrete leaves with those no-op actions restored.

* If v« is atomic and not controlled by Angel, ie., « € {z = e,z = ®,7Q,!Q, {2’ =
f(z) & Q}¢}, then «: Y S is . The universal projection has exactly the same game
tree as the original game, and the policy generator does not restrict any action because
there is no Angel-controlled choice to externalize. R, s, can be defined trivially to relate
corresponding leaves. Non-deadlocking leaves reach the same state, any genuine deadlock
is inherited from the original atomic game with the same owner (i.e., Angel or Demon),
and there are no inserted guards.

* If v« is a non-deterministic Angel assignment «:x := x, then the policy-generated leaves
are exactly the actions (x := e) such that o(z — ¢) = S(end). The universal projection
1s

r = ®; !S(end).

Its leafs are (x := ¢e) - (1S(end)) for all values e.
We define R, s, by relating each policy leaf (z := e) to the universal projection leaf
(z := e?)"(1S(end)) with the same value e. Related leaves have the same defined final
state because (7 := e) and (z := e?) have the same state transformer and the assertion
is a no-op when o(xz — ¢e) = S(end). Every policy leaf is related to such a universal
projection leaf, and every universal projection leaf is either related in this way or deadlocks
at the inserted guard !S(end).

* If ««v is an Angelic ODE «{z’ = f(z) & @}, then the policy-generated leaves are legal
ODE actions

(2" = f(z) & Qat)

whose solution ¢ : [0,f] — S starts in o, stays in @, follows 2’ = f(x), and satisfies
©(t) = S(end). The universal projection is

{+' = f(z) & Q}"; 1S(end).

Define R, s, by relating each policy leaf (' = f(z) & QQ@t) to the universal leaf {2’ =
f(z) & Q@t}4"1S(end) with the same solution ¢ and time ¢. Related leaves have the same
defined final state because Angelic and Demonic ODE actions have the same transition
relation and the assertion is a no-op when it passes. Every policy leaf is related in this way,
and every universal projection leaf is either related in this way or deadlocks at the inserted
guard !S(end).

* If v« is an Angelic choice (7 U ¢:6), then

a:Q Y S = ('S(g) e Y S) N ('S(d) ; a0 Y S)

226



The policy-compliant leaves are the left-branch leaves ["p with p € P, (o) exactly when
o = S(g), and the right-branch leaves t"p with p € P5g(o) exactly when o = S(d).
Define R, s, branchwise: if o |= S(g), relate

[4°1S(g)u to ['p

whenever u R, s, p. If 0 |= S(d), relate the analogous right-branch leaves using Rs s ;.
When the corresponding guard does not hold, the universal leaf stops at !S(g) or !S(d),
which is an inserted-guard Demon deadlock. Branch controls and passing guards do not
change state, so the required correspondences follow from the induction hypotheses for
the branch subgames. Every universal projection leaf is either thus covered by branch
reasoning, or deadlocks at a failed branch guard.

If «:cv is an Angelic loop «:(4y)*: Let S, abbreviate S(end — S(a)). Then

@:Q Y S = ('S(g) ; (4(/:’7 Y Sa))x ; 'S(end)

We prove the strengthened lemma for this case by an inner induction over finite loop un-
foldings. The inner invariant after n unfoldings is:

1. pending policy leaves p°g are matched with pending universal leaves u"g? at the

same state, and in that state, S(g) holds;
2. non-pending matched leaves satisfy the first three clauses of the strengthened lemma;
3. unmatched universal leaves are inserted-guard deadlocks at !S(g) or !S(end), or
inserted-guard deadlocks inherited from the body.

The base case follows from Def. g is offered exactly when S(g) holds, and s exactly
when S(end) holds. The universal projection loop offers both dual actions; if both actions
are allowed by the policy, they are matched, while a disallowed go fails at !S(g) and a
disallowed stop fails at |.S(end), thus following into the inserted-guard deadlocks category.
For the inductive step, consider a matched pending pair p”g and 1" g¢. Their reached states
agree and satisfy S(g), so the universal guard !S(g) passes. Apply the outer induction
hypothesis to ¢y with subvalue map S, at that state. Body inserted-guard deadlocks remain
unmatched inserted-guard deadlocks for the loop, and matched genuine body deadlocks
remain genuine deadlocks at the same inherited subgame. Matched defined body leaves
reach the same state 7. At 7, policy offers s exactly under S(end) and g exactly under S(g),
while the universal loop offers both dual choices and checks the corresponding guard. Thus
allowed stop and go choices are matched, and disallowed ones become inserted-guard
deadlocks at |.S(end) or the next 1S(g).
Taking the union over n < w and applying the policy-side filter Fu(u"g € leaf(t))
removes unfinished strategies. The remaining leaves satisfy the outer lemma by the inner
invariant.
If «:c is a Demonic loop «:(¢y)*, then Again let S, abbreviate S(end — S(a)). Then
wa¥ S = (4vYS,)*. Both sides have the same Demonic loop control skeleton: s¢, g,
and, after each defined go-body execution, the next pair of dual loop controls. The only
difference is in the loop body, where the leaf set is P, g, (7) on the policy side and U, g, (7)
on the universal projection side.
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Use an inner induction over the finite trees generated by the f™ construction, and then take
the maximal unions of increasing chains from Def.[B.7 on the policy side. The construc-
tion invariant pairs pending g leaves on the two sides state-for-state, matches non-pending
leaves by the first three clauses, and leaves unmatched only inserted-guard deadlocks in-
herited from the body. The base case is immediate. In the inductive step, take paired
pending g? leaves reaching the same state 7. The outer induction hypothesis for -y at 7
supplies the body relation. Matched defined body leaves are extended on both sides by the
same next loop actions; matched genuine body deadlocks remain genuine deadlocks at the
same inherited subgame; unmatched body leaves remain inserted-guard deadlocks. Tak-
ing unions of increasing chains preserves the invariant. Maximality removes nonmaximal
unfinished trees, preserving the desired outer lemma correspondence because it does not
eliminate any genuine leaves that have no successors.

If «:cv is a Demonic choice a:(gy N ¢:0), then

ao'Y S =gy Y SN (/:(SYS.

Define R, s, by relating [¢"u to ["p whenever u R, g, p, and relating t¢"u to v*"p when-
ever u 5 5, p. Demon branch labels do not change state, so the required correspondence
follows from the induction hypotheses applied to the branch subgames.

If «:cv is sequential composition «:(¢-y; ¢:0), let Sy abbreviate S(end — S(d)). Then

a:Q Y S = ((/:’7 Y Sd> ; ((/:(5 Y S)

Policy-compliant leaves are p, € P, g,(c) when |p,], is undefined, and p, ps; when
[py]e = T and ps € Pss(7).

Define R, g, as follows. First, for p., where |p, |, is undefined, let the leaf . be the leaf
such that v, R, s, » py. Then relate u, to p, in R, s,. Secondly, for p,"ps, let u, be the
leaf such that u., R, s, - py, and us be the leaf such that us Rs s, |, |, ps- Then relate u, " us
to p, " psin Ry 56

Universal projection leaves u., that are inserted-guard deadlocks in the first component
and universal projection leaves u, us where u; is an inserted-guard deadlock in the sec-
ond component are left unmatched. The required correspondence follows from induction
hypotheses for subgames ~ and ¢, and the definition of sequential execution.

]

Lemma 6.4 (Universal projection correspondence). For any Angelic subvalue map S for game
wq, in initial state o = («) a, for compatible winning condition ¢, Angel has a winning strategy
forthe game «:cv Y S if and only if all ways to pursue the policy of S for game «.« that complete the
game end in Angel’s winning region. That is, o = («a YV S) ¢ iff all elements of set S,..(S)(0)
are Angel winning strategies.

Proof. Like Lemmal[6.3] we prove a stronger lemma by induction over the structure of «:cv. The
induction proves the correspondence statement below for any subvalue map S. Let

Uas(0) = leaf(T(ca ¥ S, o))
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that is, the set of leaves generated by the universal projection, and
P, s(0) = leaf(S...(5)(0))

be the set of policy-compliant leaves generated by following the policy of S from o.

Aleafu € U, s(o) has an inserted-guard deadlock when it represents Demon deadlocking on
an assertion !,S(c) introduced by «:a Y S to guard what was before projection an Angel-controlled
subgame. Inserted-guard deadlocks represent Demon attempting an action that the policy of S
does not permit. A deadlock is genuine when the first undefined action belongs to a subgame
inherited from the original game «:«v, rather than to such an inserted guard.

The strengthened lemma is: there is a relation R, s, C U, s(0) x P, s(o) such that:

1. Ifu R, s, pand both |u], and |p|, are defined, then
lu)o = [P]o-

2. If u R, 5, p and one of u, p genuinely deadlocks at an Angel-controlled subgame, then the
other also genuinely deadlocks at the corresponding Angel-controlled subgame.

3. If u R, s, p and one of u, p genuinely deadlocks at a Demon-controlled subgame, then the
other also genuinely deadlocks at the corresponding Demon-controlled subgame.

4. Every p € P, s(o) is related to some u € U, s(0).

5. Every u € U, s(0) is either related to some p € P, () or has an inserted-guard deadlock.

Thus the universal projection has exactly the same defined outcomes, the same genuine Angel-
deadlock outcomes, and the same genuine Demon-deadlock outcomes as the policy-compliant
leaves.

This stronger lemma implies the original lemma because:

()Ifo = (ea Y S) ¢, then every leaf in U, s(o) either reaches a state satisfying ¢, genuinely
deadlocks at a Demon-controlled subgame, or deadlocks at an inserted guard. By the stronger
lemma, there must be no Angelic deadlocks in P, s(o ), nor any leafs reaching a state not satisfy-
ing ¢, because then there would be a related leaf in U, (o) with the same property, contradicting
o = (ea'¥ S) ¢. Thus, every way to pursue S, (5)(o) is winning for Angel.

) If o | (e Y S) ¢, then some leaf in U, (o) either reaches a defined state not satisfying
¢, or genuinely deadlocks at an Angel-controlled subgame. By the stronger lemma, this leaf is
related to a leaf in P, g(o) with the same defined state or the same genuine Angel-deadlock.
Thus there is a play in S, (5) (o) that is not winning for Angel.

We now prove the stronger lemma by induction over the structure of «:. In the case analysis
below, we sometimes omit no-op labels and sequence markers for readability. The relation R, s,
relates the corresponding concrete leaves with those no-op actions restored.

* If v« is atomic and not controlled by Angel, i.e., o € {z = e,z := ®,7Q,!Q, {2’ =
f(x) & Q}?}, then ¥ S is . The universal projection has exactly the same game
tree as the original game, and the policy generator does not restrict any action because
there is no Angel-controlled choice to externalize. R, s, can be defined trivially to relate
corresponding leaves. Non-deadlocking leaves reach the same state, any genuine deadlock
is inherited from the original atomic game with the same owner (i.e., Angel or Demon),
and there are no inserted guards.
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* If v« is a non-deterministic Angel assignment «:x := *, then the policy-generated leaves
are exactly the actions (x := e) such that o(x — ¢) = S(end). The universal projection
is

r:=®; !S(end).
Its leafs are (x := ¢e) - (1S(end)) for all values e.
We define R, s, by relating each policy leaf (z := e) to the universal projection leaf

(z := e?)"(1S(end)) with the same value e. Related leaves have the same defined final
state because (7 := e) and (z := e?) have the same state transformer and the assertion
is a no-op when o(x — ¢e) = S(end). Every policy leaf is related to such a universal
projection leaf, and every universal projection leaf is either related in this way or deadlocks
at the inserted guard !.S(end).

* If ««v is an Angelic ODE {2’ = f(z) & @}, then the policy-generated leaves are legal
ODE actions

(2" = f(z) & Qat)
whose solution ¢ : [0,¢] — & starts in o, stays in @, follows 2’ = f(x), and satisfies
©(t) = S(end). The universal projection is

{a' = f(z) & Q}"; 1S(end).

Define R, s, by relating each policy leaf (' = f(z) & Q@Qt) to the universal leaf {2’ =
f(z) & Q@t}4"1S(end) with the same solution ¢ and time ¢. Related leaves have the same
defined final state because Angelic and Demonic ODE actions have the same transition
relation and the assertion is a no-op when it passes. Every policy leaf is related in this way,
and every universal projection leaf is either related in this way or deadlocks at the inserted
guard !S(end).

* If w«v is an Angelic choice «:(gy U ), then

a:Q Y S = ('S(g) ;g7 Y S) N (‘S(d) ; d-0 Y S)

The policy-compliant leaves are the left-branch leaves ["p with p € P, (o) exactly when
o = S(g), and the right-branch leaves t"p with p € P5g(0) exactly when o |= S(d).
Define R, s, branchwise: if o |= S(g), relate

(4°18(g)°u to ['p

whenever u R, s, p. If 0 |= S(d), relate the analogous right-branch leaves using Rs s ;.
When the corresponding guard does not hold, the universal leaf stops at !S(g) or !S(d),
which is an inserted-guard Demon deadlock. Branch controls and passing guards do not
change state, so the required correspondences follow from the induction hypotheses for
the branch subgames. Every universal projection leaf is either thus covered by branch
reasoning, or deadlocks at a failed branch guard.

* If wcv is an Angelic loop «:(47y)*: Let S, abbreviate S(end — S(a)). Then

¥ S =(1S(g)s (47 Y S.))* s 1S(end).

We prove the strengthened lemma for this case by an inner induction over finite loop un-
foldings. The inner invariant after n unfoldings is:
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1. pending policy leaves p"g are matched with pending universal leaves u"g? at the
same state, and in that state, S(g) holds;
2. non-pending matched leaves satisfy the first three clauses of the strengthened lemma;
3. unmatched universal leaves are inserted-guard deadlocks at !S(g) or !S(end), or
inserted-guard deadlocks inherited from the body.

The base case follows from Def. g is offered exactly when S(g) holds, and s exactly
when S(end) holds. The universal projection loop offers both dual actions; if both actions
are allowed by the policy, they are matched, while a disallowed go fails at !S(g) and a
disallowed stop fails at |.5(end), thus following into the inserted-guard deadlocks category.
For the inductive step, consider a matched pending pair p"g and v g?. Their reached states
agree and satisfy S(g), so the universal guard !S(g) passes. Apply the outer induction
hypothesis to ¢y with subvalue map .S, at that state. Body inserted-guard deadlocks remain
unmatched inserted-guard deadlocks for the loop, and matched genuine body deadlocks
remain genuine deadlocks at the same inherited subgame. Matched defined body leaves
reach the same state 7. At 7, policy offers s exactly under S(end) and g exactly under S(g),
while the universal loop offers both dual choices and checks the corresponding guard. Thus
allowed stop and go choices are matched, and disallowed ones become inserted-guard
deadlocks at !.S(end) or the next !S(g).
Taking the union over n < w and applying the policy-side filter FHu(u"g € leaf(t))
removes unfinished strategies. The remaining leaves satisfy the outer lemma by the inner
invariant.
If «:cv is a Demonic loop «:(¢y)*, then Again let S, abbreviate S(end — S(a)). Then
eV S = (gy Y S.)™. Both sides have the same Demonic loop control skeleton: 59, gd,
and, after each defined go-body execution, the next pair of dual loop controls. The only
difference is in the loop body, where the leaf set is P, g, (7) on the policy side and U, g, (7)
on the universal projection side.
Use an inner induction over the finite trees generated by the f™ construction, and then take
the maximal unions of increasing chains from Def.[B.7 on the policy side. The construc-
tion invariant pairs pending g leaves on the two sides state-for-state, matches non-pending
leaves by the first three clauses, and leaves unmatched only inserted-guard deadlocks in-
herited from the body. The base case is immediate. In the inductive step, take paired
pending g¢ leaves reaching the same state 7. The outer induction hypothesis for ¢y at 7
supplies the body relation. Matched defined body leaves are extended on both sides by the
same next loop actions; matched genuine body deadlocks remain genuine deadlocks at the
same inherited subgame; unmatched body leaves remain inserted-guard deadlocks. Tak-
ing unions of increasing chains preserves the invariant. Maximality removes nonmaximal
unfinished trees, preserving the desired outer lemma correspondence because it does not
eliminate any genuine leaves that have no successors.
If «:cv is a Demonic choice a:(gy N ¢9), then

o Y S =gy Y SN (/:(SYS.

Define R, s, by relating [¢"u to [?"p whenever u R, g, p, and relating t¢"u to t?"p when-
ever u 5 5, p. Demon branch labels do not change state, so the required correspondence
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follows from the induction hypotheses applied to the branch subgames.
* If wv is sequential composition «:(¢-y; 4:9), let S; abbreviate S(end — S(d)). Then

a:ox Y S = ((/:’y Y Sd) ; ((/:(5 Y S)

Policy-compliant leaves are p, € P, g,(c) when |p,], is undefined, and p, ps; when
Lp’yJa =7 and ps € Ps55(7).

Define R, s, as follows. First, for p, where |p, |, is undefined, let the leaf u., be the leaf
such that v, R, s, » py. Then relate u, to p, in R, s,. Secondly, for p,"ps, let u, be the
leaf such that u, R, s, - py, and u; be the leaf such that us Rs s |, |, ps. Then relate u, " us
to p, psin Ry 5.

Universal projection leaves w., that are inserted-guard deadlocks in the first component
and universal projection leaves ., us where us is an inserted-guard deadlock in the sec-
ond component are left unmatched. The required correspondence follows from induction
hypotheses for subgames ~ and 9, and the definition of sequential execution.

]

Theorem 6.1 (Subvalue Map stays in Winning Region). Suppose S is an Angelic subvalue map
for game «:ac compatible with winning condition ¢, i.e., for every subgame b € subgames(««),
= S(b) — (way) S(end) and = S(end) — ¢. Upon starting in any state o € [S(a)], and
reaching subgame b by following any strategy induced by the subvalue map S, there exists a win-
ning strategy for Angel to win the remainder of the game. That is, S(a) = ((aa Y S).) (vow.) ¢.

Proof. We perform induction on the structure of «:cv.

* When «« is atomic and not controlled by Angel, i.e., & € {z := e,z := ®,7Q,!Q, {2’ =
f(x) & Q}?}, then The only subgame b in subgames(.:r) is v« itself. Thus the only
possibility is b = a. ««., is the empty game SKip, and «:«,. is the game ««, and . ¥ .S
is just .. Thus, (v, Y S) (e:aq:) ¢ is equivalent to (sSkip) (a) ¢. We need to show that
S(a) = («:a) ¢ which holds because by definition of an Angelic subvalue map, = S(a) —
(o) &.

* When «« is an Angelic nondeterministic assignment, i.e., «:x := *, then again the only
subgame b in subgames(««) is «« itself. Thus the only possibility is b = a. wa, is
the empty game skip, and «a' Y S is just a:ar; 7.5(end), and «a; 75(end),. is the game
wa; 7S(end). Thus, (va., ¥ S) (caq.) ¢ is equivalent to (SKip) («; 7.5 (end)) ¢. We need
to show that S(a) = (a) (?S(end) A ¢). Since ¢ is a compatible winning condition, this is
S(a) | {«) 7S(end) which holds by the definition of an inductive Angelic subvalue map.

* When «« is an Angelic ODE, i.e., «{2’ = f(z) & @}, then the argument is similar to the
previous case. As before the only possibility is b = a, and we need to show that S(a) =
() 7S(end) A ¢. Since ¢ is a compatible winning condition, this is S(a) = («:a) ?7.S(end)
which holds by the definition of an inductive Angelic subvalue map.

* When v is an Angelic choice, «:(¢-y U ¢d), then we analyze cases depending on the value
of b.
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1.

3.

If b = a, then g Y S:b = Skip, and awap. = aa. Thus, <(1:Oz:b Y S> <(/:Ozb:> g25 is
equivalent to (v ¢. S(a) = («:«) ¢ This can be proved by applying the axioms[=RI
along with S(a) — («c) ¢ from the definition of an Angelic subvalue map.
Otherwise, if b € subgames(s7y), then wa, Y5, = 15(9); oy ¥ S, and aay, =
g7y, We can show that S(a) = (1S(g); o7 Y Su) (97s.) ¢ by first applying axioms
[T (%) =Rito get the goal S(a), S(g) = (47 Y Sy) (47;.) ¢ Notice that S is
also an inductive Angelic subvalue map for ¢y and winning condition ¢. Thus by the
inductive hypothesis, S(g) = (977, Y S) (47s.) ¢ completing the proof.

Otherwise, if b € subgames(d), then the proof proceeds similarly to the previous
case, but with ¢ replacing ;.

* When «« is an Angelic loop, i.e., «:(¢y)*, then we analyze cases depending on the value

of b.
1.

If b = a, then aw:oyp. = w:ov and v Y S:b = ('S(g) e Y S(end — S(a)))x ; 'S(Gﬂd)
Thus,

<(/:C¥ Y S;b) <”i05b:> ¢

is by definition
((15(g); 97 ¥ S(end = S(a)))™; LS(end)) (ea) ¢.

By the inductive hypothesis, S(g) = (47 Y S(end — S(a))) S(a). Then applying
with invariant S(a) we have

S(a) = ((15(g); o7 Y S(end = S5(a)))*) S(a).

By the definition of an Angelic subvalue map, = S(a) — (««) ¢. Thus by M| [=R],
and[(7)] we prove the desired goal

S(a) = ((15(g); o7 ¥ S(end = S(a)))* ; LS (end)) (wa) ¢.
Otherwise, if b € subgames(s-y), then
acaY Sy = (159(9); oy Y S(end — S(a)))*;1S(g); (477 S(end — S(a))).,

@y, = gy, y @O
Want to show:

S(a) = ((1S(g); o7 ¥ S(end = S(a)))™; 1S(g); (47 ¥ S(end — S(a))))
<(,‘I3/7)b: ) (/:CY) ¢

First, by Lemma[B.3} we have
S(a) = ((1S(g); oY S(end — S(a)))™ ; 1S(end)) T,
s0 by axioms [?] and [(;]}
S(a) = ((15(g) s o ¥ S(end = S(a)))*) T.
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Next, by the inductive hypothesis and applications of axioms and [=R] we
have

T (5(9); (oY S(end = S5(a)))w) (97.) S(a)
Finally, since S is an Angelic subvalue map, we have S(a) |= (««a) ¢. Thus by
and|(;)| we can conclude the desired result.
* When «:«v is a Demon loop, i.e., «:(¢7y)*, then we analyze cases depending on the value of
b.

1. If b = a, then ((I:Oé Y S):b = aQ Y S and ((Iia)b: = @
Thus we must show that S(a) = (ca Y S) (ea) ¢.
S(a) = (ea'¥ S) S(a) because S(a) is a loop invariant of (¢ Y S(end — S(a)))*
by Lemma[B.5]
S(a) E («a) ¢ by definition of a subvalue map. Thus by M| we can conclude the
desired result.

2. Otherwise, if b € subgames(yy), then:
(u:Oz Y S):b = wQ Y S; (!/3'7 Y S(end — S(a)));b,
((::a/)b: = ((/W)b: ; @,
Thus we must show that

S(a) = (ea ¥ S5 (17 ¥ S(end = S(@))a) (47) : w0} @

First, we have S(a) = (¢a ¥ S) S(a) because S(a) is a loop invariant of

(47 Y S(end — S(a)))* by Lemma[B.5
Next, by the inductive hypothesis, we have

S(a) = ({97 S(end = 5(a)))w; (97)s:) S(a).

By definition of a subvalue map, we have S(a) = («q) ¢.
Thus by Mland we can conclude the desired result.
* When «« is sequential composition, i.e., «:(¢7y; ¢0), then we analyze cases depending on
the value of b.

1. If b = a, then («ar Y S), = skip and «:p, = . Thus we must show that S(a) =
(skip) («a) ¢, i.e., S(a) = (=a) ¢, which hold by definition of a subvalue map.

2. Otherwise, if b € subgames(sy), then (v S)., = (47 Y S(end — S(d)))., and
. = (,(/f'Y)b: ; 4.
Thus we must show that S(a) = (47 Y S(end — S(d)).,) ((47)p: ; &:0) ¢.
This is S(a) = (o7 ¥ S(end = S(d)))s) ((97)e:) (26) ¢ applying ()]
This is S(a) = ((¢7 7 S(end — S(d)))s; (97)s:) (¢0) ¢ again applying|[(;)]
By the inductive hypothesis, S(a) = (((w y S(end — S(d))).) S(d) since S(a) —
S(g) in an inductive subvalue map.
By definition of an Angelic subvalue map, S(d) |= (4:0) ¢.
By rule[Ml we can conclude the desired result.

3. Otherwise, if b € subgames(d), then a similar argument applies.
Qe Y S = {(/:’y Y S(end — S(d)) ; ((/:5 Y S):b}, and aop. = (/35b:-
Thus we must show that S(a) = (o7 Y S(end — S(d)); (0 Y S).) (d6p:) ¢.
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By the[(;)| axiom, this is S(a) = (47 ¥ S(end — S(d))) ((¢6 7 S)p; (4:0)y:) 6.
S

By LemmaB.3] and since in an inductive subvalue map, = S(a) — S(g), S(a) =
(97 Y S(end — S(d))) S(d).
By the inductive hypothesis, S(d) = (07 S)p; (4:0)p.) ¢.
By rule M| we can conclude the desired result.
O]

Theorem 6.2 (Inductive subvalue map ensures winning actions). Suppose S is an inductive An-
gelic subvalue map for game «c and compatible with winning condition ¢, i.e., o = S and
S(end) = ¢. Upon starting in any state o |= S(a), and reaching subgame b by following any
strategy induced by the subvalue map S, there is a way for Angel to win by continuing to follow

S. That is, S(a) ): <((liOé Y S):b> <(u:a?5)b;> gb

Proof. We perform induction on the structure of «:c.

* When «:«v is atomic and not controlled by Angel, i.e., o € {x :=¢,2 := ®,7Q,!Q, {2 =
f(x) & Q}?}, then The only subgame b in subgames (.« is «:«v itself. Thus the only
possibility is b = a. a:a, is the empty game SKip, and «:,. is the game a:a, and a:a Y S is
just a:a. Thus, (Y S).a) (e S)a:) ¢ is equivalent to (skip) («) ¢. We need to show
that S(a) = (#:a7S) ¢ which holds because by definition of an inductive Angelic subvalue
map along with the fact that S(end) — ¢, S(a) — («q) ¢.

* When «« is an Angelic nondeterministic assignment, i.e., «:x := *, then again the only
subgame b in subgames(««) is a« itself. Thus the only possibility is b = a. wa, is
the empty game skip, and «a Y S is just v:r; 7.5(end), and «a; 75(end),. is the game
wac; 7S(end). Thus, (wou, ¥ S) (ea.7S) ¢ is equivalent to (skip) (a; 75(end)) ¢. We
need to show that S(a) = («) (7S(end) A ¢). Since ¢ is a compatible winning condition,
thisis S(a) = (a) 7S(end) which holds by the definition of an inductive Angelic subvalue

map.

* When «a is an Angelic ODE, i.e., «:{2' = f(z) & @}, then the argument is similar to
the previous case. As before the only possibility is b = a, and we need to show that
S(a) = () ?7S(end) A ¢. Since ¢ is a compatible winning condition, this is S(a) =
(e S) 75(end) which holds by the definition of an inductive Angelic subvalue map.

* When «« is an Angelic choice, i.e., «:(sy U 4d), then we analyze cases depending on the
value of b.

1.

2.

If b = a, then (ca Y S), = skip and a5y, = «aFS. Thus we must show that
S(a) |= (skip) («a7S) ¢, i.e., S(a) = (w7 S) ¢, which holds by Lemma[B.6]
Otherwise, if b € Subgames(w), then ((l:Oé Y S);b = 'S(g) 59y Y S:b and (IZO[EJS(); =
97Yp.- Thus we must show that S(a) = (1S(g); o7 Y S.) (67s:) b

This is S(a) A S(g) E (7Y S,) (s7,.) ¢ using axioms This holds by the

inductive hypothesis.

. Otherwise, if b € subgames(«4), then the proof proceeds similarly to the previous

case, but with ¢ replacing ;.

* When «« is a Demonic choice, i.e., «:(¢-y N ¢:0), then the argument is similar to Angelic
choice, except that we get assumptions S(g) or S(d) not from the execution prefix but from
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S(a) because in an inductive subvalue map, = S(a) — S(g) A S(d). We analyze cases
depending on the value of b.

1.

2.

3.

If b = a, then («a Y S), = skip and «:a 7Sy, = «aFS. Thus we must show that
S(a) |= (skip) (v }S) ¢, i.e., S(a) = (v} S) ¢, which holds by Lemma[B.6]
Otherwise, if b € Subgames(g:y), then ((/:O{ Y S);b = gy Y S:b and (IZOZ%S(); = 9Yp.-
Thus we must show that S(a) = (477 S,) (47;.) ¢. This holds by the inductive
hypothesis since as discussed, S(a) — S(g).

Otherwise, if b € subgames(.J), then the proof proceeds similarly to the previous
case, but with 7.0 replacing ¢-y.

* When «« is sequential composition, i.e., «:(¢7y; ¢:0), then we analyze cases depending on
the value of b.

1.

2.

If b = a, then («a Y S), = skip and «:a 7Sy, = «aFS. Thus we must show that
S(a) |= (skip) (v }S) ¢, i.e., S(a) = (v} S) ¢, which holds by Lemma[B.6]
Otherwise, if b € subgames(sy), then (¢ ¥ S) ., = (97 ¥ S(end — S(d))) s

and (/:@%Sb: = (g:ﬂS(end — S(d)))b ; (/:5%5.

Thus we must show that:

S(a) = {7 ¥ S(end = 5(d)),,) ((sy7S(end = S(d)))s: ; #635) ¢.

This is S(a) |= (477 S(end = S(d))).) ((s:77S(end = S(d)))y:) (103 S) 6 ap-
plying[(;)]

Thisis S(a) = ((¢y Y S(end — S(d))).; (¢yFS(end — S(d)))e.) (:07S) ¢ again
applying ()}

By the inductive hypothesis, S(a) = ((¢7 Y S(end — S(d))).) S(d) since S(a) —
S(g) in an inductive subvalue map.

By Lemma[B.6] S(d) = (4675) ¢.

By rule[Ml we can conclude the desired result.

. Otherwise, if b € subgames(4), then a similar argument applies.

a:Q Y Sy = {(/:’y Y S(end — S(d)) ; ((/:5 Y S):b}, and (/:O(?Sb = (/5%'51,

Thus we must show that S(a) = (47 Y S(end — S(d)); (07 S).p) (4:03Sh.) ¢.
By the[(;)| axiom, this is S(a) = (47 ¥ S(end — S(d))) (67 ) ; (¢:675)p:) ¢.
By LemmaB.7] and since in an inductive subvalue map, = S(a) — S(g), S(a) =
(9yY S(end — S(d))) S(d).

By the inductive hypothesis, S(d) = ((¢0Y S)p; (¢079)p:) ¢.

By rule Ml we can conclude the desired result.

* When «« is an Angelic loop, i.e., «:(47y)*, then we analyze cases depending on the value

of b.
1.

If b = athen («aY S)y = (1S(9); 9y Y S(end — S(a)))* (with the terminal test
missing compared to «:v Y S) and a.a 3.5y, = a3 S.

We need to show that S(a) = ((1S(g); ¢y Y S(end — S(a)))*) («aiS) ¢.

We first show that S(a) = ((1S(g9); ¢y Y S(end — S(a)))*) S(a). This follows
from applying the rule with invariant S(a) and then using the fact that per
Lemma[B.7} S(g) k= (47 ¥ S(end — S(a))) S(a).

Then by Lemma[B.6| S(a) = (va3S) ¢. Thus by M| we can conclude the desired
result.
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2. Otherwise, if b # a then it is in subgames(y-y).
(aaY S)p = (15(g9); oy Y S(end — S(a)),)*; 1S(g); (47 Y S(end — S(a)))..
(1:&%5’1): = (g:ﬁS(end — S(a))b: ; (/IO{%S.
Want to show:

S(a) = ((1S(g); oy Y S(end = S(a)))* 5 1S(g) s (o7 Y S(end — S(a))).)
<((/:’}/%S(end —> S(a)))b; ; (lIO[%S) (b

First, by Lemma[B.7} we have
S(a) = ((1S(g); oY S(end — S(a)))™ ; 1S(end)) T,
s0 by axioms[[7] and [(;]}
S(a) = ((15(g); o7 ¥ S(end — 5(a)))) T.

Next, by the inductive hypothesis and applications of axioms and =SR] we
have

T (1S(9): (s ¥ S(end > S(a)))s) (73S (end > 5(a)),.) S(a)

Finally, by Lemma[B.6] we have S(a) = (:a7S)¢. Thus by M and [(;)] we can
conclude the desired result.

* When «« is a Demonic loop, i.e., «:(47y)*, then we analyze cases depending on the value
of b.
1. If b = a, then (u:Oé Y S);b =aaY S and ((/:Oé?S)b: = (/:Oé?s.
Thus we must show that S(a) = (ca'V S) (ea3S) ¢.
S(a) = (ea¥ S) S(a) because S(a) is a loop invariant of (¢ Y S(end — S(a)))*
by Lemma|B.7
S(a) = (wa}S) ¢ by Lemma[B.6| Thus by Ml we can conclude the desired result.
2. Otherwise, if b € subgames(yy), then:
((I:Oé Y S):b = wl Y S'; (lr/:"y Y S(end — S(a))):b,
((::@%S)b: = (;,ry?S(end — S(a)))b: ; u:a?S.
Thus we must show that

S(a) = (eaY S; (9y Y S(end — S(a)))s){(¢yFS(end — S(a)))p. ; aalS) ¢

First, we have S(a) = («a ¥ S) S(a) because S(a) is a loop invariant of
(4vY S(end — S(a)))* by Lemma[B.7]
Next, by the inductive hypothesis, we have S(a) = ((¢y Y S(end — S(a))).s) S(a).

By Lemma[B.6 we have S(a) = (va75) ¢.
Thus by Mland[(;)| we can conclude the desired result.
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Theorem 6.3 (Inductive subvalue maps are subvalue maps). For dGL game .« if S is an induc-
tive Angelic subvalue map (v« |= S), then it is also an Angelic subvalue map for «q, i.e., for
every subgame ;3 in subgames(««), = S(b) — (woy.)S(end). Dually, if S is an inductive
Demonic subvalue map for «.«, then S is a Demonic subvalue map for «c.

Proof. The proof uses structural induction. When «« is atomic, i.e. « € {z = e, z := x,
7Q,1Q, {2/ = f(z) & Q}, {2’ = f(x) & Q}9}, according to Def. ca = S exactly when
= S(a) — («)S(end). Since «:,. = a:v and a is the only subgame in Subgames(«:«a), we can
conclude that S'is a subvalue map. For the recursive cases, if «:« has the structure:

1. gy U a4, for any subgame b in subgames(s7y), «ap. = ¢y,. Since per the inductive
hypothesis, = S(b) — (47,.)S(end), we can conclude that = S(b) — (xau.)S(end).
The same argument applies to all subgames in subgames(/9). It remains to show that
for the overall game a, = S(a) — (x:a,.)S(end). By the inductive hypothesis, because
g9y E S,s0 = S(g) — (v)S(end) and because 0 = S, so = S(d) — (6)S(end). Using
the disjunction of implications, |= S(g) vV S(d) — (v)S(end) Vv (6)S(end). But according
to dGL axiom [(U)] = (7)S(end) v (6)S(end) <> (y U d§)S(end), so = S(g) V S(d) —
(vUd)S(end). Because S is valid, = S(a) — S(g) vV S(d). By transitivity of implication,
= S(a) — (yUJ)S(end), proving the desired result.

2. g7y N &4, for any subgame b in subgames(y-y), «ap. = ¢7y,.. Since per the inductive
hypothesis, = S(b) — (47,.)5(end), we can conclude that = S(b) — (way)S(end).
The same argument applies to all subgames in subgames(4d). It remains to show that
for the overall game a, = S(a) — (wa,.)S(end). By the inductive hypothesis, because
9y E S, s0 = S(g) — (y)S(end) and because 70 = S, so = S(d) — (6)S(end). Using
the conjunction of implications, = S(g) AS(d) — (y)S(end)A(d)S(end). But according
to dGL axiom [(M)] = (v)S(end) A (6)S(end) <+ (y N d)S(end), so = S(g) A S(d) —
(yNé)S(end). Because S is valid, = S(a) — S(g) A S(d). By transitivity of implication,
= S(a) — (yNd)S(end), proving the desired result.

3. ¢7y; d:d, for any subgame b in subgames(i:d), ¢y, = a:cy,. Since per the inductive hypoth-
esis, = S(b) — (4:05.)S(end), we can conclude that = S(b) — (xa4.)S(end).

Consider now any subgame b in subgames(y-y). Because ¢y |= S, = S(b) — (974.)5(d).
Now, because 7 |= S, = S(d) — (0)S(end). According to the dGL monotonicity rule[M]
this means that = S(b) — (4,,)(6)S(end). According to the dGL axiom|[(})] = S(b) —
(1743 0)S(end). Since w:ap, = ¢7y,,.; 40, we can conclude that = S(b) — (xay.)S(end).
It remains to show that for the overall game a, = S(a) — (way.)S(end). By the in-
ductive hypothesis, because ¢y = S, so = S(g) — (7)S(0) and because 70 = S,
so = S(d) — (0)S(end). According to the dGL monotonicity rule this means
that = S(g) — (7)(6)S(end). According to the dGL axiom [;})} = (v)(d)S(end) «
{(v; 0)S(end). Thus, = S(g) — (v; )S(end). Because S is valid, = S(a) — S(g). By
transitivity of implication, = S(a) — (v; §)S(end), proving the desired result.

4. g4~y*, then because «:(4y)* = S, then immediately as the first validity condition = S(a) —
(¢a35)S(end). Per Lemma[B.2] = (va35)S(end) — (@)S(end). By the transitivity of
implication, = S(a) — (a)S(end).

238



5. ¢v*, then because «:(47*) = S, E S(a) — S(g) and = S(a) — S(end). Additionally,

by the inductive hypothesis, because ¢y = S, = S(g) — (7)S(a). By the transitivity of
implication, = S(a) — (v)S(a). Applying the [ind rule of dGL, this permits us to infer
= S(a) — (y*)S(a). Recall that because «:(¢7*) | S, = S(a) — S(end). By the
monotonicity ruleMl = S(a) — (v*)S(end), proving that = S(a) — aay..
It remains to show that for any subgame b in subgames(s7y), = S(b) — (wayp.)S(end).
Because ¢y = S, by the inductive hypothesis = S(b) — (4y,.)S(a). Since = S(a) —
(v*)S(end), by the monotonicity rule Ml = S(b) — (477,.)(7*)S(end). By dGL ax-
iom = S(Ob) — (s y*)S(end). But, cap. = 975 (7°). Thus, = S(b) —
<(l:Otb:>S(end).

O

Corollary D.1 (Inductive subvalue map correctness). For dGL game «.«v and inductive Angelic
subvalue map S, if oo = S, then |= S(a) — («) S(end). Dually, if val]l= S, then = S(a) —
[a]S(end).

Proof. Corollary of Theorem|[6.3] which shows that inductive subvalue maps are subvalue maps.
Def.[6.2] says that the winning subregion for every subgame in the subvalue map implies the
winning region for starting at that subgame and running the rest of the game. For overall game

a, this means = S(a) — («)S(end). O

Theorem 6.4 (Sound solving). S := (map(««, ¢) is an inductive Angelic subvalue map for
game ca (e« |= S) with all subvalues in Pg, compatible with Angel winning condition ¢ € Pr.
Dually, S := [Jmap(««, @) is an inductive Demonic subvalue map with all subvalues in Pk,
compatible with Demon winning condition ¢.

Proof. The proof is by structural induction on «:ce. We show the proof for {map, the proof for
[Jmap is symmetric. S(end) is compatible with ¢ because S(end) is set to ¢. In the case where
c:a is atomic, i.e., when a € {z = e,z := %, 7f, 1 f, {2/ = f(2)&Q}, {2’ = f(2)&Q}?}, the
result is immediate. According to Def.[6.8] «:v |= S exactly when (= S(a) — («)¢. But per the
definition of (map, S(a) is simpl({a)¢) which by definition implies ().

In the compositional cases, we use structural induction. If «:« has the structure:

* (1:(_(/:’)/ U (/:5), then let S} := Omap('(/:’}/, (b) and Sy := <>map<(/:(5, ¢) S is the disjoint union
of S; and S, extended by mapping a to S1(g) V Sa(d). We must show that = S(a) —
S(g)V S(d) and ¢y = S and @6 |= S. The first implication is immediate as S(g) = S1(g)
and S(d) = Sz(d) by the construction of S. The second and third formulas hold by the
inductive hypothesis.

° (1:((/:")/ N //:5), then let .S} = Omap(‘(/:’}/, ¢) and Sy = {)map((izé, ¢) S is the diSjOiIlt union
of S; and S, extended by mapping a to S1(g) A Sa(d). We must show that = S(a) —
S(g) A S(d) and ¢y = S and @6 |= S. The first implication is immediate as S(g) = S1(g)
and S(d) = Sz(d) by the construction of S. The second and third formulas hold by the
inductive hypothesis.
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* w(gry; 40), then let S; := (map(4d, ¢) and Sy := (map(yy, Si(d)). S is the disjoint
union of S; and Sy extended by mapping a to S3(g). We must show that = S(a) —
S(g) and ¢y |= S and &6 |= S. The first implication is immediate as S(g) = S2(g) by the
construction of S. The second and third formulas hold by the inductive hypothesis.

* w(gy)*, then let S’ := {map(y-y, Inv V ¢). S is constructed by extending S’ by mapping a
to Inv. Additionally, per the side condition |= Inv — («a3.5")¢. We must show S(a) —
(ea7S)¢ and ¢y = S. The first implication follows from the side condition along with
the fact that S(g) = S’(g) by the construction of S. The second formula holds by the
inductive hypothesis as it applies to .S’

* «(gy)*, then let S” := {map(s~,Inv). S is constructed by extending S’ by mapping
a to Inv. Additionally, per the side condition = Inv — S(g) A ¢. We must show that
S(a) = ¢ A S(g), and gy |= S. The first implication follows from the side condition along
with the fact that S(g) = S’(g) by the construction of S. The second formula holds by the
inductive hypothesis as it applies to .S’

O

Theorem 6.5 (Maximal inductive subvalue map). Amongst the inductive Angelic subvalue maps
for game «.cv compatible with winning condition ¢, the model predictive Angelic map given by
Def. is maximal under the ordering of Def. That is, for all S such that «a = S, model
predictive Angelic subvalue map S’ satisfies S’ 23 S. Dually, the model predictive Demonic
subvalue map (Def.[6.9) is maximal amongst inductive Demonic subvalue maps per the ordering

of Def.

Proof. Lemma[B.4] shows that the MPC solution is valid. Next we show that it is maximal. We
first show that S” 77 S for all S such that wa (= S under the weaker ordering of Def.B.1] A
symmetric proof applies when ««v |= S is replaced by «af] = S. The proof uses structural
induction.

For end, if «a |= S then = S(end) — ¢. But for the MPC solution, S’(end) is ¢, so
= S(a) — S'(a).

When v is atomic, ie. a € {x :=e,2 1= 7f |f {2’ = f(z) & Q}, {2/ = f(x) & Q}?},
the result is immediate: according to Def.[6.8] if «:ov |= S then = S(a) — (a)¢. But per the
definition of the MPC solution, S’(a) is (a)¢. Thus, = S(a) — S’(a).

For the recursive cases, if «:« has the structure:

1. gy U a6, then observe that restrictions S |subgames(y) and S’ |subgames(s) of S are the MPC
solutions for Angel win condition ¢ for games ¢y and .0 respectively. By the inductive hy-
pothesis, for all subgames b € subgames(yy), S(b) — S’(b). Similarly, for all subgames
b € subgames(6), S(b) — S’(b). The only remaining subgame in subgames(«) is a.
Per the inductive hypothesis, = S(g) — S’(g) and = S(d) — S’(g). Taking the disjunc-
tion of these implications, we get = S(g) V S(d) — S'(g) vV S’(d). Because S is valid,
= S(a) — S(g) vV S(d). By transitivity of implication, = S(a) — S'(g) vV S’(d). By
definition, S’(a) is S’(g) V S’(d). Thus we can conclude that = S(a) — S'(a).

2. gy N 6, then observe that restrictions S’ |subgames(y) and S’ |subgames(s) of S are the MPC
solutions for Angel win condition ¢ for games ¢y and ¢ respectively. By the inductive
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hypothesis, for all nodes b € subgames(y-y), S(b) — S’(b). Similarly, for all subgames
b € subgames(id), S(b) — S’(b). The only remaining subgame in subgames(«) is
a. Per the inductive hypothesis, = S(g) — S’(¢g) and = S(d) — S’(g). Taking the
conjunction of these implications, we get = S(g) A S(d) — S’(g) A S’(d). Because S is
valid, = S(a) — S(g) A S(d). By transitivity of implication, = S(a) — S’(g) A S'(d).
By definition, S'(a) is S’(g) A S’(d). Thus we can conclude that = S(a) — S'(a).

. g7; d:0, then observe that .S’|s pgames(s) is the MPC solutions for Angel win condition ¢ for
game /4. By the inductive hypothesis, for all subgames b € subgames(J), = S(b) —
S’(b). Now, let S” be the MPC solution for Angel win condition S(d) for game ¢y. By
the inductive hypothesis, for all subgames b € subgames(sy), = S(b) — S”(b). By def-
inition, for any subgame b € subgames(sy), S”(b) is (4v;,)S(d) while S'() is (47;.) -
As argued already, by the inductive hypothesis applied to game §, = S(d) — S’(d). By
the dGL monotonicity rule Ml |= (4y,.)S(d) — (s,.)5"(d). Thus, = S"(b) — S'(b). By
the transitivity of implication, = S(b) — S’(b). We have shown the correct implication
for all the nodes in subgames(y-y) and subgames(.9). The only subgame remaining is
a. Because wav = S, = S(a) — S(g). We have shown that = S(g) — S’(g). By the
definition of the MPC solution, S’(a) is S’(g). Thus, = S(a) — S'(a).

. ¢7y*, then because «(7*) = S, = S(a) — (wa}S)¢. Further, by LemmaB.2] = S(a) —
(v*)¢. But by the definition of the MPC solution, S’(a) is (7*)¢. By transitivity of impli-
cation, = S(a) — S’(a). The subgames that remain besides a all belong to . Consider
S”, the MPC solution for Angel win condition S(a) for game ¢-y. By the inductive hypoth-
esis, for every subgame b in 7y, = S(b) — S”(b). Now, we argue that = S”(b) — S’(b),
so that by transitivity of implication, = S(b) — S’(b) completing the proof. Per the
definition of the MPC solution, S”(b) is (yy;.)S(a) while S’(b) is (47y,.)S'(a). By the
monotonicity rule M| since = S(a) — S’(a), we have = (477,.)S(a) — (47y,.)5"(a).
Thus, = S”(b) — S'(b).

. ¢y, then because «:(7*) = S, per Theorem[6.3] = S(a) — (7*)¢. By the definition
of the MPC solution, S’(a) is (y*)¢. So, = S(a) — S’(a). The nodes that remain
besides a all belong to subgames(y-y). Consider S”, the MPC solution for Angel win
condition S(a) for game ;~y. By the inductive hypothesis, for every subgame b in v, =
S(b) — S”(b). Now, we argue that = S”(b) — S’(b), so that by transitivity of implication,
= S(b) — S’(b), completing the proof. Per the definition of the MPC solution, S”(b) is
(977p.)S (a) while S"(b) is (47y;.)S"(a). Since = S(a) — S’(a), by the dGL monotonicity
ruleMl = (47,.)S(a) = (477,.)5(a). Thus, = S”(b) — S’(b).

We have shown that S’ 7 S for all S such that v |= S under the weaker ordering of Def.[B.1]
From Lemma[B.1] it also follows that S” J S under the stronger ordering of Def. Thus, S’
is maximal. U

Theorem D.1 (Subvalue maps are sound monitors). For dGL game o« and subvalue map S, if
wa = S, then = S(a) — (ea4S)¢. Dually, if vall= S then = S(a) — [aa4S¢]¢.

Proof. The proof proceeds by induction on the structure of the game «:.«v. We show this for the
aas S case; the dual case is analogous. If «:«v has structure:

241



atomic and Angel does not take any decision, i.e., & € {z = e,z = ®,7Q,!Q, {2’ =
f(x) & Q}?}, then (a4 S)¢ is (a)¢. Because v: = S, we know that = S(a) — (a)¢.

x := %, then (va4S)¢ is (2(a)d; x = ®; l¢)¢. By the[()] [7] and [(7)] axioms, this is
equivalent to <oz>gz5 Az = ®)(¢ — ¢). Because var = S, we know that = S(a) — (a)¢.
By[(:=)] (z := ®)T is V2T which is T.

{2’ = f(z) & Q}, then (wa’4S)¢ is (Ne)¢; {a' = f(z) & Q}7; 1¢)¢. By the[(:=)]
[(7)] and [[7]] axioms, this is equ1valent to ( Yo A {({z' = f(z) & Q}d)(gb — 9). Because
ca = S, we know that = S(a) — (a) By.and@ {z" = ) & QT

Vit > 0[x == y(t)] T where ¢/ (t) = f(y). y[GL [z :=y)|]Tis T, sthZ OT1sT
a:(g7y U ¢6) then (w4 S)pis (25(g)VS(d) 5 ((4745)N(4:645)))¢. By the[(7)}[(U)} [7]]and

);
[(;)]axioms, this is equivalent to (S(g) V. S(d)) A (S(g) — (474S)P) A (S(d) — (:6%5)¢).
Because «a = S, we know that = S(a) — S(g) V S(d), and further, oy = S and

¢6 = S. By the inductive hypothesis, = S(g) — (4774S)¢ and = S(d) — (4:64S5)¢.
Thus, ): S(a) — <rl:Oé§S>(]5.

u:(,(/:’y N (/:5) then ((1:04$S>¢ 18 <(<g:’7$5> N ((/5%5))>¢ We want to show S(CL) — <(;/:’7$S) N
(2:6%95))¢. By the inductive hypothesis, = S(g) — (474S5)¢ and |= S(d) — (2:54S)¢.
By and M| then, = (S(g) A S(d)) — ((47%4S) N (2:04S))¢. By the definition of a
valid solution, S(a) — S(g) A S(d). By transitivity of implication, = S(a) — ((¢y4S) N
((/5%5»—[_

(Ii(‘(/I")/; (/:5) then <(IZOéL/S>¢ is <((1:’}/§S<end — S(d))), ((/(SL,’S)>¢ After applylng the
axiom, we want to show S(a) — (sv4S(end — S(d)))(4:0%S)¢. By the inductive hy-
pothesis, = S(g9) — (sv4S(end — S(d)))S(d) and = S(d) — (1:0%S)¢. Since =
S(d) — (204S)¢, by Ml it remains to show that = S(a) — (474S(end — S(d)))S(d).
Since va = S, we know that = S(a) — S(g). Thus, by transitivity of implication,
= S(a) — (9v4S(end — S(d)))S(d), completing the proof.

a(gy)* then (wa4S)¢ is (7(S(a)); (1S(g); ¢v4S(end — S(a)); 7S(a))*; 1S(end))e.
By the and [(;)] axioms, this is equivalent to

(5(a)) A((15(g); 9y95(end = S(a)); 75(a))*)(d — @)

Thus, we want to show |= S(a) — (S(a)) A ((!1S(g9); ¢v4S(end — S(a)); 7S(a))*)T.
We want to show that S(a) — ((1S(g); ¢v4S(end — S(a)); 7S(a))*)T holds. We

prove this using the rule.
T serves as an invariant of this loop game since it holds initially (= T), implies the

postcondition (= T — T), and is inductive ({!S(g); s7v%S(end — S(a)); 7S(a))T) as
argued next. Since v |= S, so gy = S(end — S(a)), By the inductive hypothesis,
= S(g9) — {(4v4S(end — S(a)))(S(a)). Applying the axioms and this is
equivalent to

= (1S(g); ¢v4S(end — S(a)); 7S(a)) T

showing that T is an inductive invariant.

u:(vr/:’y)>< then <u:04$5>¢ is <(4(/:’7$S)><>¢).

We want to show = S(a) — ((¢v4S(end — S(a)))*)o.

Since . |= S, it must be the case that = S(a) — (S(g)A¢) and ¢y = S. By the inductive
hypothesis, = S(g) — (s7%S5(end — S(a)))S(a). We apply the [loop| rule to prove the
conclusion = S(a) — ((¢974S5)*)¢. S(a) serves as an invariant of this loop. It holds
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initially. It is inductive per the inductive hypothesis (using weakening and = S(a) —
S(g)), and implies the postcondition (= S(a) — ¢).

]

Theorem A.1 (Correctness of reduce). For any loop-free dGL formula F' and assumptions A €
Pr the function odereduce either sets exact=true and the formula A — (reduce(F, A) <
F) is valid, or else it sets exact=false and the formula A — (reduce(F, A) — F) is valid.

Proof. Follows from dGL axioms being defined in terms of the decidable fragment of FOLg,
quantifier elimination being decidable, and the properties of odereduce (Def.|A.I)). [l
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